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The energy complexity of error control coding circuits is analyzed within the Thompson
VLST model. Tt is shown that fully-parallel encoding and decoding schemes with asymp-
totic block error probability that scales as O (f (IN)) where N is block length (called
f(N)-coding schemes) have energy that scales as 2 (WN) As well, it is shown
that the number of clock cycles (denoted T (IN)) required for any encoding or decoding
scheme that reaches this bound must scale as T (n) > \/m . Similar scaling results
are extended to serialized computation.

Sequences of randomly generated bipartite configurations are analyzed; under mild

conditions almost surely such configurations have minimum bisection width proportional

2

2 ) scaling rule for

to the number of vertices. This implies an almost sure Q(N?/d
the energy of directly-implemented LDPC decoder circuits for codes with maximum
node degree dy... It also implies an Q(N%2/d.) lower bound for serialized LDPC
decoders. It is also shown that all (as opposed to almost all) capacity-approaching,
directly-implemented non-split-node LDPC decoding circuits, have energy, per iteration,
that scales as (X2 In? X); where Y = (1 — R/C)~! is the reciprocal gap to capacity, R
is code rate and C' is channel capacity.

It is shown that all polar encoding schemes of rate R > % of block length N imple-
mented according to the Thompson VLSI model must take energy E > Q (N3/2). This
lower bound is achievable up to polylogarithmic factors using a mesh network topology

defined by Thompson and the encoding algorithm defined by Arikan. A general class of

circuits that compute successive cancellation decoding adapted from Arikan’s butterfly
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network algorithm is defined. It is shown that such decoders implemented on a rectangle
grid for codes of rate R > 2/3 must take energy E > Q(N?/2), and this can also be reached
up to polylogarithmic factors using a mesh network. Capacity approaching sequences of
energy optimal polar encoders and decoders, as a function of reciprocal gap to capacity
X = (1 — R/C)7", have energy that scales as Q (x**%%) < E < O (x"*' log” (x)).

It is shown that all sufficiently large communication graphs of algorithms of bounded
degree can be implemented on a mesh network with routing conflicts of size at most
log(N). This implies, conditioned on an assumption, that for all f(N) < e ™) and
f(N) encoding and decoding scheme can be constructed within a polylogarithmic factor
of the universal lower bounds for time and energy using a parallelized technique. Even
if the assumption is not true, the energy lower bounds can be reached up to a factor of
Ne¢polylog(N) using parallelized polar decoders, for any e > 0.

The Grover information-friction energy model is generalized to three dimensions and
the optimal energy of encoding or decoding schemes with probability of block error P, is

shown to be at least €2 (N (In P, (N))%>
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“There is a fact, or if you
wish, a law, governing all
natural phenomena that are
known to date.  There is
no known exception to this
law—it is exact so far as we
know. The law is called the
conservation of energy. It
states that there is a certain
quantity, which we call en-
ergy, that does not change in
the manifold changes which

nature undergoes.”

Richard Feynman

Introduction

1.1 Introduction

The central topic of this thesis is: what are the fundamental energy limits of communi-
cation of information in our universe? Traditionally, Shannon’s channel coding theorem
has provided a satisfying answer: Channels through which we would like to communi-
cate information are associated with a probability distribution. From this distribution
a quantity called capacity can be computed. For a given channel, rates below capacity
can be achieved using a sufficiently clever error control coding scheme. Rates above this
capacity cannot be achieved reliably. Generally speaking, transmitting a message with
more energy changes the underlying channel statistics, and this increases the capacity.

This would be a satisfactory answer to the central topic of this thesis, except Shan-
non’s channel coding theorem assumes an encoder and decoder, which in practice are
usually specialized circuits that compute error control coding functions. These circuits
consume energy. Thus, in this thesis we study the energy complexity of circuits that com-
pute error control encoding and decoding functions. In doing so, we will gain insights
into the fundamental energy limits of computation in general.

Thus, in Chapter 2 we present an adaptation of Thompson’s VLSI model [1], which

we use to model the energy consumption of VLSI circuits. The model also allows us to
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consider energy-time tradeoffs. We call this model the Thompson model.

Our first main technical results are presented in Chapter 3. In this chapter, we
use a simplification of the approach of Grover et al. |2| to derive scaling rule lower
bounds for encoding and decoding schemes for binary erasure channels classified according
to how their associated block error probability scales with increasing block length N.
In particular, we define an f(N)-coding scheme as a sequence of codes, encoders, and
decoders for a particular channel that have block error probability that scales as O(f(NN)).
In particular, we show that all fully-parallel f(N)-coding schemes have encoding and
decoding energy lower bounded by Q(N/log(f(N))). Similar bounds are derived for
serial implementations. Having derived these universal complexity lower bounds, in the
chapters that follow we analyze existing decoding algorithms to see how their complexity
compares. The discussion eventually leads to Chapter 6 which shows how to construct

fully-parallel f(N)-coding schemes that almost reach the universal lower bounds.

The first class of codes we analyze in Chapter 4 are LDPC codes. Such codes utilize
the sparsity of a linear code’s parity check matrix for efficient decoding. In their anal-
ysis, graphs are often generated according to a uniform configuration distribution. We
show, subject to some mild conditions, that the minimum bisection width of a randomly
generated bipartite configuration asymptotically almost surely has minimum bisection
width proportional to the number of vertices. For degree distributions with maximum
node degree dp.y, this implies an Q(N?/d2 . ) lower bound on the energy of directly-
implemented LDPC decoders (see Definition 24) and a Q(N®/2/dya) lower bound on the
energy of serialized decoders (see Definition 33). For d,,., that does not increase with N,
we show how to construct a directly-implemented circuit that reaches this lower bound in
this chapter. Later, in Chapter 6 we show that the serialized lower bound can be reached

using a mesh network up to a polylogarithmic factor.

The second class of codes that we analyze are polar codes [3]. In this section we
analyze polar codes of sufficiently high rate. We exploit the recursive structure of the
polar coding generator matrix to prove a property about the ranks of sets of submatrices
of the generator matrix called rectangle pairs. This is used to derive a Q(N'5) energy
lower bound on polar encoders. The encoding lower bound applies to any circuit that
computes a polar encoding function; for polar decoding, on the other hand, it is more
difficult to define a valid decoding method. However, Arikan [3] suggests a successive
cancellation decoding technique based on the butterfly network graph. Thus, the other
main result in this section proves an Q(N') lower bound on the energy complexity of
such decoders. We then show how the mesh network topology approach of [1] can be

adapted for polar encoding to reach this lower bound up to a polylogarithmic factor. For
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polar decoding the energy lower bounds can also be reached with a mesh network up to
a polylogarithmic factor.

Having shown how to use the mesh network topology to perform polar encoding and
decoding, we further analyze the mesh network and show that, in fact, all algorithms
with communication graphs of bounded vertex degree can be implemented with a mesh
network. The main idea is to use the probabilistic method to show that there exists
a placement of nodes on the mesh network that avoids large conflicts. Conditioned on
an assumption about the iterative performance of LDPC codes, this implies there exists
e~®W)_coding schemes that have energy that scales close to O(N'®). We then show
how parallelization can be used to construct an f(N)-coding scheme that comes close
to the universal time and energy lower bounds. Even if the assumption is not true, we
also discuss how universal energy lower bounds (but not the time lower bounds) can be
almost reached using generalized polar codes of [4].

Up to this point our results involve planar circuits. In Chapter 7 we expand our
lower bound analysis to three dimensions. We adapt the two-dimensional information-
friction model of Grover [5] to three dimensions and prove lower bounds for encoders
and decoders in terms of block error probability. In particular, we show that encoders
and decoders have energy £ > Q(N(—log(P.)'/?)) for codes of block length N and block
error probability P..

In Chapter 8 we examine the information friction model and build upon the discus-
sions of Grover [5| and analyze a number of communication schemes that may seem to
violate the assumptions of the model. However, we show that upon further analysis such
schemes have either have linear or worse energy per bit as a function of distance, or, for
one reason or another, they are utterly impractical.

Finally, in Chapter 9 we summarize the main scaling rule results and discuss some
areas of future work.

Notation: We use standard Bachmann-Landau [6, 7] notation in this thesis. The
statement f(z) = O(g(z)) means that for sufficiently large x, f(x) < cg(z) for some
positive constant c. The statement f(z) = Q(g(x)) means that for sufficiently large z,
f(z) > cg(x) again for some constant c. The statement f(x) = ©(g(r)) means that

there are two positive constants b and ¢ such that b < ¢ and for sufficiently large z,
bg(x) < f(x) < cg(x).



“Now it would be very remarkable if any sys-
tem existing in the real world could be exactly
represented by any simple model. However,
cunningly chosen parsimonious models often
do provide remarkably useful approximations.
For example, the law PV = RT relating pres-
sure P, volume V and temperature T of an
"ideal" gas via a constant R is not exactly
true for any real gas, but it frequently provides
a useful approximation and furthermore its
structure is informative since it springs from a
physical view of the behavior of gas molecules.
For such a model there is no need to ask the
question “Is the model true?”. If “truth” is to

be the “whole truth” the answer must be “No”.

The only question of interest is "Is the model Thompson M O del

illuminating and useful?.”

George Box

2.1 The Thompson Model

The central mathematical object of this thesis is the circuit, which is adapted from the
work of Thompson [8] which we call the Thompson model. Note however that our model
is slightly different from the models discussed in [8], but for the purposes of our lower
bound scaling rules, none of these differences matter. In this section we describe the
circuit mathematically, with little reference to the real-life circuits from which the model
is inspired. Then in Section 2.2 we discuss how the model relates to actual circuit design,
and address a number of possible objections to the model. The main idea of the model
is that a circuit is a set of nodes and wires laid out on a grid of squares, and energy
consumption comes from switching the values stored in these grid squares.

A circuit is a mathematical object {C, finput, foutput } consisting of a circuit grid C, an
input protocol finput, and an output protocol fouipwt Which we define below. After the
definition of a circuit, we will give two examples of a circuit, and then show how such

circuits compute functions.

e A circuit grid is a collection of nodes and wires laid out on a planar grid of squares.
Each grid square can be empty, can contain a computational node (sometimes

referred to more simply as a node), a wire, or a wire crossing. A circuit also
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Figure 2.1: Diagram of a possible VLSI circuit. Grid squares that are fully filled in
represent computational nodes and the lines between them represent wires. Note that in
the upper-left quadrant of the grid there is a wire crossing.

M

Figure 2.2: The six types of wire-nodes drawn on a grid square. In the obvious way these
nodes can be placed together to connect to form paths between computational nodes in
a circuit.

has some special nodes called input nodes and also output nodes. We let there
be I input nodes in the circuit and J output nodes. The purpose of a circuit is
to compute a function f : (0,1)™** — (0,1)""* Such a circuit is said to have
Ninput inputs and Noyepue outputs. Note that the number of function inputs/outputs
may not be the same as the number of input/output nodes, since input/output can
be serialized. The computation is divided into T clock cycles, and the Nj,py inputs
are to be injected into the I input nodes during some clock cycle, and the Noyput

outputs are to appear in the J output nodes during some clock cycle.

e BEach grid that contains a wire may be either a horizontal, vertical, or bending wire.
Each wire grid has associated with it its connecting sides. In the diagrams of these
grid squares, these are simply the the sides of the square that the wire touches. See

Figure 2.2 for a diagram of the six types of wire nodes.

e Two grid squares containing wires are connected if the they have adjacent connecting
sides. Now, obviously, we see that adjacent wire nodes can form a path between

computational nodes in the natural way.



CHAPTER 2. THOMPSON MODEL 6

e Conceptually, computational nodes are the “computing” parts of the circuit. There

are two types of computational nodes: logic nodes and register nodes.

e Each node has at most 4 wires connected to it, which are used to feed in bits into
the node and feed out the bits computed by the node. Each of the four sides of a
computational node is associated with either input or output. A wire may connect
to an input or output side of a computational node. A path starting at such a wire
may lead to another computational node. For a circuit to be wvalid wire paths may

only connect output sides to input sides.

e A register node has one input side and up to three output sides. Conceptually, the

purpose of a register node is to store information until the next clock cycle.

e A logic logic node is associated with a function. A logic node with ki, input sides
and Koutput OUtput sides can compute any function g : {0, 1} — {0, 1} e,
So, for example, a possible logic node may have three input sides, associated with
input z1,z9, r3 and one output side associated with output y;. Then such a node
may compute the function which is the logical AND the three inputs. That is

g<x17 Z2, 1‘3) =x1 N2y N\ Z3.

e An input node is a special type of register node in the circuit which has no input
side. Conceptually, the value in this register depends on the current input to the
node at the most recent clock cycle. In the state update rule for the circuit (which
we define below), after each clock cycle, the value on wires adjacent to the input

node shall be updated to the value of the input.

e An output node is another special type of register node in a circuit. The output
node is required to hold in its output bit some circuit output during pre-determined

clock cycles.

e Fach wire and computational node is associated with a state. The wires and the
register nodes may be in state 0 or state 1. The state of a wire crossing is associated
with two bits: one for each wire in the wire crossing. We let the vector of all states
of the nodes be S, and the set of all possible states for a particular circuit be S.

We let the set of possible input node states be Mippus.

e There is a natural update rule for the circuit. The update rule is a function fypdate :
S X Mippuy — S that maps the current state of the circuit and circuit inputs to the

state of the circuit at the next clock cycle. The update rule function is the function



CHAPTER 2. THOMPSON MODEL 7

induced by the natural evaluation of the circuit: each computational node computes
their functions and then alters the state of the wires at their output. Then, the
state of all wires that are adjacent are set equal. When wires are adjacent to the
inputs of logic nodes, the wires at the output of the logic nodes are changed to
the evaluation of their function. The wire values are updated until they reach the

input of a register node.

— Note that for a circuit to be valid, there should be no wires unconnected to
computational nodes. From this point on we will be discussing only “valid”

circuits; that is, those whose update rule is well defined.

o An input-output protocol is an ordered pair of functions ( finput, foutput) Where finpus
[Ninput) — [{] x N is a function called the input protocol, that takes in as input a
number representing the ith input bits, and the output is a an ordered pair (a,b)
where a is interpreted as the input node into which that input bit is to be inserted,
and b is the clock cycle of the computation that the input bit is to be inserted.
Similarly, foutput : [NVoutput) = [O] X N is a function called the output protocol. The
output protocol is defined similarly, mapping an output bit index to an output node

and clock cycle. The input/output protocols can be interpreted as a table.

In Example 1 we see an example of a fully parallel circuit with a table representing
its input/output protocol. We see another example of a circuit which computes
a similar function, but has a different circuit layout and a serialized input-output

protocol in Example 2.

e Given a particular input, a circuit grid and an input-output protocol, one can
determine the output of the circuit given this input. This can be done for all
possible inputs to the function. Thus, associated with the circuit is the circuit
function that the circuit computes, which is the function mapping the set of all

possible input values to their output when the input-output protocol is used.

e The area of a circuit is the number of grid squares occupied by either a wire or a
node, denoted A.

e The number of clock cycles is the clock cycle number during which the last output

bit is to appear, which we denote T

e The energy of a computation given a particular input Miyy,, denoted Ecomp(Minput)
is proportional to the number of node state changes that occurred during the com-

putation. Note that the constant of proportionality relating these quantities is
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technology dependent, but since we are concerned with scaling rules in terms of

increasing circuit size, we simply set this constant of proportionality to unity.

e The worst case energy of a computation is £/ = max ¢ 13% Eeomp(7). Note that

the results in this thesis are about worst case energy bounds.

E . :
47, and is the average fraction of

nodes or wires in the circuit that switch during the computation. Note that for

e The switching activity factor is defines as ¢ =

many of the proofs involving scaling rules as a function of block length N in this
thesis, a switching activity that is bounded below as a function of block length N
is assumed. With such an assumption the energy of a computation can be bounded
by E > qAT.

2.2 Discussion of Model

In this section we discuss the justification for this model, as well as address a number of

objections to and limitations of the model.

Energy Proportional to Area-Time Product

The main idea of the model is that in modern VLSI circuits, wires are charged or dis-
charged each clock cycle whenever their state changes. This process consumes energy,
because the wires have some capacitance. From electromagnetics, it is known that the
energy to charge a capacitor with capacitance C. at voltage V, is equal to F = %CCVCQ.
Since wires are laid out essentially flat, they have a capacitance roughly proportional to
their area. Thus, in our model, the energy to charge and discharge a wire is proportional
to the number of grid squares it occupies. With switching activity factor ¢ the number

of switches a circuit undergoes in a computation is proportional to gAT.

Time and Number of Clock Cycles

Note that our quantity 7" refers to number of clock cycles, which reflects one of the main
“time costs” in a circuit computation. In real circuits, the “time cost” of a computation
involves two parameters: the number of clock cycles required, and the time it takes to
do each clock cycle. In our model, we do not consider the time per clock cycle. In real
circuits, this quantity often varies with wire lengths. Chazelle et al. [9] introduce a
refinement of the Thompson model that considers wire length costs. We do not consider
this in this thesis.
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Example 1 Parallel Circuit Example

J1 Jo Js Ja

53]
53]

01

An example of a circuit grid. The four input nodes of this circuit are labelled ji, jo, J3, J4,
two logic nodes are labelled with the & symbol, and the single output node is labelled
with an o;. In this particular circuit, information flows from top to bottom in the wires.
The following table represents the input protocol of the circuit:

’ Input \ Input node \ Clock cycle ‘

1 1 1
2 2 1
3 3 1
4 4 1

As well, the output protocol for this circuit is:

’ Output \ Output node \ Clock Cycle ‘

I R R R
The & node computes the XOR function. Note that this circuit is fully parallel.
To see how this circuit behaves, we simply follow the update rule. At the first clock cycle
the 4 input bits are loaded into the 4 input nodes. These values flow into the two @ logic
nodes, and then after the second clock cycle these values are stored in the single output
register. It is thus easy to see that the function that this circuit computes is the mod 2
sum of the 8 input bits. The area A of this circuit is 21, as this is how many grid squares
are occupied.
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Example 2 Serial Circuit Example

| 2| |Js| |Ja
S @
@
R @
=
01

An example of a serialized circuit. The four input nodes of this circuit are labelled
J1, 72, 73, Ja, two logic nodes are labelled with the & symbol, and the single output node
is labelled with an 0;. The nodes labelled & compute the XOR of their inputs. The node
labelled T computes the “t-joint” function, and takes in as input the bit from the right
and outputs this bit at its left and the bottom. The node labelled with R is a register
node. This circuit computes a function of 8 inputs, but has only 4 input nodes.
To see how this circuit behaves, we simply follow the update rule. At the first clock cycle
the 4 input bits are loaded into the 4 input nodes. These values flow into the two @ logic
nodes, and then after the second clock cycle these values are stored in the single output
register. It is thus easy to see that the function that this circuit computes is the mod 2
sum of the 4 input bits.
The area A of this circuit is 34.
This circuit has the following input protocol:

’ Input \ Input node \ Clock cycle ‘

1 1 1
2 2 1
3 3 1
4 4 1
5 1 2
6 2 2
7 3 2
8 4 2

The output protocol for this circuit is:
’ Output \ Output node \ Clock Cycle ‘

ot [t [ 2 ]
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Leakage Current

In modern digital circuits, leakage current is an unavoidable effect where energy is con-
sumed when electrons or holes tunnel through insulated regions of the circuit. In circuit
design, sometimes this leakage current is factored into energy models of computation
(see [10] and [11]). However, we neglect leakage current in our model. To justify this
assumption, we can assume the frequency of computation is high enough so that the

energy used in charging and discharging the wires dominates.

Logic Gates of Different Size or Energy Consumption

Note that the restriction that each node has in total at most four inputs and outputs
is somewhat arbitrary; it is also arbitrary that each node is permitted to compute any
function of its inputs all at the same area and energy cost. In real VLSI implementations
it may be that an arrangement of transistors can compute some functions more efficiently
than others. However, our model does not consider what gains could be made if certain
functions are cheaper in an energy sense to compute. However, models that vary the
size and energy consumption of different logic gates can only change the circuit area
by a constant amount and so our model simply assumes any logic gate with up to four

input/output wires can be implemented in unit area.

Multiple Layer VLSI Circuits

Modern VLSI circuits differ from the Thompson model in that the number of VLSI layers
is not one (or two if one counts a wire crossing as another layer). Modern VLSI circuits
allow multiple layers. Fortunately, it is known that if L layers are allowed, then this can
decrease the total area by at most a factor of L? (see, for example, [1] or [12]). For the
purposes of our lower bounds, if the number of layers remains constant as input size N
increases, we can modify our energy lower bound results by dividing the lower bounds by
L?. If, however, the number of layers can grow with N our results may no longer hold.
Note also that this only holds for the purpose of lower bound. It may not be possible
to implement a circuit with an area that decreases by a factor of L?, and so the upper

bounds cannot be similarly modified for multiple layer circuits.

Multiple Switches in Each Clock Cycle

In our model, we assume that at each clock cycle a wire can switch at most one time.
However, in real circuits, the inputs into a logic node may change multiple times each

clock cycle because different inputs for each logic gate change at slightly different times
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(owing to differences in wire lengths and logic gate delays). This motivated Aggarwal et
al. to introduce the multi-switch energy consumption model of [13]. The authors argue
that if a gate is at depth h in a circuit, and the circuit has fan-in ¢, the output of this
logic gate can switch up to ¢” times each clock cycle. This could be a significant factor in
the energy of a computation but we do not consider this here in either our lower bounds

or upper bounds. A similar model was introduced by Kissin [14].

Multiswitching is a possible significant source of energy consumption. However, I
conjecture that in real circuits the energy consumption caused by multiswitching cannot
grow too large (that is, it cannot grow significantly quickly as a function of N) because
resistive-capacitive effects of the wires will slow down the charging and discharging of the

wires if the output of a gate is switched too frequently.

Using Memory Elements in Circuit Computation

The Thompson model does not allow for the use of special memory nodes in computation
that can hold information and compute the special function of loading and unloading from
memory. Such a circuit can be created using the Thompson model, but it may be that
a strategic use of a lower energy memory element can decrease the total energy of a
computation. However, the use of a memory element to communicate information within
a circuit is still proportional to the distance that information is communicated (See for
example the analysis of [15] where the main energy consumption of dynamic random
access memories flows from charging and discharging capacitors as in the Thompson
model, or our discussion in Chapter 8 justifying the linear in distance energy assumption).
With only a linear-in-distance energy consumption assumption Grover in [5] proposed a
“bit-meters” model of energy computation and derives energy scaling rules similar to our
fully parallel results. We generalize the Grover bit-meters model to three dimensions in
Chapter 7.

Though the information friction analysis suggests that using memory will not change
the first order scaling results of this thesis, the proportionality constants relating distance
communicated to energy may be significantly different for memory usage compared to
energy consumed in wires and logic gates. Thus, in real circuit designs balancing wire
and memory energy consumption may be an area of significant practical and theoretical

interest that is beyond the scope of this thesis.
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2.3 Related Literature

In [8] it was proven that the area-time complexity of any circuit implemented according
to this VLSI model that computes a Discrete Fourier Transform must scale as Q (N'?).
However, there exist algorithms that compute in O (N log N) operations (for example,
see [16]); Thompson’s results thus imply that, for at least some algorithms, energy con-

sumption is not merely proportional to the computational complexity of an algorithm.

Related to the Thompson model is the computational problem of laying out a graph
on a plane. This problem has been shown to be NP-Complete by Dolev et al. in [17].

The Thompson model, in addition to being studied for sorting and discrete Fourier
transform by Thompson in [1] has also been studied for different computational problems.
Vuilleman [18] shows how a number of computational problems, including cyclic shifts,
linear transforms, and cyclic convolution have analytical expressions for lower bounds on
their area-time complexity because the functions such circuits compute all have a similar

mathematical property.

Tyagi [19] defines a concept called information complexity of a function, which im-
plies lower bounds on a circuit’s area-time complexity. The information complexity of
a function is the number of bits that have to be communicated between any two equal
sized partitions of the input bits. Tyagi’s approach is very similar to our approach, and
in fact our lower bounds for polar encoding and decoding, as well as LDPC decoding can
be interpreted as finding lower bounds on this information complexity parameter for the
functions that they compute. However, this information complexity measure does not
extend to our general lower bounds of Chapter 3, mainly because our lower bounding
technique uses the nested bisection technique used by Grover [2], as opposed to a single

bisection.

Related to the concept of information complexity is the widely studied computer
science concept of communication complexity |20]. The communication complexity is
defined for functions to be computed by two parties, where one party has one half of the
input bits and the other party has the other half. The communication complexity then
is the minimum number of bits that must be communicated between the two parties so
that either one of the parties can compute the function. The information complexity
discussed in the previous paragraph can then be defined as the minimum communication
complexity over all possible bisections of the input bits.

The earliest work on computational complexity lower bounds for good decoding comes
from Savage in [21]| and [22], which considered bounds on the memory requirements and

number of logical operations needed to compute decoding functions. However, wiring
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area is a fundamental cost of good decoding and the authors do not consider this. More
recently, in [23], the authors use a model similar to our model, except the notion of “area”
the authors use is the size of the smallest rectangle that completely encloses the circuit

under consideration.

Another computational model that has proven more tractable than the Turing Time
complexity model is the constant depth circuit model (see [24] for a detailed description
of this model). Super-polynomial lower bounds on the size of constant depth circuits
that compute certain notions of “good encoding functions” (though not decoding) were
derived in [25]. In this case, the notion of “good” considered was the ability to correct
at least 2 (IV) errors at rates asymptotically above 0. Similar related work exists in |26]
which discovered lower bounds on the formula-size of functions that perform good error

control coding; similar bounds were later discovered in [27].

Also in the field of coding theory, Grover et al. in [28] provided an example of
two algorithms with the same number of logical operations but different computational
energies (due to wire length differences). The authors looked at the girth of the Tanner
graph of an LDPC code. The girth is defined as the minimum length cycle in the Tanner
graph that represents the code. They showed, using a concrete example, that for (3, 4)-
regular LDPC codes of girth 6 and 8 decoded using the Gallager-A decoding algorithm,
the decoders for girth 8 codes can consume up to 36% more energy than those for girth
6 codes. The girth of a code does not necessarily make the decoding algorithm require
more computations, but, for this example, it does increase the energy complexity. This
is because codes with greater girth require the interconnection between nodes to be more
complex, even though the same number of computational nodes and clock cycles may be
required. This drives up the area required to make these interconnections, and thus drives
up the energy requirements. Also in the field of coding theory, the work of Thorpe [29]
has shown that a measure of wiring complexity of an LDPC decoder can be traded off

with decoding performance.

There has been some work to understand the tradeoff between computational com-
plexity and code performance. One such example is [30], in which the complexity of a
Gallager Decoding Algorithm B was optimized subject to some coding parameters. This

however does not correspond to the energy of such algorithms.

The mesh network topology that we analyze for error control coding was also proposed
to be used for the Viterbi algorithm by Gulak et al. in [31].
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2.4 Other Energy Models of Computation

There has been some work on energy models of computation different from the Thompson
energy models and Grover information friction models, and herein we provide a short

review.

In [32], Bingham et al. classify the tradeoffs between the “energy” complexity of
parallel algorithms and “time” complexity for the problem of sorting, addition, and mul-
tiplication using a model similar to, but not the same as the model we use. In the grid
model used by these authors, a circuit is composed of processing elements laid out on a
grid, in which each element can perform an operation. In this model the circuit designer
has choice over the speed of each operation, but this comes at an energy cost. Real
circuits run at higher voltages can result in lower delay for each processing element but
higher energy [33]. The model used by the authors in [32] captures some of this funda-
mental tradeoff. Note that our model assumes constant voltage. Non-trivial results that
show how real energy gains can occur by lowering voltages in decoder circuits have been
studied in [34], but we do not study this here.

Another energy model of computation was presented by Jain et al. in [35]. This model
introduced an augmented Turing machine, a generalization of the traditional Turing ma-
chine [36]. The authors introduce a transition function, mapping the current instruction
being read, the current state, the next state and the next instruction to the “energy”
required to make this transition. This model (once the transition function is clearly de-
fined for a specific processor architecture) would be good for the algorithm designer at
the software level. However, we do not believe this model informs the specialized circuit
designer. The Thompson model which we analyze, on the other hand, can include, as
a special case, the energy complexity of algorithms implemented on a processor, as our

model allows for a composition of logic gates to form a processor.

Landauer [37] derives that the energy required to erase one bit of information is
at least kT'In2, where k is Boltzmann’s constant, and 7" is the temperature. Thus, a
fundamental limit of computation comes from having to erase information. Of course,
it may be possible to do reversible computation in which no information is erased that
can use arbitrarily small amounts of energy, but such circuits must be run arbitrarily
slowly. This suggests a fundamental time-energy tradeoff different from the tradeoff
discussed herein. Landauer [38], Bennett [39] and Lloyd [40] provide detailed discussions
and bibliographies on this line of work. Demaine et al. [41] extract a mathematical model
from this line of work and analyze the energy complexity of various algorithms within

this model. Note that the Thompson model we use is one informed by how modern VLSI
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circuits are created, even though they operate at energies far above ultimate physical

limits.



“There was another possibility, though. You
could calculate pi as accurately as you wanted.
If you knew something called calculus, you
could prove formulas for m that would let you
calculate it to as many decimals as you had
time for. The book listed formulas for pi di-
vided by four. Some of them she couldn’t un-
derstand at all. But there were some that daz-
zled her: /4, the book said, was the same as
1-1/3+1/5-1/7..., with the fractions con-
tinuing on forever... It seemed to her a miracle
that the shape of every circle in the world was
connected with this series of fractions. How
could circles know about fractions? She was

determined to learn calculus.”

Carl Sagan, in Contact General LOWGI‘ Bounds

In this Chapter we analyze the area, time and energy complexity of error control coding

circuits implemented within the Thompson model. We first define:

Definition 1. An f (N)-coding scheme is a sequence of codes of increasing block length
N, together with a sequence of encoders and decoders, in which the block error probability
associated with the code of block length N is less than f (N) for sufficiently large N.

We show, in terms of 7' (N) (the number of clock cycles of the encoder or decoder
for the code with block length N) that an f(NN)-coding scheme that is fully parallel
has encoding and decoding energy (E) that scales as E > () (Ngl({v()jv)) We show that
the energy optimal number of clock cycles for encoders and decoder (T'(N)) for an

f (N)-coding scheme scales as O ( In f (N)), giving a universal energy lower bound
of Q (w/lnf (N)N). A special case of our result is that exponentially low probability

of error coding schemes thus have encoding and decoding energy that scales at least
as 2 <N%> with energy-optimal number of clock cycles that scales as (2 <N%>. This
approach is generalized to serial implementations.

In Section 3.1 we discuss prior work, and in particular we discuss existing results
on complexity lower bounds for different models of computation for different notions of

“good” encoders and decoders. We discuss preliminary definitions in Section 3.2 and

17
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introduce the notion of a nested-bisection of a circuit in Section 3.3. The main technical
results of this work are in Section 3.4, where we discuss lower bounds for fully-parallel
circuits. In Section 3.5 we extend our approach to serial circuits. In these sections we
present lower bounds for decoders, as the derivation for encoding lower bounds is almost
exactly the same. We provide an outline of the technique for encoder lower bounds
in Section 3.6. Finally, we consider the corner case when the coding schemes under
discussion have asymptotic probability of error approach a constant less than 1/2 (as

opposed to approaching 0) in Section 3.7.

3.1 Prior Related Work

In [2], Grover et al. considers the same model that we do, and finds energy lower bounds
as a function of probability of block error probability for good encoders and decoders.
Our analysis of the Thompson model differs from the approach of Grover et al. in a
number of ways. Firstly, central to the work of Grover et al. is a bound on block error
probability if inter-subcircuit bits communicated is low (presented in Lemma 2 in the
Grover et al. paper), which is analogous to our result in (3.4) of the proof of Theorem 1.
Our result simplifies this relationship using probability arguments. Secondly, the Grover
et al. paper does not present what energy-optimal number of clock cycles are in terms
of asymptotic probability of block error, nor do they present the fundamental tradeoff
between number of clock cycles, energy, and reliability within the Thompson model that
we present in this chapter. Moreover, the technique of [2] does not extend to serial

implementations.

In another paper, Grover [5] derives similar scaling rules to our scaling rules for a
different model of computation: the information friction model. In Chapter 7 we gener-
alize Grover’s approach to three dimensions. The central assumption of the information
friction model is that the cost of communicating one bit of information is at least pro-
portional to the distance communicated. Grover is able to derive an Q(N \/W)
energy lower bound for f(NN)-decoding and encoding schemes within this model, which
does imply the energy lower bounds for fully parallel decoders that we derive in this
section. The approach does not, however, extend to energy lower bounds for serial im-
plementations, nor does it bound the number of clock cycles required to reach this energy

lower bound.
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3.2 Definitions and Lemmas

To present the main results of this section we shall present a sequence of definitions and

lemmas similar to [2,42].

Lemma 1. Suppose that X, Y, and X are random variables that form a Markov chain
X 5Y 5 X, Suppose furthermore that X takes on values from a finite alphabet X
with a uniform distribution (i.e., P (X = x) = |X| for any x € X) and Y takes on values
from an alphabet Y. Suppose furthermore that X takes on values from a set X such that

XCcX. Then, ’y’
P(X=x)< K
Remark 1. As applied to our decoding problem, the random variable X can be thought
of as the input to a binary erasure channel, and Y can be any inputs into a subcircuit
of a computation, and X can be thought of as a subcircuit’s estimate of X. This lemma
makes rigorous the notion that if a subcircuit has fewer bits input into it than it is
responsible for decoding, then the decoder must guess at least 1 bit, and makes an error
with probability at least % This scenario is actually a special case of this lemma in which

|V| = 2™ and |X| = 2* for integers k and m, where m < k.

Remark 2. Note that this result mirrors the result of Lemma 4 in [5]. In this lemma, the
author proves that if a circuit has % bits to make an estimate X of a random variable
X that is uniformly distributed over all binary strings of length r, then that circuit
makes an error with probability at least % Our lemma presented here includes this
lemma as a special case by setting |Y| = 25 and |X| = 2". In this case we can infer:
P (X + X) >1-— 22—2 >1-275" > 5, where the last inequality is implied by r > 1.

Proof. (of Lemma 1) Clearly, by the law of total probability,

P(x=R%) =YY Peyg(ay.a)

zeEX yey

=33 Py (2) Pyix (yl2) Pgyy (xly)

reX yey

where we simply expand the term in the summation according to the definition of a

Markov chain. Using Px () = 7 we get:

L
¢

P<X X) ‘X|ZZPY|X (y]z) X|Y(37|?/)

reX yey
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Figure 3.1: Example of two graphs with a minimum bisection labelled. Nodes are repre-
sented by circles and edges by lines joining the circles. A dotted line crosses the edges of
each graph that form a minimum bisection.

and using Py |x (y|x) < 1 because it is a probability, and changing the order of summation

P(X:X) < ‘—;IZZPN@@).

yey zekX

gives us:

Since >,y Pgjy (zly) < 1 (as we are summing over a subset of values that X can take

on), we get:

]

Definition 2. Let G = (V,E) be a graph and let V' C V. A subset of the edges
E, C E bisects V' in G if removal of FE, cuts V into unconnected sets V; and V5 in which
VinV'| = |Van V|| < 1. The sets Vi NV’ and Vo N V' are considered the bisected sets
of vertices. A minimum bisection is a bisection of a graph whose size is minimum over
all bisections. The minimum bisection width of V' is the size of a minimum bisection of
V'. The minimum bisection width of the graph is the minimum bisection width of all the

vertices V.

Note that since a circuit is associated with a graph, we can discuss such a circuit’s
minimum bisection width, that is the minimum bisection width of the graph with which
it is associated. A diagram of two circuits with a minimum bisection width of their
vertices labelled is given in Figure 3.1

The following lemma adapted from Thompson [1] is important for our discussion:

Lemma 2. If a graph G has minimum bisection width ¢c(V') for a set V' of vertices,
then the area of a circuit implementing this graph is lower bounded by
o5 (V')

. > .
Amm(G> = 4
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-

-

Figure 3.2: A circuit next to its associated graph.

Proof. Thompson’s proof for the minimum bisection width of all the vertices of the graph
([1], Theorem 2) applies just as well to the minimum bisection width of a subset of the

vertices. O

3.3 Nested Bisections

We now discuss the notion of nested minimum bisection, a concept introduced by Grover
et al. in [2] and also used in [42].

In this section we specialize the notion of a circuit to that of a decoder circuit, as
defined below.

Definition 3. An (N, K)-decoder is a circuit that computes a decoding function f :
{0,1}Y — {0,1}"; that is, the number of function inputs Niype = N and the number
of function outputs is Nowput = K. It is associated with a codebook, (and therefore,
naturally, an encoding function, which computes a function g : {0, 1}K — {0, 1}N), a
channel statistic, P (yN |z ) (which we will assume herein to be the statistic induced by
N channel uses of a binary erasure channel), and a statistic from which the source is
drawn p (xK ) (which we will assume to be the statistic generated by K independent fair
binary coin flips). The quantity N is the block length of the code, and the quantity K
is the the number of bits decoded.

Note that the only difference between a general circuit and a decoder circuit is that
for a decoder circuit the number of function inputs is Niypuy = IV, the number of function
outputs is Noytpus = £, and the circuit is associated with a codebook and channel.

Now suppose our circuit has K output nodes (as would be the case in a fully-parallel
(N, K)-decoder. If the output nodes of such a circuit are minimum bisected, this results in
two disconnected subcircuits each with, roughly, % output nodes. These two subcircuits
can each have their output nodes minimum bisected again, resulting in four disconnected

subcircuits, now each with roughly % output nodes.
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Figure 3.3: Example of a possible circuit undergoing two stages of nested minimum
bisections. The dotted line down the middle is a first nested bisection, and the other two
horizontal dotted lines are the bisections that divide the two subcircuits that resulted from
the first stage of the nested bisections, resulting in four subcircuits. We are concerned
with the number of bits communicated across r-stages of nested minimum bisections. In
these two stages of nested minimum bisections, we see that 8 wires are cut. Because we
assume wires are bidirectional, and thus two bits are communicated across these wires
every clock cycle, in the case of this circuit we have B, = 8 x2x T, where T is the number
of clock cycles. It will not be important how to actually do these nested bisections, rather
it is important only to know that any circuit can undergo these nested bisections.

Definition 4. This process of nested minimum bisections on a circuit, when repeated
r times, is called performing r-stages of nested minimum bisections. In the case of this
chapter, the set of nodes to be minimum bisected will be the output nodes. We may also
refer to this process as performing nested bisections, and a circuit under consideration in
which nested bisections have been performed as a nested bisected circuit. Note that we

will omit the term “minimum” in discussions of such objects, as this is implicit.

In Figure 3.3 we give an example of a circuit undergoing two stages of nested bisec-
tions.

Note that associated with an r-stage nested bisected circuit are 2" subcircuits. Note
as well that once a subcircuit has only one node, it does not make sense to bisect that
subcircuit again. Suppose we are nested-bisecting the K output nodes of a circuit. In
this case, one cannot meaningfully nested-bisect the output nodes of a circuit r times if
2" > K.

Note that each of the 2" subcircuits induced by the r-stage nested bisection may
have some internal wires, and also wires that were deleted and connect to nodes in other

subcircuits. We can index the 2" subcircuits with the symbol 4.

Definition 5. Let the number of wires attached to nodes in subcircuit 7 that were deleted

in the nested bisections be f;. This quantity is the fan-out of subcircuit i.
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We shall also consider the bits communicated to a given subcircuit.

Definition 6. Let b; = f;T, where we recall that T is the number of clock cycles used in
the running of the circuit under consideration. This quantity is called the bits communi-

cated to the ith subcircuit.

Note that we have assumed, for the purpose of lower bound, that all wires connected
to a subcircuit are used to communicate information to that subcircuit each clock cycle.
In reality a wire will only be able to communicate a bit in one direction each clock cycle,
but for the purpose of lower bound we just assume that wires communicate a bit in both
directions each clock cycle.

We can now define an important quantity.
Definition 7. The quantity B, = Zf;l b; is the wnter-subcircuit bits communicaled.

Note that each subcircuit induced by the nested bisections will each have close to 2%
output nodes within them (a consequence of choosing to bisect the output nodes at each

stage), however, each may have a different number of input nodes.

Definition 8. This quantity is called the number of input nodes in the ith subcircuit and

we denote it Vi, ;.

Note that Zf;l Nin,i = N for all valid choices of r. That is, the sum over the number

of input nodes in each subcircuit is the total number of input nodes in the original circuit.

Definition 9. A fully-parallel circuit is a circuit in which all function inputs are injected
into inputs at the first clock cycle and all outputs appear at an output node at the last

clock cycle.
This now allows us to present an important lemma.

Lemma 3. All fully-parallel circuits with inter-subcircuit bits communicated B, have
product AT? bounded by
(V2-1)"B: B

AT? >~ — 1 T — L 3.1

=32 o Yo (3:1)

where we recall A is circuit area and T 1s number of clock cycles, and where we define
(v2-1)*

cl = 32 .

Proof. This result, from Grover et al. [2] flows from applying Lemma 2 recursively on

the nested-bisected structure and optimizing. O
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Lemma 4. All fully-parallel circuits with inter-subcircuit bits communicated B, and num-
ber of input nodes N have product AT bounded by:

| N
AT Z Co ?BT

Proof. See |2]. This result flows from the observation that A > N for a fully parallel
circuit and then combining this inequality with (3.1). O

— V2-1
where we define cg = VR

Definition 10. The block error probability of a decoder, denoted P,, is the probability
that the decoder’s estimate of the original source is incorrect. Note that this probabil-
ity depends on the source distribution, the channel, and the function that the decoder

computes.

Definition 11. A decoding scheme is an infinite sequence of circuits Dy, D, ... each of
which computes a decoding function, with block lengths N; < N, < ... and bits decoded
K (Ny),K (N3),.... They are associated with a sequence of codebooks C,Cs, ... and a

channel statistic.

We assume throughout this chapter that the channel statistic associated with each
decoder is the statistic induced by N uses of a binary erasure channel. Our lower bound
results also apply to any channel that is a degraded erasure channel, including the binary
symmetric channel. Our results in terms of binary erasure probability € can be applied
to decoding schemes for the binary symmetric channel with crossover probability p by

substituting p = 2e.

Definition 12. We let P, (N) denote the block error probability for the decoder with
input size N. We let R (N) = w be the rate of the decoder with input size N.

We also classify decoding schemes in terms of how their probability of error scales in
the definition below.

Definition 13. An f (N)-decoding scheme is a decoding scheme in which for sufficiently
large IV the block error probability P,(N) < f(N).

Definition 14. The asymptotic-rate, or more compactly, the rate of a decoding scheme

is limy_,o, R (IN), if this limit exists, which we denote R.

Note that the rate of a decoding scheme may not be the rate of any particular code-

book in the decoding scheme.



CHAPTER 3. GENERAL LOWER BOUNDS 25

Definition 15. An exponentially-low-error decoding scheme is an e~“N-decoding scheme

for some ¢ > 0 with asymptotic rate R greater than 0.

We will also consider another class of decoding schemes, one which can be considered

less reliable.

1_

Definition 16. A polynomially-low-error decoding scheme is a 3z-decoding scheme for

some t > 0 with asymptotic rate R > 0.

We will also need to define a sublinear function, which will be used to deal with a

technicality in Theorem 1.

Definition 17. A sublinear function f (V) is a function in which limy_« % = 0.

3.4 Main Lower Bound Results

We can now state the main theorem of this chapter.

Theorem 1. All fully-parallel f (N)-decoding schemes associated with a binary erasure
channel with erasure probability € in which f(N) monotonically decreases to 0 and in

which —In (f (N)) is a sublinear function have energy that scales as

—In(2f (N

E> ¢ —In@2f (V) (3.2)
In(e)
where c3 = (\1/5\;51) and AT? complexity that scales as:
K?In (2f (N))
AT? > 3.3
= N ln(e) (3:3)
(v2-1)*

Jor another positive constant ¢y = “—

Proof. First, for the purposes of lower bounds we allow input nodes to accept an erasure
symbol (denoted 7) as input as well as either a 0 or 1. We also allow all computational
nodes the ability to compute fixed functions that take in either a 0, 1, or ? on each of
their input wires and can output any one of these symbols on an output wire. Lower
bounds derived for a circuit with this extra computing power also imply lower bounds
for the Thompson model where the circuit inputs have to be encoded using only 0 or 1.

We consider performing r stages od nested minimum bisections on each circuit in

the decoding scheme (we will strategically choose this value of r later in the proof).
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Associated with each decoder is its B,, the inter-subcircuit bits communicated. We can
choose 7 to be any function of N so long as 2" < NR(N) = K (N). From here on, we
will suppress the dependence of r(N), K (N), and R(N) on N. For ease of notation,
let Ny, = 2" be the number of subcircuits induced by the r-stages of nested bisections.

Consider any specific sufficiently large circuit in our decoding scheme, and suppose that

B, < % Then there exists at least NT subcircuits in which b; < N£ (where we recall

b; is the bits communicated to the ith subcircuit from Definition 6). Suppose not, i.e.,

that there are > NT subcircuits with b, > Nﬁ Then, B, > N£N7 = %, violating the

K
R
communicated to them less than NES Using a similar averaging argument, we claim that

assumption that B, < Let @) represent the set of at least NT subcircuits with bits

within () there must be one subcircuit in which N; < i,—N If not, if all NT subcircuits in

@ have greater than ﬂ input bits injected into them, then the total number of inputs

?V_NNT = N, but there are only N input nodes

in the entire circuit. Thus, there is at least one subcircuit in @ in which b; < &

N
2N
N < 5

Suppose that all the input bits injected into this special subcircuit are erased. Then,

nodes in the entire cn"cmt is greater than

and

that subcircuit makes an error with probability at least 1 5 by Lemma 1, since it will have
to form an estimate of - bits by only having injected mto it fewer than ~_ bits. Thus,
if B, < % then:

P. > P (error|all N; bits erased) P (all N; bits erased)

1
> §€Ni

where this first inequality flows from summing one term in a law of total probability

expansion of the probability of block error, and the second from lower bounds on these

probabilities.
Combining this observation with the fact the N; < % N — gives us the following obser-
vation:
if B, < g then P, > %e > % o (3.4)

This is true for any valid choice of r.

Now suppose that our decoding scheme is an f (/N)-decoding scheme. We choose r to

be 2N In(e)
" Pog% 2f (N >>J

2N In(e)
In (2f (N))

so that

N,=2" = (3.5)
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This is a valid choice of r because Ny cannot grow faster than O (V) because we assumed
P.(N) was monotonically decreasing (easily checked by inspection). Note as well that
N; increases with N because of the sub-linearity assumption of —In (f(NV)). Then, if
B, < &, by directly substituting into (3.4),

P > —exp(

In other words, if B, < % then our decoding scheme is not an f(NN)-decoding scheme.

Thus, for this choice of r, B, > % Thus, by Lemma 4, energy E is bounded by:

N K

E 2 C2 1 2N In(e) 5
2 [logs Tn(2f(N))J

N K

2 C2 2N In(e) 5

9logs Ly 1

A%

v

where we substituted the value for N in the first line, used the fact that [z] <z + 1 in
the second, and simplified the lines that followed, proving inequality (3.2) of the theorem.

As well, by Lemma 3, using B, > % for this choice of r, following a similar substitution
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as in the previous paragraph:

AT? > 015—:2.
> K
4 (2 10> %J)
> ]2(1\?1 (6
4 (21°g2 1n<2f'<‘1v€>>+1>
K2

C1
8( 2N In(e) )
In(2) In(f(N))
c1 K2In (2f(N))
16 In(e)

and the inequality in (3.3) flows from substituting the appropriate value for ¢; as defined

in Lemma 3. O

Corollary 1. All exponentially low error decoding schemes have energy that scales as

N3
EEQ(W>

for all functions p (N) that increase without bound. In other words, all exponential prob-

ability of error decoding schemes have energy at least that scales very close to ) <N%>.

Moreover, any such scheme that has energy that grows optimally, i.e. as AT = O (N%>,
must have T (N) > Q (N%5).

Proof. Note that an exponentially low error decoding scheme has P, < e~¢N. Thus, such
a scheme is also an e_cﬁ—decoding scheme, for any increasing p (N). The result then
directly flows by substituting f (V) = e~5 into (3.2) of Theorem 1.

For the second part of the corollary, suppose that for some constant ¢, a decoding
scheme has

AT = ©(N?). (3.6)

We have as well from (3.3) and substituting f(N) = e 5%

AT? > Q (p](\[;» (3.7)

where we use the fact that K = RN (since by definition exponentially-low error decoding

schemes have asymptotic rate greater than 0).
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Nz
-0 (W) (35)

for a g (N) that grows with N, i.e., that T" asymptotically grows slower than O (N%>.
Then, to satisfy (3.7) we need

Suppose that

AT? > Q (p?;;) (3.9)

for all increasing p (), implying

ng (N)?
AZQ( p(N) )

To see this precisely, suppose otherwise and then it is easy to see that, combined with

(3.8) the inequality in (3.9) will be unsatisfied. If this is true, however, then the product

ng(V)? NE  Nig()
ATZQ( (V) g<N>>‘Q< V) )

Since this is true for all increasing p (N), it is true for, say, p (V) = In g (N), implying

that the product AT grows strictly faster than €2 (N%), contradicting the assumption of
(3.6). O

We generalize Corollary 1 to decoding schemes with different asymptotic block error

probabilities below:

Theorem 2. All f(N)-decoding schemes with asymptotic rate greater than 0 in which
f(N) is sub-exponential with energy that scales as E = © <\/ —1In f(N)N) (that is, their
energy matches the lower bound of (3.2) of Theorem 1) must have number of clock cycles

T(N)=Q (\/— In f(N)) Moreover, for all decoding schemes in which T (N) is faster

than this optimal, & > (%)

Proof. Suppose that

AT = © ( - lnf(N)N) (3.10)

Note that from (3.3),
AT? > Q(NIn f(N)). (3.11)
As well, suppose T'(N) < O (%];(N)) for some increasing g (N). Then, from the
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bound (3.11) A > Q (N —1In f(N)g? (N)) (to prove this, suppose otherwise and derive

a contradiction). This implies then that AT > <\/—ln f(N)ng (N)), contradicting
(3.10).
Moreover, for all T'(N) growing slower than that required for optimal energy, this

implies that A > (%) which implies £ > € <N’}/{1(]zc\§)N)) : -

Corollary 2. All polynomially-low error decoding schemes have energy that scales at

least as

E>Q (N In N) . (3.12)
If this optimal is reached, then T (N) > Q(v/In N).

Proof. This energy lower bound flows from letting f(N) = ﬁ and then substituting this
value into (3.2). The time lower bound flows from directly applying Theorem 2. O

3.5 Serial Decoding Scheme Scaling Rules

Let the number of output nodes in a particular decoder be denoted J.
Definition 18. A serial decoding scheme is one in which J is constant.

In [42] we considered the case of allowing the number of output nodes J to increase
with increasing block length. We required an assumption that such a scheme be output

regular, which we define below.

Definition 19. [42] An output regular circuit is one in which each output node of
the circuit outputs exactly one bit of the computation at specified clock cycles. This
definition excludes circuits where some output nodes output a bit during some clock
cycle and other output nodes do not during this clock cycle. An output reqular decoding

scheme is one in which each decoder in the scheme is an output regular circuit.

Definition 20. An increasing-output node decoding scheme is a scheme in which the

number of output nodes increases with increasing block length N.

Theorem 3. All constant-output-node serial f(N)-decoding schemes with switching ac-

tivity factor greater than q > 0 for each decoder in the scheme has energy that scales as

Q(=Nn f(N)).

Proof. Let there be J output nodes in each circuit. We divide the circuit into epochs. By

examining the output protocol associated with the circuit, we can divide the computation
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into M epochs, each of which has between A+ 1 to A+ J + 1 circuit outputs. Thus we

can conclude that the number of epochs is bounded by:

RN RN
— <M< —
A+J+1 - — A+1

The average number of input bits injected during each of these epochs is & and thus

M
bounded by:
N < A+J+1

M~ R
and thus, there must be at least one epoch (labelled i) in which the number of bits

injected into the circuit (IV;) is at most A+

At the beginning of this epoch, we
assume optimistically that the entire circuit area is used to inject A bits of information
into the next epoch. However, since each epoch is responsible for outputting at least
A + 1 outputs, if all the inputs injected into the circuit during this epoch are erased,
the circuit makes an error with probability at least % by Lemma 1. Thus, we consider
an epoch that has at most % input bits injected during this epoch. The block error

probability is thus bounded by

QE%JM
allowing us to conclude that
P> %e“‘%‘”l (3.13)
Suppose that
4 o Blog(2f(NV))
log(€)

Substituting this into (3.13) gives us:

1 log2r(\)
&>§e%w = f(NV).

Thus, such a scheme is not an f(N)-coding scheme. We must thus conclude that

Rlog(2f(N))

A>
log(e)

-J -1

We note that
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so that there are enough clock cycles to output all the RN output bits. Thus,

E > gAT > q

RN (Rlog(Zf(N))

T (FRelE) 1) - - Mot ()

O

Theorem 4. All output regular increasing-output node f (N)-decoding schemes have en-
erqy that scales as <) (N (In f(N)ﬁ)

Proof. We divide the circuit into M = % epochs and divide the subcircuits into Ny =

bA
—In(2f(N))
later, so that a typical subcircuit has

subcircuits through nested bisections, for some constant b which we will choose

bRN
MN,= —————
—4m(2f (V)
outputs that it must produce during an epoch.
Now, consider a particular epoch. Since we divided the circuit into % epochs, by

the output regularity assumption, during an epoch the circuit is responsible for decoding
4 A bits, and a typical subcircuit during an epoch is responsible for decoding 4A/Nj bits.
We let the number of bits communicated across the bisections during this epoch be B, ;.
Suppose B,; < % The number of bits the circuit can carry over from the previous epoch
is at most A, and thus and averaging argument can show there must be a large fraction
of subcircuits during this epoch that has area less than A/Nj,

An averaging argument can then show that there exists a subcircuit of small area
during each epoch that has less than 2A/N; + 2J/N; < 4A/N; bits communicated to it
(where we use A > J since J is the number of output nodes). That is, it has fewer bits
injected into it then it is responsible for decoding. If all it’s input bits are erased, then it
makes an error with probability at least 1/2 by Lemma 1. In this case then block error
probability is bounded by:

1 ~
P, > —emns
2
so substituting our values for M and N, we get:

. 41n (2/(N)

)

1
— |
5 exp(lne

so when b = 41n € this implies
Pe > f(N)

and thus the scheme is not an f(V)-coding scheme.
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Thus, we assume then that for each epoch B, ; > %
We let T; be the number of clock cycles for the ith epoch.

Applying Lemma 4 we get

for some constant c.

This is true for each of the M epochs, and thus

J J
AT > ——M
=\N.2
which implies
J JRN
ATz 51a

We substitute our value for Ny to give us:

JIn(2f(N)) J RN

AT > —
= 4In(e)A 2 4A
implying
A5 > o Jio In(2f(N)) RN
4In(e) 8
We also have
T> RN
- J

since the number of clock cycles has to at least be enough to output every one of its RN

output bits in its J output nodes. Thus:

R1.5N1.5
1.5
T Z J1.5

and so:

(RN [In(2f(N)

AT S
- 8 41n(e)

This allows us to conclude that:

AT > Q (N (=In (f(N)))?) .
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3.6 Encoder Lower Bounds

In terms of scaling rules, all the decoder lower bounds presented herein can be extended
to encoder lower bounds. The main structure of the decoder lower bounds (inspired
by [2,5]) involves dividing the circuit into a certain number of subcircuits. Then, we
argue that if the bits communicated within the circuit is lower, then there must be one
subcircuit where the bits communicated to it are less than the bits it is responsible for
decoding. If all the inputs bits in that circuit are erased, the decoder must make an error
with probability at least 1/2.

In the encoder case, we also take inspiration from [2,5|. In this case, the N outputs of
the encoder circuit can be divided into a certain number of subcircuits. Then we consider
the bits communicated out of each subcircuit. This quantity must be proportional to the
number of output bits in each subcircuit. Otherwise, there will be at least one subcircuit
where the number of bits communicated out is less than the number of output nodes in
the subcircuit. Call these bits that were not fully communicated out of this subcircuit
(). Suppose that once the output bits of the encoder are injected into the channel, all
the bits in () are erased. Now, the decoder must use the other bits of the code to decode.
But, the subcircuit containing ) in the encoder communicated less than |Q)| bits to the
other outputs of the encoder. By directly applying Lemma 1, we see that no matter what
function the decoder computes, it must make an error with probability at least 1/2. An
argument of this structure and following exactly the structure of Theorems 1, 2, 3, 4,

and 11 for the decoders gives us the following theorems, whose proofs are omitted.

Theorem 5. All fully-parallel f(N)-encoding schemes with number of clock cycles T'(N)

have enerqgy

o =a(2324)

with optimal lower bound of E > Q (N —log f(N)> when T(N) > y/—1og(f(N)).

All serial, f(N)-encoding schemes have energy that scales as
E(N) =2 Q(=Nlog f(N)).

All increasing output node, output-reqular f(N)-encoding schemes have energy that scales

as

E(N) > 9 (N(~log (F(N))"*) .
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3.7 Asymptotic Probability of Error Approaching a

Constant

In this chapter, we discuss f(N)-coding schemes where f(N) approaches 0 as N increases.
However, our analysis does not quite extend to coding schemes in which error probability
approaches a constant, and not 0. In Appendix A.1 we analyze the corner case and show
that schemes with asymptotic error probability less than 1/2 have energy that scales as
(1) Q(N+/Tog N) for fully parallel decoders, (2) Q(N log N) for serial decoders, and (3)
Q(Nlog®(N)) for increasing-output node output-regular decoders. The proofs use a

similar approach to the proofs of this chapter.



“The fundamental prob-
lem of communication is
that of reproducing at one
point either exactly or ap-
proximately a message se-

lected at another point.”

Claude Shannon

LDPC Codes

In the previous chapter, we derived lower bounds on the energy complexity of general
encoding and decoding circuits. In this chapter, we consider the VLSI energy complexity
of low-density parity-check (LDPC) codes, an important family of error control codes
introduced by Gallager [43]. The complexity of LDPC decoder circuits depends on the
complexity of their underlying Tanner graph, which is often generated randomly in their
theoretical analysis. Thus, the scaling rules we derive in this chapter are of an “almost
sure” variety: that is, they are true for codes with a Tanner graphs that are in a set of
Tanner graphs with probability approaching 1. We derive tight upper bounds for the
energy complexity of directly-implemented Tanner graphs in this chapter, but defer the
discussion regarding upper bounds for serial LDPC decoders to Chapter 6.

The first result of this chapter is an “almost-sure” scaling rule for the energy com-
plexity of LDPC decoders. In particular, we analyze ensembles generated according to
a uniform configuration distribution (see Definition 36). We show, subject to some mild
conditions, that the minimum bisection width of a randomly generated bipartite config-
uration asymptotically almost surely has minimum bisection width proportional to the
number of vertices. This implies an Q(N?/d? . ) lower bound on the energy of directly-
implemented LDPC decoders (see Definition 24) and a Q(N?/2/dy.y) lower bound on the

energy of serialized decoders (see Definition 33).

36
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We also show that a capacity-approaching sequence of “non-split-node directly-implemented”
LDPC decoders (see Definition 27 must have energy that scales as Q(x?In*(x)), where
x = (1 — R/C)7! is the reciprocal gap to capacity, where R is the code rate and C' the
capacity of the channel over which the code is transmitted. This lower bound contrasts
with the universal lower bound of Q(x?y/In(x)) of [42].

The Q(x*In®(x)) result applies to decoding circuits where messages are passed on
a Tanner graph induced by a parity check matrix of the underlying code. This lower
bound does not apply to decoding algorithms that use modified Tanner graphs with
punctured variable nodes like those used for the non-systematic irregular repeat accumu-
late (IRA) codes of [44] or the compound low-density generator matrix (LDGM) codes
of [45]. However, computations show that the Q(N?/d2 ) and Q(N*/2 /dy.y) almost sure
lower bounds apply to the non-systematic IRA construction of [44] for many parameters.

We begin the chapter in Section 4.1 with a discussion of prior related work. In
Section 4.2 we define directly-implemented LDPC decoders and in Section 4.3 we define
serialized LDPC decoders. In Section 4.4, after defining some properties of node-degree
lists, we present the main theorem. We proceed to show how this theorem allows us
to find scaling laws for the energy of LDPC decoders in Section 4.5. In Section 4.6 we
derive a (XZ In® X) scaling rule for capacity-approaching sequences of non-split-node
LDPC decoders.

4.1 Prior Work

4.1.1 Related Work on Circuit Complexity and LDPC codes

The work in [46] provides a discussion of techniques used to minimize energy consumption
in LDPC decoder circuit implementations. In contrast to this work, the results in this
chapter provide a theoretical asymptotic analysis of energy.

In [47], the authors assume that the average wire length in a VLSI instantiation of
a Tanner graph is proportional to the longest wire, and that the length of the longest
wire is proportional to the diagonal of the circuit upon which the LDPC decoder is
laid out. The implication of these assumptions is an € (N?) scaling rule for the area
of directly-implemented LDPC decoders, which is the same result as Corollary 4 of this
chapter. However, these assumption are taken as axioms without being fully justified;
there certainly can exist bipartite Tanner graphs that can be instantiated in a circuit
without such area. We show that, in fact, the Q (N?) scaling rule is justified for almost

all directly-implemented Tanner graphs (so long as some mild conditions are satisfied).
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More recently, Ganesan et al. [48] analyze the VLSI complexity of certain classes of
LDPC decoding algorithms, including analyzing how the number of iterations required
for such algorithms scales with block error probability. Moreover, the authors show
that a judicious choice of node degree distributions can optimize the total (transmit +
decoding) power for coded communication using LDPC codes by simulating real circuits
and their code performance. The Ganesan et al. paper complements this chapter; we do
not analyze how the number of iterations depends on target block error probability, nor
do we simulate any actual circuit performance. Neither the Ganesan et al. paper nor
this chapter consider the performance of LDPC codes whose interconnection complexity,

and not just degree distribution, is optimized.

4.1.2 Related Work on Graph Theory

We use a combinatorial approach to derive our almost sure lower bounds on the minimum
bisection width of randomly generated configuration. This contrasts with a common
approach that considers a graph’s Laplacian (See Definition 8.6.15 in [49]). Fiedler [50],

shows that the second largest eigenvalue of a graph’s Laplacian, Ay, can be used to find

Ao N
4

some bounds on the bisection width of graphs that are related to this Ay value. The

a lower bound of on the graph’s minimum bisection width. In [51], the authors find
authors in [52] provide almost sure upper bounds for the bisection width of randomly
generated regular graphs. Luczak et al. [53] also study the minimum bisection width
of graphs generated according to a distribution different from ours. Furthermore, our
analysis is of random bipartite graphs, as opposed to random regular graphs. As well, our
result makes only weak assumptions on the node degree distribution, without requiring

a degree-regularity assumption, in contrast to previous work.

4.2 Directly-Implemented LDPC Decoders

The main result of this chapter involves the minimum bisection width (MBW) of a
randomly generated bipartite graph (See Definition 2). For a graph G = (Vg, E¢) and a
subset of vertices V' C Vg, we let ¢g(V’) denote the minimum bisection width of V' in
G.

LDPC codes are linear codes first studied by Gallager in [43]. Given a parity-check
matrix H with M rows for a code of length N, the Tanner graph of H is a bipartite graph
where one part of the graph contains N vertices called variable nodes and the other part

is composed of M check nodes. Each check node is associated with a row of the parity
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check matrix and each variable node with a column. A check node is connected to a
variable node if and only if the row associated with the check node has a 1 in the column
corresponding to the variable node.

Since there are many possible parity-check matrices for a given linear code, there are
many possible Tanner graphs associated with that code. An LDPC decoding algorithm
for a code is a message-passing procedure where messages are passed over the edges of a
particular Tanner graph of the code.

We consider two possible paradigms to implement LDPC decoding algorithms with a
circuit: a directly-implemented and a serialized technique. To be precise, we will use the

following graph-theoretic terminology.

Definition 21. [49] (Definition 2.2.7) The contraction of an edge e connecting vertices
u and v is the removal of e and the replacement of v and v with a vertex whose incident

edges are the same edges incident on u and v, except of course e.

Definition 22. The reverse of edge contraction is vertex splitting. This is a process that
replaces a vertex v with two vertices v; and vy with an edge between them. For every
edge incident on v there is exactly one edge either connecting to v; or to vo. We say that

v1 and vy are split from vertex v.

Definition 23. [49, Definition 6.2.13] A graph G is a minor of a graph G’ if the graph
G can be obtained by deleting vertices and edges of G’ and contracting edges of G’. We
say in this case that G’ contains G as a minor. Equivalently, G’ contains G as a minor

if there is a sequence of vertex splits of G that results in a subgraph of G'.

Definition 24. A circuit is a directly-implemented LDPC' decoder associated with an
LDPC code with a Tanner graph 7' if its graph contains 7" as a minor.

Definition 24 allows Tanner graph computational nodes to be split and thus logic
gates associated with the computation for a single check or variable nodes can appear in

different parts of the circuit.

Definition 25. Let G’ be obtained by successively splitting the vertices of a graph G
with labelled vertices. When a labelled vertex is split, move the label arbitrarily to one
of the new vertices. The labelled vertices of G’ we term the vertices of G' corresponding

to G, or the G-corresponding vertices.

Definition 26. Let G’ be obtained by successively splitting the vertices of a graph G.
Consider a vertex v in the graph G. Then its v-descendants in G’ are those vertices that

were originally v, or split from v, or split from a vertex that was split from v, and so on.
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Consider a labelling of the G-corresponding vertices of G'. A particular labeled vertex v
is considered the parent of all those vertices descended from the vertex of GG from which

v descended.

Definition 27. Consider a circuit which contains Tanner graph 7" as a minor. Consider
each set of vertices descended from a vertex in T'. If the wires connecting these vertices do
not cross any other wires in the circuit, then such a circuit is said to be a non-split-node
directly-implemented LDPC decoder.

Lemma 5. Let v be a G-corresponding vertex of G', where G’ is obtained from G by
vertex splitting. Then the number of edges leading from the descendants of v to the rest
of the graph is not more than dy.. (in fact, not more than the degree of the original

verter).

Proof. This is easily observed by drawing a circle around a node and then successively
splitting this vertex. The number of edges exiting the circle does not increase as the

vertices are split. O

Definition 28. We let A,,;,(G) be the minimum circuit area of a circuit whose associated

graph is G.

Let G’ be a graph obtained by vertex splitting G. We let V. be the G-corresponding
vertices of G’ so that ¢/ (V) is the minimum bisection width of the G-corresponding
vertices of G’. This is of course dependent on how the nodes are labeled during the
splitting process. Thus to be more precise this represents the smallest MBW of the
nodes corresponding to G over all labellings.

The graph for a directly-implemented LDPC decoder is obtained by vertex splitting
and adding edges and vertices to the original Tanner graph. Adding edges and vertices
cannot decrease the MBW of V/,, but vertex splitting might. However, vertex splitting

can only decrease the MBW of V/, by a limited amount, as the following lemma proves.

Lemma 6. If G’ is oblained by a sequence of vertex splits of a graph G = (Vg, Eg) with

no isolated vertices, and G has mazimum node degree dm.x(G), then

s t6lVe) | delVe)
ookt 20 ot

Proof. Suppose not, i.e., that ¢q (V%) < %. Note that G can be obtained by

contracting the vertices of G'. Consider a minimum bisection of the G-corresponding

vertices of G, and place one side of the bisection on the left side and the other the right
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side. There will be some vertices on the left side that are descended from vertices on the
right side, and vice versa. We call such vertices bisection-crossing descendants.

If such a bisection of V/ has w’ edges crossing it, then there are at most w’' G-
corresponding vertices of G’ that have bisection-crossing descendants. To see this, observe
that the set of descendants of a vertex must be connected by paths using only their
vertices, so there must be at least one unique edge crossing the bisection for each G-
corresponding vertex of G’ that has a bisection-crossing descendant.

We shall now show how to construct a bisection of G with at most w'(1 + dyax(G))
edges. Simply move all the bisection-crossing descendants of GG to the side of their parent,
while keeping the G-corresponding vertices of G’ on the same side of the bisection. Then,
contract all the vertices that were split in obtaining G’ from G. By Lemma 5, for
each H-corresponding vertex of G, we observe that at most d.x edges will connect the
descendants of v to vertices on the opposite side of the bisection. Thus, moving the
vertices to the side of their descendant can at most add w'dy.x(G) edges crossing the
bisection, and the resulting bisection has width at most w’ + w'dax

Thus, we have constructed a bisection of G of width less than —2¢Ye)_ (1 4 4, (G)) =

[Ew ey
¢a(Va), a contradiction. B

Note that if a graph G” contains G as a minor, then it contains a subgraph G’ that

is obtained by a sequence of vertex splits of G. This allows us to conclude:

Lemma 7. If a graph G" contains a graph G = (Vg, Eg) as a minor, then the minimum
bisection width of the nodes of G' corresponding to G is at least ¢pa(Va)/(1 + dpax(G)).
Thus, by applying Lemma 2, the circuit area of G” is at least

] 62(Vo) 0% (Vo)
4un(G") 2 G 0 2 Todt (O

max

4.3 Serialized LDPC Decoders

Not all LDPC decoders are directly-implemented. This motivates considering a more
general class of LDPC decoder. Our definition of a serialized circuit includes both serial-
ization of the message-passing step (for example, by introducing an interleaver that works
over multiple clock cycles to pass messages from node to node), and serializing compu-
tation steps (by having one computational node perform the computation for multiple
check or variable nodes, but at different clock cycles). The key idea is that a serialized
circuit simulates a joined Tanner graph, which we will define in this section.

To do so we first define a computation’s communication multi-graph.
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Definition 29. The communication directed multigraph, or communication graph for a
circuit operated for T" clock cycles is the graph obtained by replacing each computational
node with a vertex and replacing each wire between two computational nodes (u and v,
say) with 2T edges, T of them directed from u to v and T of them directed from v to w.
We place 2 edges per wire because we assume, for the purpose of lower bound, that a bit

is communicated in both directions each clock cycle.

Definition 30. Two unconnected vertices v; and vy of a graph can be joined by removing
the two vertices and replacing them with a single vertex v. Each edge connecting v; or
v9 to a vertex (denoted a) in the original graph is replaced with an edge connecting v to

a.

Definition 31. A graph obtained by first splitting the nodes of a Tanner graph T and
then joining nodes that are not associated with variable node inputs is a joined Tanner

graph obtained from T

For a joined Tanner graph 7", we let juax(7”) be the maximum number of vertices

joined to form a single vertex. Often its dependence on T” will be suppressed.

Definition 32. A communication graph Geomm simulates a graph G if there is a subset
of vertices of Geomm in & one-to-one correspondence with the vertices of G, and for each
edge in G, there is a path connecting the two corresponding vertices in Geomm. Moreover,

these paths are mutually edge-disjoint.
We can now define a serialized LDPC decoder.

Definition 33. A serialized LDPC decoder for a Tanner graph T is a circuit that simu-

lates a joined Tanner graph obtained from 7' during each iteration.

Note that if a particular node of such a circuit corresponds to a vertex formed by

joining 7 nodes then there must be at least j clock cycles performed each iteration.
2

directly-implemented LDPC decoder circuits in Corollary 4 and an Q(N3/2/d,,.,) lower
bound for serialized LDPC decoders in Theorem 7.

In the sections that follow, we prove an Q(N?/d?,,) scaling rule for the energy of

4.4 Almost Sure Scaling Rule

Our main theorem is fundamentally graph-theoretic in nature and applies to graphs

generated according to a standard uniform random configuration distribution.
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Definition 34. Consider the set of bipartite graphs G = (Vi U Vg, Eg) (where the
symbol U is the disjoint union symbol) in which |V;| = N, |Vg| = M. Let V}, be called
the left nodes and Vy the right nodes. Order the left nodes and right nodes in terms of
increasing node degree. Let [; be the degree of the ¢th left node in the graph, and let r; be
the degree of the ith right node in the graph. Then we say that L = (I, 1o, ..., ly) € (N)
is the left node degree list and R = (r1,79,...,7) € (N)M the right node degree list.

Note that the node degree lists are non-standard; often it is the node degree distri-
bution that is considered. However, in Appendix A.2 we show how to present our results
in terms of the more standard node degree distributions.

Given a list Z = {z1,29,..., 25} with z; < 25 < ... < zy, we define

Stop (Z) - (41)

s
—_
|z M =
[

KN

Note that implicitly this function takes as input the size of the input vector. This is the
sum of the half of the elements of the list with the greatest value.

Denote the set of bipartite graphs with left and right node degree lists L and R as
G(L, R). Note that the number of edges in each particular graph in G(L, R) is |E¢q| =
Zi]il li = sz\il T

For convenience of counting, we will consider not the set of graphs with a particular
degree list, but rather the set of configurations with this degree list. We can associate
each node in a graph with a number of sockets equal to its degree. This node and socket
configuration model is a standard way to consider the set of bipartite graphs that form

the Tanner graphs of LDPC ensembles, and in particular is discussed thoroughly in [54].

Definition 35. A set of left nodes and right nodes with an ordered labeling of the sockets
of each node, together with a permutation mapping the left node sockets to the right

node sockets is called a configuration.

Let the set of configurations with node degree lists L and R be denoted B (L, R).
Clearly, |B(L,R)| = |Eg|!. Since a configuration is merely a graph with a labeling
of sockets for each node, graph properties, including minimum bisection width, can be

extended to describe configurations in the natural way.

Definition 36. The uniform configuration distribution for fixed node degree lists is the
probability distribution in which the probability of each configuration with these node

degree lists has uniform probability.
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Let
B, ={G € B(L,R) : 3 a bisection Kg C E¢ such that |Kqg| = a}

be the set of configurations that have a bisection of size a. Note that B, does not represent
the set of configurations in B (L, R) with minimum bisection width a, but rather the set
of configurations with some bisection of size a.

Let B} be the set of configurations in B (L, R) that have a bisection of size a or less,

1.€.,
a

B; =|JB.

i=0
Given a left node node degree list L of length N and right node degree list R of length
M, where L and R are ordered by increasing degree and M < N, we define

max (Siop (L) ; Sop (R))
N

(L, R) = (4.2)
We also let
o(L,R) = % —d(L,R). (4.3)

For notational convenience we will abbreviate these two quantities as 0 and o and
their dependence on the node degree distribution under discussion is to be implicit. Note
that |Eg| = N + oN.

Consider a configuration with left degree list L and right degree list R. For a given
subset of vertices V' we can divide this set into two disjoint sets, V] = V' NV, and
Vi =V 'NVg. Let S (V') = ZvGVL’ deg (v) and Syignt (V') = ZUEVé deg (v) denote the

number of left and right sockets in V', respectively.

Lemma 8. For any bipartite configuration G = (Vi U Vg, Eq) with left degree list L and
right degree list R, where |Vi| = N and |Vr| = M, for any collection V' of w vertices,
min (Sies (Nv ), Srignt (Nv)) < NO.

Proof. Suppose not. This implies that both S (V') > N§ and Syigne(V') > N§. Divide
the vertices in V'’ into the left nodes V] and right nodes V},. It must be that |V]|+|V;| =
MM Thus, it must be that |[V/| < & or [V} < % (otherwise their sum would exceed
MENY) Let us consider the case in which |V/| < & (the other case leads to an analogous
argument). If [V/| < & and S (V') > N§ then, in particular Sieg (V') > Siop(L). But
Stop(L) by (4.1) is the sum of the highest degree left nodes. A collection of at most half

these nodes cannot exceed this quantity, leading to a contradiction. O
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We will need the following lemma for our proof:

Lemma 9. The quantity m!n!, subject to the conditions 0 < n<m < Z<m+n<Y
and that Y, Z, m and n are all integers cannot exceed Z\(Y — Z)\.

Proof. See Appendix A.3. m

We can now give the main technical lemma of this chapter, which states that the
set of configurations with a small bisection is small, which will imply that with high

probability a Tanner graph has MBW proportional to V.

Lemma 10. If a configuration G = (Vi U Vg, Eg) with |V = N and with degree lists L
and R is generated according to the uniform configuration distribution, then the probability

that this configuration s in the set B} when
0<a<o(L,R)N (4.4)

15 upper bounded by

(a+1) N2(g)2(‘Ef|)4a! (8(L, R)N)! (o(L, R)N — a)!
(6(L, R)N + (L, R)N)!

P(B)) <

a

(4.5)

Proof. This follows from a counting upper-bounding argument, where the key idea is to
over-count a set of objects that is larger than B, namely the set of “quadrant configura-
tions” with a bisection of size a or less.

Let the set of configurations in B (L, R) having a bisection of size a be denoted by
B,. Then we can say that, according to the uniform configuration distribution, the
probability of the event of generating a configuration with a bisection of size a is given

by:
| Bal

~ [Eql"

P (B.)

recalling that |Eg| is the number of edges in the configurations of B (L, R).

We will now bound the number of configurations in B (A, P) with a bisection of size
a, and we will assume that a < o N. To do so, we will define a “quadrant configuration”,
show that the number of quadrant configurations with a bisection of size a is greater
than or equal to B,, and then upper bound the number of quadrant configurations with
a bisection of size a or less.

A quadrant configuration of a bipartite configuration G = (V7 U Vg, E¢) is an ordered-
tuple @ = (G, Ty, Tg, Br, Br) where the vertices are divided into 4 disjoint sets, the top
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ol

Figure 4.1: An example of a particular quadrant configuration associated with a left
node degree list L in which all the nodes have 2 sockets and a right node degree list
R = (2,3,4,4,5). The number of left nodes N = 9 and the number of right nodes
M = 5. The configuration drawn is a quadrant configuration in Qg’l for the particular
degree lists. Recall that the superscript denotes that there are ¢ = 4 top left nodes and
J = 1 edges leading from top left nodes to bottom right nodes. The subscript indicates
that there are a = 3 edges between top and bottom vertices. The edges forming the
bisection are solid lines. The horizontal dotted line indicates where the bisection occurs.
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left nodes (Ty), the top right nodes (Tg), the bottom left nodes (Br), and the bottom
7"ight nodes (BR), in which TL,BL - VL, TR,BR - VR and HTR UTL’ - ‘BR U BLH < 1.
Vertices in Ty, and Tk are considered to be top nodes or and similarly for the bottom

nodes.

Note that every bipartite graph has at least one quadrant configuration induced by
arbitrarily dividing the vertices in half, and denoting one half of these vertices top nodes
and the other half bottom nodes. Thus, the set of quadrant configurations with a par-
ticular degree distribution is at least as big as the set of configurations with a particular
degree distribution. Because a quadrant configuration @ = (G, Ty, Tr, Br, Br) contains

a graph G, graph properties can be extended to describe a quadrant configuration.

Denote the set of quadrant configurations with set node degree lists L and R in which
a is the number of edges connecting top nodes to bottom nodes as (),. Note that the
dependence of (), on a particular node degree distribution is implicit. Observe that every
configuration with a bisection of size a has a corresponding quadrant configuration in @),
created in the natural way by denoting one bisected set of vertices as the top nodes, and
the other the bottom nodes. Thus |B,| < |Qa].

For ease of discussion, we will assume that the total number of nodes M + N in the

set of configurations under discussion is even, so that w is an integer.

Denote the set of quadrant configurations in (), in which there are ¢ top left nodes
and j edges connecting top left nodes to the bottom right by Q%. This of course implies
that there are @ — ¢ top right nodes and a — j edges leading from the bottom left to
the top right nodes. We can see in Figure 4.1 an example of such an element that we are
counting for the case of N =8 and a =4, i =4 and 7 = 2. Note then that

N a
Qa = U U Qf;j-
1=0j=0

We bound the size of Q% by counting all quadrant configurations with a bisection of

size a that are the edges connecting top nodes to bottom nodes. In the following, for
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compactness, we let § = §(L, R) and 0 = o(L, R). We have

1= ()(s2)
()

()! (a—J)( )'(UN a)l, (4.6)

where
a. Represents a choice of ¢ top left nodes.
b. Represents a choice of w — ¢ top right nodes.

c. The quantity ('EG‘) is an upper bound on the number of choices of j sockets that
will have edges that cross the bisection line chosen from the top variable nodes, and
(\chl) is an upper bound on the number of choices for the bottom right sockets to which
these edges will be connected. For a configuration in B}’ there must also be a — j edges
leading from the bottom left to the top right. The quantity (' Gj‘) is an upper bound
on the number of choices of sockets in the bottom left that can have edges crossing the
middle bisection, and similarly ('fg‘) is an upper bound on the number of choices for the

sockets connected in the top right.

d. Counts the number of permutations of edges that join the top half to the bottom
half (first counting the j connections from the top left nodes to the bottom right nodes,

then the a — j connections from the bottom left nodes to the top right nodes).

e. This step involves permuting the connections of the remaining sockets in the
top half and the bottom half. However, at this point it is not clear how many sockets
are in the top half or the bottom half. However, we can upper bound the number of
permutations possible. The number of sockets available in the top left nodes must equal
the number of sockets available in the top right nodes (because in order to construct a

valid configuration this must be true). By construction, the total number of nodes in the

M+N
2

0N, by Lemma 8. Suppose the number of sockets available for all the top left nodes is

top left and top right is , and thus the number of sockets available cannot exceed
M, and the sockets available in the bottom left nodes is N,. Then there are at most
MIN! ways to permute these. We also know that M, + Ny = |Eg| — a (since the total
number of sockets available on one side of the constructed quadrant configuration is |Eq|

and a have been used to cross between top nodes and bottom nodes), and that M; < N
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and N, < ON. Subject to these restrictions, a direct application of Lemma 9 implies
MIN! < (ON)! (|Eg| — 6N —a)! = (6N)! (6N — a)!
The proof mostly follows from simplification of these bounds and the details of the

rest of the proof are given in Appendix A.4. m

Consider a sequence of random configurations G, Gs,... where each G; in the se-
quence is a configuration generated according to the uniform configuration distribution,
in which the ith configuration is drawn according to node degree lists L; and R;. Note
that the randomness for each element of such a sequence does not come from the degree
lists: we are assuming that these lists are fixed. It is the interconnections between nodes
that is random. We specifically concern ourselves with a sequence in which the number
of left nodes N increases without bound. For such a sequence, denote the number of
left nodes of the ith configuration as NV;. We will abbreviate the quantities 0 (L;, R;) and
o (Li, R;) with the symbols §; and o; respectively (see lines (4.2) and (4.3). We let B},
be the set of configurations with node degree lists (L;, R;) with a bisection of size a or

less.

Theorem 6. Consider a sequence of right and left node degree lists (L;, R;), and a
sequence bipartite configurations G; where G; is generated according to the random con-
figuration distribution with node degree list (L;, R;). If

lilgriigp {2 In(2) + 0, (ln ((2 il Uz’)) +
0
i (ln ((2 + Ui))

lim P ({Gi € Bjy,;}) =0

then there exists some 3 > 0 in which

where {G; € By ;} is the event that the ith configuration has a bisection of size BN; or
less. In particular, this is true for any 0 < 3 < o that satisfies:

o () en (o)
()b w

Remark 3. Stated less precisely, this theorem says that in the limit, a random bipartite

configuration will, with high probability, have no small bisections.
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Proof. This proof involves algebraic manipulation of the expression in Lemma 10 and
showing that if the conditions of the theorem are satisfied, the limit evaluates to 0. The

details of this computation are given in Appendix A.5. O]

In the corollaries that follow, we consider a sequence of configurations generated
according to the uniform configuration distribution. Let ¢; be the minimum bisection
width of the ith configuration. Note that this symbol is a random variable. Theorem 6

now has an obvious corollary.

Corollary 3. If there is a sequence of configurations as described in Theorem 6, in which
the condition in (4.7) is satisfied then lim;_,o P (¢; > SN;) =1 for some > 0.

Proof. Note that B} is the event that a random configuration has a bisection of size a
or less. The complement of this event is the event that a random configuration has no
bisection of size a or less, and thus equal to the event that a random configuration has
minimum bisection width greater than or equal to a. The corollary flows directly from

this observation. O

Remark 4. This Corollary and the results that follow can be slightly strengthened, be-
cause we know that the probability that a bisection exists with size less than SN ap-
proaches 0 exponentially quickly. Let I4, /n,<p be the event that the graph with V; left
nodes has a bisection less than SN. We easily observe that > P(¢;/N; > ) < oo and
so by the Borel-Cantelli Lemma |55,56], the probability that a bisection of size less than
BN; occurs infinitely often is 0. Thus, P(liminf; ,, ¢;/N; > ) =1 for some 3 > 0.

4.5 Almost Sure Bounds on Sufficiently High Rate LDPC

Decoder Circuits

To apply our results to LDPC decoder circuits, we first define a few terms in order to

make our claims precise.

Definition 37. 57| For a given parity check matrix H for a code of block length N and
rate R, we define A(H) as the number of 1s in the matrix divided by NR, and call this
quantity the density of the matrix H.

Definition 38. For a code of rate R associated with a channel with capacity C, let

x = (1 = R/C)~! be the reciprocal gap to capacity.
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Definition 39. Consider a sequence of codes and decoders for a particular channel. We
let the block error probability of the ith code in the sequence be F,,. Then such a

sequence is vanishing-error-probability if lim, .., P.; = 0.

The following result, which is a simple implication of Sason and Urbanke [57]| which
we present using our notation shows that as capacity is approached the density of a code’s
parity check matrix must approach infinity. We will use this result in Corollary 4 and

Theorem 8.

Lemma 11. [57, Theorem 2.1] Consider a sequence of parity check matrices {H;} for
a channel with capacity C. Let {x;} denote the reciprocal gap to capacity of the ith code.
Let the density of the ith parity matriz be A(H;). Suppose that there is a decoder for each
of these codes, and thus each code for matriz H; has an associated block error probability
(P.;). Suppose as well that in the limit of increasing i P.; approaches 0. Then, there is

some constant Ky such that, for sufficiently large i,

A(H;) > KyIn () -

4.5.1 Energy Complexity of Directly-Implemented LDPC De-

coders

Corollary 4. Consider a vanishing-error-probability LDPC' coding scheme where each
code in the scheme is generated according to a uniform configuration distribution. Suppose
that each decoder in the scheme is a directly-implemented LDPC decoder. If such a scheme
has asymptotic rate sufficiently close to capacity, then for this scheme

z11}11;10]3 (A; > N7 /d2 ) =1

for some constant ¢ > 0, where dpy.x is the mazimum node degree (possibly a function of

N). Energy is bounded similarly.

Proof. Note that Lemma 11 implies that as rate approaches capacity, the parity-check
matrix density must approach infinity. But this implies that the associated Tanner graph
has number of edges per node approach infinity. Then obviously the quantity 6 must
approach infinity. We can use this observation that for codes of sufficient closeness to

capacity the expression

21n(2) — (5 + o)H <5 0

+ 0o

) <0 (4.9)

must be satisfied.



CHAPTER 4. LDPC CODES 52

To see this, note that § approaches oo for a capacity-approaching code. What happens
to o is either (a) limpy_o0 5% < 1lor (b) limy_ e 54%0 =1, or (c) this limit does not exist.
Note that this value cannot exceed 1 because necessarily o < §.

In the case of (c¢), it must be that the value of o alternates and no limit can be defined.
In this case, however, we should consider the specific subsequence of decoders in which
either (a) or (b) applies. It will be clear that since for each subsequence the appropriate
scaling rule holds, thus it must be true for the entire sequence.

In case (a): in the limit, In (6%7) < 0 and so § (ln (5%)) — —o00, as 0 approaches
)) < 0 in any case (a consequence of o < §), thus in the limit the

g

0o. Since o (ln (6+U
inequality (4.9) will be satisfied.

For case (b), in which In (6%0_) — —00, note that o is positive, so o (ln (6%0_)) — —00
, and thus in the limit (4.9) will also be satisfied.

If the scheme has asymptotic rate sufficiently close to capacity, then for sufficiently
large block lengths in this scheme the node degree list satisfies the sufficient condition of
Theorem 6, and the code’s Tanner graph has MBW at least SN; for some [ > 0 with
probability approaching 1. In this case, the decoder, which contains a subgraph obtained
by splitting the vertices of the Tanner graph, but have MBW at least SN;/(2dnax) by
Lemma 6. In this case, Lemma 7 implies 4; > (6N;)? /(16d2,,,) and thus:

2

max

as expressed in the theorem statement. A similar bound is obviously then true for the
energy per iteration of such circuits.
O

4.5.2 Serialized Decoders

In this section we generalize our results to serialized circuits. To develop this theory,
however, we need to define some new terminology. In particular, we will generalize the
notion of minimum bisection width by considering collections of bipartitions of the nodes

of a graph.

Definition 40. A bipartition of a set X is the partition of the set into two disjoint sets
X1 and X \ Xl.

We will represent a bipartition by a single set contained within it.
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Definition 41. Given a set of vertices Vr of a graph G, a bisection of Vg is a bipartition
of Vi into Vi and V3 such that ||V;]| — |Va]| < 1.

We see that a bisection is an example of a bipartition. What we will be interested
in is collections of bipartitions that are “zig-zaggable”. It is the zig-zaggable property of
the bisections of a graph that allows Thompson to prove in [1| that A > ¢%(V)/4 for a
circuit with graph G = (V, Eg) with MBW o¢¢ (V).

Definition 42. Let X be a nonempty finite set. If ) C A C B C X, a simple chain from
A to B is a sequence S; C Sy C ... C Sy with Sy = Aand Sp, = B and [S;.1 \ S| =1
fori=1,2,...,L—1.

Consider a subset (denoted C) of the bipartitions of a set X.

Definition 43. A subset of the bipartitions of a set X is zig-zaggable if the following

conditions hold:
1. All simple chains from ) to X contain an element of C.

2. If A and B are subsets of X such that A C B, and there is a set D in C such that
A C D C B, then all simple chains from A to B contain an element of C.

Lemma 12. The collection of bisections of a set are zig-zaggable.

Proof. A set C induces a bisection of X if an only if |C| = [|X|/2] or |C] = [|X]|/2]. A
simple chain from () to X results in a sequence of bipartitions where the size of one of
the sets of the bipartitions increases by 1 each time. One of these bipartitions must thus
be a bisection. For property 2, suppose that a simple chain from A to B contains a set
C that induces a bisection. Then, either A or B are bisections, or they are not and then
|A] < [|X]/2] and |B| > [|X]/2], and then any simple chain from A to B will include a
bisection.

m

We will show however that a more general collection of bipartitions is zig-zaggable.

Definition 44. The width of a bipartition of a set of vertices of a graph is the number

of edges connecting the vertices between the two sets of the bipartition.

Definition 45. The C-bipartition width of a graph with respect to a collection of bipar-

titions C is the minimum width of all bipartitions in C.

Using the definition of zig-zaggable (Definition 43), we can now easily adapt Thomp-

son’s proof [1] and derive the following lemma:
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Lemma 13. Let C be a zig-zaggable collection of bipartitions of a graph G, and let we be
the C-bipartition width of the graph. Then,

Proof. A detailed proof is given in Appendix A.6 that essentially follows the proof of
Thompson [1, Theorem 2|. The author constructs on the order of we bisections of the
nodes by drawing zig-zags across the circuit, each of which have on the order of we wires
crossing them. These bisections must exist precisely because of the zig-zaggable property
of the bisections of the graph. Thus, this proof extends to any zig-zaggable collection of
bipartitions. O

Consider a joined Tanner graph as in Definition 31. Such a graph is obtained by
splitting a Tanner graph T to obtain 7" and then joining vertices. We can assign to each
vertex of the joined Tanner graph a number equal to the number of T-corresponding
vertices of 7" that were joined in forming it. Each of these values is the weight of the
vertex. The weight of T-corresponding vertices that were not joined are assigned the

value 1, and the others are given weight 0. For a vertex v; we let w(v;) be its weight.

Definition 46. A k-weighted bisection of a collection of positive weighted nodes V¢ is a
bipartition {V1, 5} of the vertices such that | i w(v;) — 3 oy, w(vi)| < k. That is,

it is a bipartition where the sum of the weights of their nodes is within x of being equal.

veEV]

Lemma 14. The collection of k-weighted bisections of a graph with non-negative weighted

vertices with maximum weight less than or equal to k is zig-zaggable.

Proof. This proof follows essentially the same form as Lemma 12. The key idea is that
the maximum weight of a vertex is k, so any simple path between subsets of the vertices

has the weight of the subsets increase by at most s each step. O]

Lemma 15. Let T be a Tanner graph with maximum node degree dpax, let T' be a split
Tanner graph obtained from T, and let T" be a joined Tanner graph obtained by joining
vertices of T'. Let the mazimum number of vertices joined in a single verter be jax-
Let the minimum bisection width of T be w. Then, the minimum jJnac-weighted bisection
width of T" is at least w/(2dmax) — Jmax@max-

Proof. Suppose not, i.e., that there is a jn..-weighted bisection of width w’ such that
W < w/(2dmax) — Jmaxdmax- Note that, by Lemma 6, 7" has MBW of its T-corresponding
vertices at least w/(2dmax). We shall show how to construct a bisection of 7" with width

less than this. Firstly, consider the j,..-weighted bisection of 7”. Then, unjoin all the
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vertices, resulting in a bipartition of 7”. Form a bisection of the T-corresponding vertices
of T" by moving T-corresponding nodes one by one from the side with the most vertices
to the side with the least vertices until a bisection is formed. Fach time a vertex is moved
it increases the edges crossing the bisection by at most d.c. A bisection is formed by
moving no more than jy,., nodes (since the original bipartition had difference in number
of nodes at most juax). This constructs a bisection of 7" with width less than w/(2dmax),

a contradiction. O

Theorem 7. If a sequence of Tanner graphs is generated uniformly according to the
conditions of Theorem 6 and dyax(N) < VN for sufficiently large N, then a sequence of

serialized LDPC' decoders based on these Tanner graphs have

cN}!S
lim P AT, > ———— ) =1
P ( = dmaX(NZ-))

for some ¢ > 0.

Remark 5. In Chapter 6 we show how this bound can be reached up to a polylogarithmic

factor on a mesh network for constant d,,., and is thus close to tight.

Proof. From Definition 33, a serialized LDPC decoder must have a single node for each
node of its joined Tanner graph. Consider a particular decoder of sufficiently large block
length N. We consider two cases, that (a) jmax > VN and (b) jmax < V/N.

Case (a): The area of the circuit is at least N because there must be at least one
node for each variable node. Consider the node that joined j.x nodes. Then T > VN
because at least v/ N outputs must appear at that node. Thus AT > N'5.

Case (b): We consider the event that the Tanner graph of this code has MBW w = ¢N.

By Lemma 15, the jy.-weighted bisection width of the joined Tanner graph is at
least ¢ N — v/Ndyax, where ¢/ = ¢/ (2dmax)

Let the jyax-weighted bisection width of the circuit (and not the associated Tanner
graph) be W. Now consider a minimum jy.-weighted bisection of that circuit. Thus,

there must be at least
S N — V' Ndpax

T
- 2W

clock cycles per iteration to communicate ¢ N — v/ Nd .« bits across the bisection (where
the factor of 2 comes from assuming that a bit is transferred in each direction each clock

cycle by each wires). By Lemma 13 we have

A>—
- A4
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implying )
<C,N - \/Ndmax>
16 '

As well, because there are at least NV check nodes,

AT? >

A>N

and so we get:
2
N (&N = VN )
16

A’T? >
which implies

AT >

N1/2 (c’N ; \/deax> 0 (N3/2)

dmax

where we have substituted ¢ = ¢/2d,.x to obtain the last inequality. The theorem is then
implied by Corollary 3 which shows that the MBW of the Tanner graph is proportional
to N with probability approaching 1. O]

4.5.3 Applicability and Limitations of Result

According to the definition of the uniform configuration distribution, it is possible that
two or more edges can be drawn between the same two nodes. This type of conflict is
usually dealt with by deleting even multi-edges and replacing odd multi-edges with a
single edge [54, Definition 3.15]. This leads to a potential problem with the applicability
of our theorem: what happens if the edges that we delete form a minimum bisection of the
induced graph? In that case it is possible that the graph we instantiate on the circuit has
a lower minimum bisection width than that which we calculated, and thus could possibly
have less area. However, in the limit as N approaches infinity for a standard LDPC
ensemble, the graph is locally tree-like [54, Theorem 3.49] with probability approaching
1. This implies that the probability that the number of multi-edges in a randomly
generated configuration is some fraction of N must approach 0 (or else the probability
that a randomly selected node has a multi-edge would not approach 0). Hence, even if
we did delete these multi-edges from the randomly generated configuration, this could at
most decrease the minimum bisection width by the number of deletions, but this number
of deletions, with probability 1, cannot grow linearly with N. Hence, the minimum
bisection width must still, with probability 1, grow linearly with N, and our scaling rules

are still applicable.
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In this chapter we have considered Tanner graphs generated according to the uniform
random configuration distribution, a commonly used method to analyze the performance
of LDPC codes [54]. This does not mean that there do not exist good LDPC coding
schemes with slower scaling laws. The scaling rule might be avoided if a different ran-
dom generation rule for the Tanner graph is used. For example, perhaps the variable
nodes and check nodes could be placed uniformly scattered through a grid and then the
randomly placed edges, instead of being chosen uniformly over all possible edges, are
chosen uniformly over a choice of edges connecting variable and check nodes that are
“close” to each other. Whether or not such a sequence of LDPC codes would have good
performance is unclear. However, in the following section we can obtain scaling rules
that are true for all directly-implemented capacity-approaching LDPC decoders with

vanishing error probability, not just almost all.

4.6 Bounds for All Directly-Implemented Non-Split-
Node LDPC Decoder Circuits

Definition 47. A sequence of codes and decoders in which the ith code has rate R; for a
channel with capacity C'is vanishing-error-probability capacity-approaching if lim;_, . R; =

C' and block error probability approaches 0 as 7 is increased.

Definition 48. The crossing number of a graph is the minimum number of edges that

cross in any planar embedding of that graph.

Note that since a crossing takes at least one grid square in any circuit, the crossing
number obviously is a lower bound on circuit area.

Ganesan et al. [48] used the following lemma from Pach et al. [58] to understand the
complexity of LDPC decoding. We will also use this result to understand a scaling rule

for all, as opposed to almost all, directly implemented LDPC decoders.

Lemma 16. [58] Let G be a graph with |Eg| > 4|V| edges and girth greater than 2r for

some integer r > 0. Then the crossing number of such a graph is bounded by

cr(G) > | Ba|™

st E— 4.10
> o el (4.10)

for some constant c,.

This leads to the following theorem relating energy per iteration to gap to capacity

for non-split-node directly-implemented LDPC decoders:
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Theorem 8. The enerqgy, per iteration, of any vanishing-error-probability capacity-approaching
sequence of non-split-node directly-implemented LDPC' decoders must have asymptotic

enerqy per iteration lower bounded by
E > x*In?(x).

Proof. Lemma 11 implies that the number of edges in a Tanner graph, per bit, scales as

Q(In x). From [59,60] note that the minimum block length of any code must scale as
N > cyx? (4.11)

for a constant c3 > 0. We then use Lemma 16, and the observation that a Tanner graph
has girth at least 2, to conclude that a non-split-node directly-implemented decoder must

have at least Q(N In®(x)) wire crossings. O

Note that if LDPC codes are constrained to have girth greater than 2r then this
argument can be extended to show that a sequence of such decoders must have area
bounded by Q(x?In" ).

It may be that directly-implemented LDPC decoders can improve upon this lower
bound by splitting up check and variable node subcircuits (and not localizing these com-
putations in one area of the circuit). In actual VLSI design this may happen automatically
by circuit design software, so this limits the applicability of this theorem.

The lower bound of Theorem 8 is applicable to all non-split-node directly-implemented
LDPC decoding schemes. However, using a punctured code construction, Pfister et
al. [44] construct a capacity-approaching ensemble of codes that avoids the complexity
blowup of Lemma 11. Theorem 8 does not apply to such constructions. We considered the
check-regular ensemble of [44, Theorem 2| and computed whether this ensemble satisfies
the conditions of Theorem 6. By varying the parameters ¢ from 0.05 to 0.3 in increments
of 0.05 and the parameter p from 0.05 to 0.95 in increments of 0.05, computations show
that the only values of these parameters that did not satisfy the conditions were p = 0.05
when ¢ = 0.15,0.2,0.25,0.3. Thus, for most parameters checked we conclude that de-
coders based on these ensembles satisfy the almost-sure scaling rules of Corollaries 4 and
Theorem 7.

Comparison to Universal Lower Bounds

We note that this lower bound on directly-implemented Tanner graphs contrasts with the

lower bounds in [42], which show an Q(x2In'/?(x)) lower bound for the energy complexity
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Figure 4.2: An example of an implementation of an LDPC code Tanner graph. There
are |E¢| edges that correspond to interconnections that must be made. Going left to
right, starting at the top left circuit, the six parts of this diagram show the progressive
addition of each additional “edge” in the circuit implementation of the Tanner Graph.
Each wire has a unique column that it is allowed to run along, and each output has a
unique row, ensuring that no two wires ever need to run along the same section. The
only time when the wires need to intersect is during a wire crossing, which is explicitly
allowed by our circuit axioms. This method can be used to draw any arbitrary bipartite
graph with |E¢| edges.

of fully-parallel decoding algorithms as a function of gap to capacity. This result means
that non-split-node directly-implemented LDPC decoders are necessarily asymptotically
worse than this lower bound. Of course, it is not known whether the lower bounds of [42]
are tight. It may also be that splitting check nodes in the circuit could overcome this
lower bound and get closer to the universal lower bound, but our result does not address

this case.

4.7 Tight Upper Bound for Directly-Implemented LDPC

Decoders

We now provide a simple circuit placement algorithm that results in a circuit whose area

scales no faster than O (|Eg|?) where |Eg| is the number of edges in the circuit. For



CHAPTER 4. LDPC CODES 60

LDPC codes with bounded maximum node degree, this implies that the area as well
as energy per iteration scales as O (N?), thus reaching the almost-sure lower bounds of

Corollary 4.

The placement algorithm proposed involves actually instantiating the Tanner Graph
of the LDPC code with wires, where each edge of the Tanner graph corresponds to
a wire connected to N subcircuits that perform variable node computations and the
N — K subcircuits that perform check node computations. Our concern is not about
the implementation of the variable and check nodes in this circuit. In the diagram, we
treat these as “black boxes” whose area is no greater than proportional to the square
of the degree of the node. Of course, the actual area of these nodes is implementation
specific, but the important point is that the area of each node should only depend on
the particular node degree and not on the block length of the entire code. Our concern
is actually regarding how the area of the interconnecting wires scales. The wires leading
out of each of these check and variable node subcircuits correspond to edges that leave
the corresponding check or variable node of the Tanner graph. The challenge is then to
connect the variable nodes with the check nodes with wires as they are connected in the
Tanner graph in a way consistent with our circuit axioms. We lay out all the variable
nodes on the left side of the circuit, and all the subcircuits corresponding to a check node
on the right side of the circuit, and place the outputs of each of these subcircuits in a
unique row of the circuit grid (see Fig. 4.2). Note that the number of outputs for each
variable and check node subcircuit will be equal to the degree of that corresponding node
in the Tanner graph of the code. The height of this alignment of nodes will be 2|Eg|,
twice the number of edges in the corresponding Tanner graph (as there must be a unique
row for each of the |Eg| edges of the variable nodes and also for the |Eg| edges leading

from the check nodes.

The distance between these columns of check and variable nodes is |E¢|. Each output
of the variable nodes is assigned a unique grid column that will not be occupied by any
other wire (except in the case of a crossing, which according to our model is allowed).
A horizontal wire is drawn until this column is reached, and then the wire is drawn up
or down along this column until it reaches the row corresponding to the variable node
to which it is to be attached. A diagram of the procedure to draw such a circuit for a
case of 6 edges is shown in Fig. 4.2. Since each output of the variable and check node
“black boxes” takes up a unique row, and each wire has a unique column, no two wires in
drawing this circuit can ever run along the same section of the grid; they can only cross,

which is permitted in our model.

The total area of this circuit is thus bounded by: A, < A,oqes + Aw, Where A qes is
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the area of the nodes and A, is the area of the wires. Now it is sufficient that there is a
grid row for each output of the variable nodes and the check nodes, and that there is a

column for each edge. Hence
Ay <2|Eg|- |Eg| = 2|Eq|?.

We assume that the area of the subcircuits that perform the computational node opera-
tions can complete their operation in a constant (in terms of N) area and constant number
of clock cycles. This means that the area occupied by the nodes scales as O(N). If we
assume our LDPC decoder has maximum node degree dp.x then we have |Eg| < dpaxN

and so we conclude that the area of this circuit scales as
A< Q(N?)

and the energy, per iteration, scales similarly.



“For any given B-DMC W and fixed R < I(W), block error proba-
bility for polar coding under successive cancellation decoding sat-
isfies P.(N,R) = O(N~1/%)....

For the class of Gy-coset codes, the complexity of encoding
and the complexity of successive cancellation decoding are both
O(Nlog N) as functions of code blocklength N.”

Erdal Arikan. Combined, these two theorem statements imply
that polar codes are the first computationally efficient, provably

capacity achieving codes for binary symmetric channels.

Polar Codes

In the previous chapter we discussed upper and lower bounds on the energy complexity
of LDPC decoders. In this chapter we study the energy complexity of another class of
codes called polar codes.

Polar codes are a class of codes that are provably capacity-achieving for symmetric
channels (including the binary symmetric channel). It was recently discovered that the
general technique of polar coding was first discovered by Stolte in [61], though these
results were never published and the author did not prove nor conjecture that this con-
struction reaches capacity. Arikan [3] independently discovered this technique and proved
that such codes can reach capacity. Our work in Sections 5.3 and 5.4 take inspiration
from polar encoding and decoding graphs presented in the Arikan paper.

In this chapter, we show that all polar encoding schemes of switching activity factor
bounded away from 0 for codes of rate R > 1/2 have energy that scales at least as
Q (N3/2). We describe a class of circuits based on the polar decoding algorithm suggested
by Arikan [3]. We show that circuits of this type for polar codes of rate R > 2/3 must take
at least Q(IN®/?) energy when its output nodes are arranged on a rectangular grid. The
mesh network topology can also reach this lower bound up to polylogarithmic factors by
using circuits with switching activity factor that decreases with increasing block length.

For sequences of circuits with variable switching activity factor, Grover [5] showed

62



CHAPTER 5. PoOLAR CODES 63

similar scaling rules for the energy of encoders and decoders as a function of block er-
ror probability. In particular, these results show that coding schemes with block error
probability that scales exponentially in block length N must have energy that scales as
Q(N3/?). For the Thompson model, in Chapter 3 we show that schemes with switching
activity factor bounded away from 0 that reach this lower bound must have number of
clock cycles T' > Q(\/N ). There exist generalized polar decoders with asymptotic block
error probability that scale as ©(e~N'"°) for any € > 0 and some ¢ > 0 [4] (that is,
very close to O(e™*")), and in this chapter we discuss how the energy of polar decoders
for such codes implemented on a mesh network can get very close to the Q(N3/2) energy
lower bound implied by Grover |5], implying that the energy lower bound is close to tight.
However, this requires decoders with switching activity factor that scales as ©(1/N), and
number of clock cycles that scales close to ©(N3/2), in contrast to the clock cycle lower
bound of Theorem 2. This is because of the difficulty of parallelization of the successive

cancellation decoding algorithm.

In Section 5.1 we discuss how the results of this chapter build upon prior work.
In Section 5.2 we present one of the main technical results of this chapter, showing a
lower bound on the VLSI energy complexity of polar encoding. We discover a similar
lower bound for the complexity of decoding using VLSI circuits derived from Arikan’s
successive cancellation decoding algorithm in Section 5.3. Upper bounds that reach the
lower bounds of the previous two sections are presented in Section 5.4 where the mesh
network used by Thompson for sorting and fast Fourier transform is applied to the polar
encoding and decoding algorithms. In Section 5.5 we study how some of these results can
be extended to polar coding with more general generating matrices. In Section 5.6 we
show how these upper and lower bound results, when combined with finite length analysis
of polar coding, results in upper and lower bounds for the energy of polar decoding as a

function of gap to capacity.

Notation: We let the symbol [N] = {1,2,..., N} denote the set of integers from 1 to
N.

Given a set of indices X, Y C [N], and a vector V' of length N, we define the notation
V(X) to be the subvector of V formed by the indices in X. As well, given an N x N
matrix A, the notation A(X,Y") refers to the submatrix formed by the rows with indices
in X and columns with indices in Y. The notation A(X) refers to the submatrix of A

formed by the rows with indices in X and all the columns.
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5.1 Prior Related Work

Our work in Section 5.2 involves a lower bound for circuits that compute polar-encoding
functions. The lower bounding technique comes from Thompson [1|. The key lemma
needed is Lemma 18, which is analogous to a property of the discrete Fourier transform
(DFT) matrix proved by Valiant in [62, Lemma 4| and by Tompa in [63, Lemma 3|,
though we use a different technique to derive this property.

In Section 5.3 we study the butterfly network graph proposed by Arikan [3] for polar
decoding. Our key lemma shows that the minimum bisection width of this graph’s output
nodes is N. This result is similar to the result of [64] which shows that the minimum
bisection width of all the nodes the butterfly network graph is 2(v/2 — 1)N + o(N) =
0.82N. Because of our circuit lower bounding technique, the minimum bisection width of
the output nodes is required, and not all the nodes of the graph, motivating our approach.

In Section 5.4 we show how a mesh network can achieve our encoding and decoding
energy lower bounds up to polylogarithmic factors. A mesh network DFT algorithm was
proposed by Stevens [65] and shown by Thompson [1] to reach the DF'T VLSI complexity
lower bounds.

There have been a number of papers on practical VLSI implementations of polar
encoders and decoders [66-69|, though a theoretical analysis of how the energy of such
circuits scale has not been performed. However, these results show that practical polar
coding circuits compete well with other error control codes, motivating our theoretical

analysis.

5.2 Polar Encoders Lower Bound

In this section we will prove that all polar encoders of rate greater than 1/2 must have
energy that scales as Q (N*/?). The main technical result will be Lemma 18, in which
we show a property about the rank of rectangle pairs of the polar encoding generator

matrix.

5.2.1 Rectangle Pairs

We will consider an N x N matrix G. We let R,C C [N].

Definition 49. Let G(R,C) be the submatrix of G formed by selecting the rows with

indices in R and the columns with indices in C. We call such an object a rectangle of G.
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Example 3. Let

1 2 3 4
5 6 7 8

G = JR={1,3},0=1{2,4
9 10 11 12 {13} 24
13 14 15 16

then

¢(#0) = [ 120 142]'

Definition 50. If A C [N], we let the relative complement of A be A = [N]\A, that is,
those elements in {1,2,... N} that are not in A. The relevant value of N will depend on

context, and when in doubt will be specified clearly.
Again, let R,C C{1,2,..., N} and G be an N x N matrix.

Definition 51. A rectangle pair is an ordered pair of submatrices of a given matrix G,
associated with two sets R and C, defined as (G(R,C),G(R,C)).

Example 4. If G, R, and C' are defined as in Example 3, then the rectangle pair associated

with R and C is:
2 4 5 7
10 12 |'] 13 15

Definition 52. A k-row-reduced rectangle pair of a matrix GG is an ordered pair of ma-

We shall also define:

trices (X,Y’). It is formed by starting with any rectangle pair (A, B) of G and deleting

a rows from A to form X and b rows from B to form Y such that ¢ +b = k.

Example 5. A 1-row-reduced rectangle pair of the matrix G from Example 4 is

<[10 12],[153 175]>

which is formed by deleting a row from the first matrix in the rectangle pair

(Lo el 15 )

of G.
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We will consider the structure of the polar encoding matrix by considering its rectangle

pairs.

5.2.2 Universal Polar Coding Generator Matrix Properties

Definition 53. The universal polar coding generator matriz G, is a matrix defined

recursively by Arikan [3]. Let:

1 0
B =
1 1
and
F,_
Fn _ n—1 0
Fn—l Fn—l
Then
Gn = BnFn

where B,, is a permutation matrix interpreted as the bit-reversal operator.

The structure of B,, (other than it being a matrix that permutes the rows of F,) will
not matter in the proofs that follow.

We will prove a theorem showing that the sum of the ranks (over the field Fy) of the
entries of any rectangle pair of Gy is at least N/2. This will imply high VLSI complexity
for sufficiently high rate VLSI polar encoders.

We will first consider the ranks of rectangle pairs of F),. Note that F, and G, are
N x N matrices, where N = 2",

Lemma 17. Let X be a matriz with entries in a field partitioned as

A0
C|B

Y

where 0 1s a zero submatriz.

Then rank(X) > rank(A) + rank(B).

Proof. There are rank(A) linearly independent rows of A, and rank(B) linearly indepen-
dent rows of B. The rank(A) + rank(B) rows of X corresponding to these rows are also

linearly independent. O

Lemma 18. All rectangle pairs (A,, B,) of F,, have rank(A,,) + rank(B,) > %
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Proof. We will use mathematical induction. Note that

1 0
11|’
and checking all the possible rectangle pairs (Ay, By) of F} we have that rank(A;) +

rank(By) > 1 = % Now, we assume that for all £ < n — 1, for all rectangle pairs of Fj,
denoted (Ay, By):

F =

ok
rank(Ag) + rank(By) > 5 (5.1)

Consider a rectangle pair (A,, B,) of F,. Note that A, can be written as:

P 0
n= : (5.2)
Q S
and B,, can be written as:
L
B, = 0 .
M J
where (P, L) and (S, J) are rectangle pairs of F,_;.
Observe that, by Lemma 17
rank(A,,) > rank(P) + rank(S) (5.3)
and
rank(B,,) > rank(L) 4 rank(J). (5.4)

Since (P, L) and (.5, J) are rectangle pairs of F,,_1, by the induction hypothesis (5.1):

=

rank(P) + rank(L) > (5.5)

and

|z

rank(S) + rank(J) > (5.6)
Thus, by combining (5.3) and (5.4):

rank(A,) + rank(B,) >
rank(P) + rank(S) + rank(L) + rank(J)

By rearranging the right side of this inequality and directly substituting the bounds of
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(5.5) and (5.6) we get:

rank(A,) 4+ rank(B,) > — +

N N N
4 4 2

Corollary 5. For any rectangle pair of G, denoted (A, B):

rank(A) + rank(B) >

4,
N
5

Proof. This Corollary follows by observing that [3| G,, = B, F,, where B, is a permutation

matrix that permutes the rows of F,,. For every rectangle pair of F,, there is an equivalent

rectangle pair of GG,,, selected by choosing the same columns and choosing the rows as
permuted by B,,. The rectangles forming such a rectangle pair will have the same rows,

simply permuted. Thus they have the same row space and thus the same rank. O

5.2.3 Encoder Circuit Lower Bounds

We consider below a circuit that computes a polar encoding function. Such a function
is associated with a set A of free indices. We denote the vector of free indices u(A) €
{0, 1}, Tt is also associated with a vector of frozen indices u(A) € {0, 1}V,

Definition 54. [3] A polar encoding function f : {0,1}4 — {0, 1}V associated with

free indices A and frozen vector u(A) is defined as
f(u(A)) = u(A)Gn(A) + u(A)Gr(A)

where G,,(A) is the submatrix of G,, formed by the rows with indices in A, and addition
is performed in FY'. Such a function is an encoding function for a code with block length
N = 2" and rate R = %.

Theorem 9. The area A and the number of clock cycles T for a circuit that computes a
polar encoding function of rate R greater than % has area A and number of clock cycles
T bounded by

2 o 2
arzs N (1—2R)
64

and, if such a circuit has switching activity factor q, its enerqy is bounded by

= (N?) (5.7)

N3/2(1 —2R)

E>q 3

= Q (N*?). (5.8)
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Proof. We will follow a similar line of reasoning used by Thompson in analyzing the
complexity of Fourier transform circuits [8]. There are N output bits of the encoder. We
label the indices of the output nodes on one side of the bisection L (the left side), and
the others R (the right side). The subcircuit containing the output nodes L will have
some inputs bits, labelled L;. Similarly, label the input bits on the right side R;. We
denote the vector of inputs on the left side u(L;), on the right side u(R;), and the frozen

vector u(A). By simply expanding the vector matrix multiplication, we see that the left

side of the circuit must compute the vector:

+u(A)G, (A, L)

and similarly the right side must compute the vector:

y(R) = w(L;)Gn(L;i, R) + u(R;)G, (R;, R)
+u(A)G, (A R).

The subcircuits must compute these values only with the input bits injected into their
own input nodes and the bits communicated to them from the other subcircuit (which
of course has access to the other input nodes). Note that (G, (R;, L),Gn(L;, R)) is an
‘fl|—r0w—reduced rectangle pair of G,. Observe from Corollary 5 that the sum of the
ranks of these matrices must be at least % — |./ﬂ = % — (1= R)N, which is greater than
0 because R > 1/2. Thus, at least & — (1 — R)N bits must be communicated across this
bisection during the computation. If the circuit has MBW of output bits w, since at each

clock cycle at most 2w bits can be communicated across the bisection:

¥ —(1-R)N
T> 2 . 5.9
- 2w (5.9)
By Lemma 2, we have A > “’IQ and thus, combining this with (5.9) implies
NZ?(2R —1)?
ar? > N ERZL (5.10)

64

Also note that
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and thus, combining this inequality with (5.10) and taking the square root we get

1.5 _
B = qAT > qw_

5.3 Arikan Successive Cancellation Polar Decoding Scheme

In Arikan’s original paper on polar coding [3], the author presented a Turing-time com-
plexity O(N log N) algorithm for computing successive cancellation decoding of polar
codes. In this section, we provide a definition of a polar decoder based on Arikan’s [3]
paper, and show that such circuits, when implemented with output nodes arranged in a

rectangular grid, take energy at least Q(N%/2).

5.3.1 Polar Decoding Lower Bound Preliminaries

Below we consider a generalization of the minimum bisection width of a set of vertices,
where instead of dividing the set of vertices into two sets of equal size, instead we divide

the vertices of a set into two sets, where the size of one of these sets is fixed.

Definition 55. Given a graph G = (V, E), an m-partition of a set of vertices X C V is
an ordered pair (A, V\A) in which A CV and |AN X| = m. The width of this partition
is the size of the set of edges connecting the vertices in A with V\A. The m-section
width of a set X of vertices of a graph G is the minimum width over all the graph’s
m-partitions of X.

In Figure 5.1 we give an simple example of a 2-partition of a subset of edges of a

graph.

Note that if a graph G = (V, E) has 2m vertices, then the m-section width of V is

the same as the graph’s minimum bisection width.

Definition 56. An n-polar decoding graph, denoted P,, is a generalization of the graph
presented by Arikan in [3] describing the communication graph of a polar decoding al-
gorithm. It is defined recursively in Figures 5.2 and 5.3. For the base case, the 1-polar
decoding graph is the bow-tie shaped graph given in Figure 5.2. An n-polar decoding
graph consists of 2" nodes called symbol nodes connected to two copies of the (n — 1)-

polar decoding graphs as shown in Figure 5.3.
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Figure 5.1: Example of a graph with a 2-partition of the shaded nodes. The labelled
partitioning line is also a 1-partition of the white nodes. Inspection shows that such
m-partitions are minimal. Therefore, the 2-section width of the shaded nodes in this
graph is 2, as is the 1-section width of the white nodes.

=

Figure 5.2: The base case: the decoding graph P;.

We shall study the structure of an m-partition of a polar decoding graph.

We call the nodes in the left-most column in the graph of Figure 5.3 symbol nodes.
Note that for any n-polar decoding graph, there exist 2" symbol nodes, as well as symbol
nodes of the two (n — 1)-polar decoding subgraphs that form the graph. Let the set of
symbol nodes of the larger graph be labelled A, the symbol nodes of one of the subgraphs
be B, and the other symbol nodes C'. This labelling of sets is visible in Figure 5.3.

Note by inspection that that the bipartite subgraph connecting the nodes of A with
B U C consists of bow-ties, subgraphs containing two vertices from A and a vertex from
B and C. An example bow-tie is labelled in Figure 5.3. A bow-tie object is a subgraph
of the polar decoding graph associated with a particular partition. We classify these
bow-ties according to how the particular partitioning line divides the nodes in the graph.

We now consider a minimum m-partition of A. Such a partition divides the set of
vertices into two subsets, which we will call the top half and the bottom half. We can
consider how the 2"~! bow-ties connecting A with B and C' are split by the m-partition.
We divide such bow-ties into three categories: split bow-ties, contained bow-ties, and

crossing bow-ties.

Definition 57. A split bow tie is a bow-tie in which one element of A is in the upper

half, and one in the lower half. Two examples are given in Fig. 5.4a.

Note that a split bow-tie has 2 edges crossing the m-partition.
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Figure 5.3: A diagram of the recursive structure of a polar decoding graph P,. The
vertices on the left (outlined in a shaded ellipse and labelled A) indicate the symbol
nodes of the graph. The vertices on the right in the two boxes indicate the symbol
nodes of the two subgraphs (outlined and labelled B and C') which are the smaller polar
decoding graphs P,_;. An example of a subgraph that is a bow-tie is indicated with
edges drawn with a thick, dashed line.
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(a) Two examples of split bow-ties. (b) An example of a contained bow-
Split bow-ties are bow-ties in which tie. Such a bow-tie occurs when all
the two nodes in A are on opposite the nodes of a bow-tie are on the
sides of the partition line. It does same side of the partition.

not matter where the other nodes lie.

(¢) Two examples of crossing bow-
ties. In such bow-ties the two nodes
in A are on the same side of the par-
tition, and at least one of the other
nodes in the bow-tie is on the other
side.

Figure 5.4: Diagrams of split, contained, and crossing bow-ties. Note that a bow-tie is an
object associated with a polar decoding graph and a particular partition. In each figure,
the nodes labelled a; and as are nodes from the set A. Similarly, the nodes labelled b; are
nodes from the set B and those labelled ¢; are from the set C. The dashed line indicates
the relative position of the partitioning line.
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Definition 58. A contained bow-tie is one in which all vertices are either in the top or

bottom half. An example is given in Figure 5.4b.
Note that a contained bow-tie has no edges crossing the m-secting cut.

Definition 59. A crossing bow-tie has two nodes of A on one side of the partition line,

and at least one of the nodes in B or C' on the other side of the partition line.

It should be clear that for any partition of the polar decoding graph, all bow-ties are
either split, contained, or crossing bow-ties.

We let G be an arbitrary polar decoding graph.

Lemma 19. Consider an n-polar decoder graph, and let 0 < m < 2"~'. Such a graph
has a minimum m-section partition of the symbol nodes of G which contains only split

bow-ties and contained bow-ties.

Proof. We provide an exchange argument. For a particular minimal m-partition, we argue
that nodes in a crossing bow-tie can be moved to another side, resulting in a contained
bow-tie without increasing the number of edges crossing the partition line. By examining
the left side of Figure 5.4c, there are 4 edges crossing the partition line. For crossing
bow-ties of this type, moving vertices b; and ¢; to the side containing the vertices in A
decreases the edges of this bow-tie crossing the partitioning line by 4. The degree of any
vertex in this graph is at most 4, thus this can, at worst, result in 4 new edges crossing
the partition (which would result from the two extra edges each on vertices b; and ¢;
now crossing the partition line). A similar argument can be made for crossing bow-ties
like those in the right side of Figure 5.4c. Thus, any minimum m-section partition of
the output nodes containing crossing bow-ties can be modified to one that contains no

crossing bow-ties. O

We shall prove a lemma regarding the m-section width of an N-polar decoding com-

munication graph.

Lemma 20. Let 0 < m < 277!, Then the m-section width of the symbol nodes of an

n-polar decoding graph is al least 2m.

Proof. We shall prove this by induction. For the base case, the n = 1 polar decoding
graph given in Figure 5.2 can be shown by inspection to satisfy the lemma by simply
checking the width of all 0 and 1-partitions.

We shall assume that the m-section width, where 0 < m < 2¥2 of a (k — 1)-polar
decoding graph is 2m.
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We consider a minimal m-partition that contains only split and contained bow-ties
that exists by Lemma 19. Denote one half of the partition the upper half and the other
the lower half. Without loss of generality we assume the upper half contains m nodes of
A. Let the number of contained bow-ties in the upper half be Cypper, and the number
in the lower half Cloye:. Let the number of split bow-ties be S. Since the upper half
contains m nodes of A, then

2Cypper + 5 =m. (5.11)

Note that the number of contained bow-ties on the lower half must at least equal the
number on the upper half, since the number of symbol nodes on the lower half must equal
or exceed the number in the upper half. Thus, there must be at least m elements of B
and m elements of C' on both side of the partition. As well, at least one of these sides
cannot have more than N/4 elements (since each of these sets contains only N/2 elements
in total). Thus, there is an z-partition of both B and C' induced by the partition, where
Chpper < & < N/4. Thus, each of these partitions must have at least 2C,pper edges crossing
the partition line by the induction hypothesis. In addition, there are 2 edges crossing the
partition line for each split bow-tie (easily observed by inspecting Figure 5.4a). Thus,

the number of edges crossing the partition line is at least
Edges crossing > 4Cypper + 25 = 2m

where we have applied (5.11), proving the theorem. O

We will consider algorithms whose communication graph is based on the polar de-
coding graph. However, bits corresponding to certain symbol nodes which are frozen
obviously do not need to have their own node in a communication graph. Thus we

consider a frozen-bit polar decoding graph.

Definition 60. An n-frozen bit polar decoding graph associated with frozen bit indices

A is a graph obtained by deleting the symbol nodes corresponding to A from P, and

also the edges to which they are connected. The symbol nodes that remain are called
| A|

the unfrozen nodes. Such a graph is a decoding graph for a rate R =1 — = code.

Note that this is a natural simplification of the polar decoding graph once frozen bits
are considered. However, this is not the only possible simplification. In this chapter
we only consider simplifications that involve deletion of the nodes corresponding to the
frozen bits.

Once the symbol nodes corresponding to frozen bits are deleted, we then consider the

bisection width of the remaining symbol nodes.
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Corollary 6. The minimum bisection width w of the unfrozen nodes of any n-frozen bit

polar decoding graph in which R > 2/3 is at least:
w> N(3R —2)

Proof. Suppose not. Then, consider the unfrozen symbol nodes minimal bisection with
W < N(3R — 2) nodes crossing it. Now, add the frozen symbol nodes and their edges
back to this graph. There are at most (1 — R)N such nodes to be added, and thus
they can increase the number of edges in the graph by at most 2(1 — R)N. At most all
these edges can cross the partition line, and thus this partition line can have at most
W +2(1—R) < RN edges crossing it. Note that the partition line forms an m-partition
of all the symbol nodes, where m > RN/2, But, by Lemma 20, any such m-partition

must have at least RN edges crossing it, resulting in a contradiction. ]

5.3.2 Decoder VLSI Lower Bounds

Note that a Thompson circuit is associated with a graph. In the course of a computation,
messages will be passed from node to node in the circuit. Each binary message passed
corresponds to another edge in the computation’s communication graph. We will define
a polar decoder (a type of circuit) in terms of a circuit’s communication graph. We
will adapt our approach from the definition of a serialized LDPC decoder circuit from
Section 4.5.2.

Definition 61. A joined polar decoding communication graph is a graph obtained by
splitting the nodes of polar decoding graph of Figure 5.3 and then joining nodes that are
not both symbol nodes.

Recall the notion of a circuit “simulating” a graph from Definition 32

Definition 62. An Arikan polar decoding circuit is a circuit that simulates a joined polar

decoding communication graph.

We weight each node of a joined polar decoding communication graph by the number
of vertices they joined. We let J,.x denote the maximum number of nodes joined in the
joined polar decoding communication graph.

Remark 6. We observe that the J,..-weighted bipartition width of a joined polar decod-
ing communication graph is at most W —4Jmax by the same arguments as Lemma 15,

recognizing that the polar decoding graph has maximum node degree 4.
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Note that in our model, a Thompson circuit is created by placing nodes and edges
each in a grid of squares of side length 1. Consider placing a grid of (possibly larger)
squares with integer side length on top of any Thompson circuit and with sides aligned
to the smaller grid of squares defining the VLSI circuit. Then each square in the grid

will contain some output nodes.

Definition 63. A rectangle grid output circuit with N output nodes is a circuit in which
there is a grid of squares that can be placed upon the circuit, and there is a vV N x VN

array of larger grid squares, each which contains exactly one output node.

Example 6. The mesh network defined in Section 5.4 is an example of a rectangle grid

output circuit.

We suspect that our scaling rule lower bounds for polar decoders would extend to
implementations that are not necessarily rectangle grid output circuits, however for sim-
plicity we only present our results for such circuits. A generalization of the following

lemma to a broader class of circuits would be sufficient:

Lemma 21. All rectangle grid output circuits with ©(N) output nodes that simulates a
graph with weighted-bisection width w have energy E > () (wﬁ)

Proof. See Appendix A.7. O

Note that the above lemma does not assume a bounded switching activity factor (and

thus the switching activity factor could approach 0 as N gets larger).

Theorem 10. All rectangle grid output, Arikan polar decoding circuits with R > 2/3
have energy that scales at least as Q (N3/?).

Proof. This flows directly from Remark 6 and Lemma 21. O]

It is now trivial to observe that this lower bound can be reached up to a polyloga-

rithmic factor on a mesh network which we discuss in the Section 5.4.4.

5.4 Upper Bounds

5.4.1 Mesh Network

We will show that, up to polylogarithmic factors, the lower bounds on the energy of polar
encoding and decoding complexity can be reached. The mesh network topology that we

present to meet these bounds derives from Thompson [1].



CHAPTER 5. PoOLAR CODES 78

O (log N) — — —
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Figure 5.5: Diagram of a mesh network. A mesh network consists of a grid of VN x v N
processor nodes, each with area that scales as ©(log”> N). Each node is connected to its
at most 4 neighbors with ©(log N) wires.

A mesh network consists of a grid of processor nodes. Each processor node is capable
of sending and receiving messages to and from its adjacent nodes. As shown in Figure
5.5, each node has area that scales as @(log2 N), and consists of a processor and memory.
The processor takes area that remains constant with increasing circuit size, so the amount
of memory in each node can scale as ©(log? N). Each processor node must also contain
instructions on what each node is to compute. The length of the instructions obviously
cannot be longer than O(log® N). As is clear from the diagram, each processor node is
connected to up to 4 other processor nodes with ©(log N) wires.

A computation on a mesh network consists of a sequence of communication steps
that alternate between computation steps. At the beginning of a computation, inputs are
injected into some subset of the nodes. Some computation is performed on these inputs
in each of the processor nodes, and then messages are passed between nodes on the circuit
(this step is called the communication step). Then, the nodes perform a computation on
their received messages. Afterwards, messages again are passed between computational
nodes. This process continues until the computation is carried out.

A typical message consists of an address, an encoding of the node to which the message
is to be sent, and its content, the information meant to be sent. This collection of
information is called a message-address pair. Since there are ©(N) processor nodes, an
addressing scheme with ©O(log N) bits per address is sufficient. This is why the width
of the wires between two processor nodes scales as ©(log(/NV)): in a single clock cycle a
message-address pair can be sent between adjacent nodes.

Multiple messages may be sent simultaneously in a mesh network, but in order for

an algorithm to be valid for a mesh-network, it must be that no computational node is
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Figure 5.6: Example of an encoding graph for N = 23 = 8 taken directly from Arikan [3].
The leftmost column of nodes are the input bits, sending their bits to to their adjacent
nodes. Upon receiving these bits, the nodes in the second column compute the mod 2
sum of their inputs, and then pass this result to their adjacent nodes. This procedure
naturally suits implementation on a mesh network. Such encoding reaches the energy
complexity lower bounds in polar encoding up to polylogarithmic factors.

required to store more than O(log® N) bits in its memory. As well, for an algorithm to
be valid, it must also avoid large message-passing conflicts: too many messages cannot
be passed to the same node at the same time. Thus, given a mesh-network algorithm,
we must show that its message passing order does not result in large conflicts.

In the section below we provide a message-passing procedure for computing polar
encoding, and show that by dividing the communication step into two separate steps, we
can avoid any node receiving more than two messages at once.

In Chapter 6 we continue discussing mesh networks and show that any sufficiently
large communication graph of bounded node degree can be implemented on a mesh

network.

5.4.2 Encoding

Arikan provides a method for computing polar encoding that naturally lends itself to
implementation on a mesh network. See Figure 5.3 for a graphical representation of the
Arikan method. In the Arikan method, the input nodes are on the left side of the graph.
As well, for polar encoding, some of these nodes represent frozen bits. In the encoding

algorithm, messages move left to right. The input nodes (and frozen bit nodes) first pass
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their bits to the node to which they are connected in the adjacent column of nodes. The
nodes in this column proceed to compute the modulo 2 sum of their inputs, and pass
the result to their adjacent nodes on the right. This continues until the final column is

reached, resulting in the codeword.

In our proposed mesh-network implementation, each of the N processor nodes corre-
sponds to a row of nodes in the encoding graph of Figure 5.6. Obviously, if each message
(which corresponds to an edge in the graph) is to be sent one-by one, such an order of the
message-passing procedure would avoid conflicts and would be easily be implementable
on a mesh network. (In fact, this is the way we propose to do decoding). However, much
of the computation for encoding can be done in parallel. We show in Appendix A.8 how
a constant fraction of the messages corresponding to edges connecting nodes in adjacent

columns can be sent simultaneously in a way that avoids conflicts.

5.4.3 Analysis of Mesh Network Encoding Algorithm Complex-
ity

Note that there at ©(log, N) stages of the encoding algorithm (easily seen from Fig-
ure 5.6). Suppose the number of clock cycles used by an individual node for reading an
address and computing which direction to send its message is Tr. Suppose that the com-
plexity for computing parity of the received bit with the current bit is Tp. At each stage,
the number of hops between processor nodes is at most O(v/N). There are ©(log N)

stages. Thus, the number of clock cycles required is
T=060 (logN (\/NTR-FTP))

The computation of parity can obviously be done in time ©(1). The routing requires
computing which direction to “send” the message: up, right, or left. This can easily be

accomplished in © (log V) time (that is, proportional to the length of the address).

The proposed algorithm also uses roughly the same fraction of node each clock cycle,
so we can assume for scaling rules the switching activity factor (g) is constant. The area
of such a circuit scales as A = O(log> N). Thus:

E = gAT = ©(N*?log* N)
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5.4.4 Decoding Mesh Network

Clearly, because of the requirement of successively computing each estimate in polar
decoding, asymptotically the number of clock cycles for a polar decoding scheme must
scale at least as (V). A fully parallel polar decoder thus must have area-time complexity
at least Q(N?).

However, the algorithm proposed by Arikan [3| that takes time complexity O(N log N)
can easily be implemented on a mesh network. Fach node of the mesh network corre-
sponds to a row of nodes of the graph in Figure 5.3. As described by Arikan [3], a depth
first message-passing procedure between the nodes of the graph can compute the polar
decoding in Turing time complexity O(N log N). The distance between any two nodes in
a mesh network is not greater than O(N'/2). Thus, decoding on a mesh network takes
A=0(Nlog’N) and T = ©(N*/?log” N), where the algorithm takes O(N log N) steps,
and O(N'/?log N) time to do the message passing. Since a fully parallel decoding algo-
rithm requires only a single processing node to be active at a given time, the switching
activity factor of this scheme scales as © (1/N). Thus the energy of the computation
scales as E = O (N*?log* N).

5.5 Generalized Polar Coding on a Mesh Network

Arikan [3| proposes a generalization of polar codes in which the generator matrix is no
longer G as defined in Section 5.2. Korada et al. [4] analyze such schemes and show that
there exist generating matrices in which for sufficiently large N, Py < e V'™ for any
€ > 0. That is, they are e‘”lfs—coding schemes. By [5, Theorem 1], such circuits must
have bit-meters energy that scales as £/ > Q(N3/27</2). Both [3| and [4] argue that such
schemes have O(N log N) time complexity algorithms for decoding. When implemented
on a mesh network, such algorithms would take energy complexity ©(N?/?log* N) for
the same reasons described in Section 5.4.4. Thus, we can say that the general lower
bounds can be almost reached for such close-to-exponential coding schemes (that is,
within a factor of N¢polylog(/N)). Such a scheme would have a switching activity factor
q that scales as ©(1/N). Such a circuit would take number of clock cycles that scales
as T = O(N??log? N). Note however that Theorem 2 suggests a lower bound T'(N)
of Q(N'/?), and thus this method does not simultaneously reach these energy and time
lower bounds.

Thompson model lower bounds for time and energy of Chapter 3 for f(N)-encoder

energy and time complexity can be reached with polar encoding up to an N¢polylog(NV)
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factor for small € by using an appropriately chosen generator matrix for the construction
of [4]. This is because parallelization of the encoding procedure is possible. For any fixed
€, the communication graphs of such encoders will have constant node degree, so we can
naturally apply the results of Chapter 6 and use the one-hop communication step passing
procedure of this chapter to implement encoding on a mesh network with energy close

to the universal lower bounds.

5.6 Energy Scaling as Function of gap to Capacity

In this section, we consider how the energy of polar codes scales as capacity is approached.
Definition 64. For a particular code, let y = 1_;5 be the reciprocal gap to capacity.
C

Note that as rate approaches capacity, y approaches infinity.

Guruswami et al. [70] show that as a function of reciprocal gap to capacity, the
block length required to achieve a set probability of block error P, for polar codes scale
as N = O (x*) for some value p; that is, the block length scales polynomially in the
reciprocal gap to capacity. A line of research by Hassani et al. [71], Goldin et al. [72]
and Mondelli et al. [73] show that 3.579 < pu < 4.714. These bounds, combined with
Theorems 9 and 10 and the discussion in Section 5.4 that bound energy of encoding and

decoding in terms of N by:
Q(N'?) < Eeomp < O (NP log* N)

imply an obvious corollary.

Corollary 7. The energy for polar encoders with reciprocal gap to capacity x and a set

1

probability of block error, in which C > 3,

15 bounded by:
0 <X5.3685) S Ecomp S O (X7.O71 10g4 (X)) (5.12)

with decoding energy bounded similarly.

1_e
Note that polar codes are e ¥ "-codes [74] for any ¢ > 0. We can apply the well
known general lower bound on block length of any code as a function of fraction of
capacity [60] of N > Q(x?) and the general lower bound of [75, Theorem 1| to show that

1

all e=V? “_encoding and decoding schemes have energy bounded by:

E>Q <Ngfe) > (2
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When contrasted with the lower bounds of (5.12), this illuminates a gap between general

lower bounds and that which is achievable through polar coding.



Mesh Networks

In this chapter, we expand on the analysis of the mesh network that we showed could be
used to perform polar encoding and decoding in Chapter 5. The polar encoding analysis
involved showing that the message passing steps of polar encoding could be carried out
on a mesh network.

In Section 6.2, we show that a large class of communication graphs of algorithms can
also be implemented on a mesh network with only a logarithmic overhead in number of
clock cycles. This implies in particular that the Q(N') lower bound for serialized LDPC
decoders of Theorem 7 is tight up to a polylogarithmic factor.

In Section 6.3, we show that, for each valid f(/N), conditioned on an assumption re-
garding the iterative decoding performance of LDPC codes, our E > Q(Ny/—log(f(V))
energy lower bound of Theorem 1 and number of clock cycles lower bound of T" >

—log(f(N)) of Theorem 2 for codes that reach the energy lower bound can be reached
up to a polylogarithmic factor. Even if the assumption is not true, the parallel construc-
tion of Section 6.3 can reach the energy lower bounds up to a N€polylog(N) factor by
using generalized polar codes of [4] that we discussed in Section 5.5.

Placing many decoders in parallel, as we suggest in the construction of Section 6.3 is
a common technique for code design. In the literature, placing polar decoders in parallel

was analyzed in [76] and such circuits had good performance, providing some practical

84
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justification for the theoretical results of this chapter.

In Section 6.1 we discuss how the mesh network communication step can be broken
into one-hop communication steps. In Section 6.2 we prove the main technical result of
this chapter, namely that with high probability a random orientation does not result in
a high number of conflicts. Finally, in Section 6.3 we show how parallelization of polar

codes and LDPC codes can be used to construct close to energy optimal f(V)-decoders.

6.1 Mesh Network

Recall the discussion of the mesh network from Chapter 5, Section 5.4, in which we showed
that polar encoding can be done on a mesh network with no large conflicts. We considered
placing the nodes in a raster-scan ordering and showed that by dividing the message-
passing steps into two separate message-passing steps, no single node has to process more
than one message in a single step. In this section, we modify the message-passing step by
dividing it into “one-hop communication steps” and show that this technique can be used
to implement all sufficiently large communication graphs of bounded node degree on a
mesh network. To do so, we will use the probabilistic method and consider randomly
placing the vertices of the graph onto the mesh network.

Recall that a computation on a mesh network consists of communication steps and
computation steps. In a communication step, the processor nodes are to send messages
to other processor nodes in parallel. Associated with such a step is a communication
graph. A communication graph is a directed graph, where each vertex corresponds to
a processor node and an edge directed from vertex a to vertex b exists if and only if,
during the communication step, node a sends a message to node b. In such a scenario
we call node a the source of the message and node b the target of the message. In LDPC
decoding, the nodes of the mesh network may correspond to check and variable nodes,
and the communication graph associated with one iteration would be the Tanner graph

of the underlying code.

Definition 65. The orientation of a graph with N nodes on a mesh network of N nodes

is an assignment of the graph nodes to the nodes of the mesh network.

Note that there are N! possible orientations for a given graph.

We divide the communication step of an algorithm into multiple one-hop commu-
nication steps. Before every such step, we assume that each processor node contains
message-address pairs in their memory that are to be sent to another node in the circuit.

We let Kipge be the maximum number of message-address pairs contained in the memory



CHAPTER 6. MESH NETWORKS 86

of any processor node during the execution of an algorithm. By dividing the one-hop
communication step into x,,.. clock cycles, all the messages stored in the memory of each
processor can be communicated from one adjacent node to another during each one-hop
communication step. When s messages are received by a single processor node in a single
one-hop communication step, such an event is called a x-conflict and « is the size of the
conflict. Note that the size of kp.x cannot exceed O(log(N)) because each node is to
hold all the size ©(log(/N)) message-address pairs in its memory at the beginning of each

one-hop communication step, and only has ©(log?(NV)) memory.

The internal circuitry of each processor node can determine to which adjacent node
each of its messages should be sent. A very natural method to implement this we call the
up-down left-right protocol. In this protocol, in determining where to send a message, if
the current node is not in the same row as the target node, the node sends the message-
address pair in the direction (up or down) that gets closer to the target node. If the
node and target are on the same row, then the node sends the message left or right,
whichever is closer to the target. Note that once an orientation is chosen for the nodes
with a particular communication graph, the up-down left-right protocol can be carried

out, so long as there are no conflicts bigger than O(log(N)).

Note that a one-hop communication step takes on the order of k. clock cycles,
and since the Manhattan distance between any two nodes in a mesh network is at most
2v/'N, we conclude that such a communication step takes number of clock cycles T =
@(mmaz\/ﬁ ). For a communication protocol to be wvalid for a mesh-network, it must be
that no computational node is required to store more than O(log® N) bits in its memory,

and thus K.y cannot exceed O(log(N).

In the following section, we show that algorithm with a communication graph of
maximum degree d.x can be implemented with kp,.x < log(N). The key idea is that for
sufficiently large graph with bounded maximum node degree, there exists an orientation
of the graph such that the up-down left-right protocol results in no more than ©(log(V))
message-address pairs to be processed by any single node during any one-hop communi-
cation step. To do so we will use the probabilistic method to show that asymptotically,
almost all orientations have no conflicts bigger than log(N) when the up-down left-right

protocol is used.
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6.2 Communication Protocols with Low x,,,, Exist For
Most Graphs

We consider a particular node labelled . There are two types of conflicts: same-column
conflicts, and different-column conflicts. Conflicts occur at one-hop communication step
7 when a message originating at a node (called the source node) at a Manhattan distance
T away from node i is received at node 7 at the 7th one-hop communication step. Conflicts

that occur at the 7-th one-hop communication step are called 7-distant conflicts.

Definition 66. A same-column conflict occurs when a source node is above the node of

interest and has an edge connected to a node below the node of interest.

For each 7, there are at most 2d,,., 7-distant same-column conflicts (because there
are only at most 2 nodes distance 7 away from any given node on the same column, each

of which sends at most d,., messages.

Definition 67. A different-column conflict occurs when nodes that do not share the

same row are connected to a node on the same row as node i.

We divide the different-column conflicts into two types: those whose message starts

from the right and those whose message starts from the left of node .

Definition 68. We call those starting on the right the right-origin conflicts and those
that start on the left the left-origin conflicts.

Consider a particular node 7. Let the set of nodes that are 7-distant from node ¢ and
to its right be denoted Sg. Let the set of nodes in the same column as node 7 to its left
be T1. We give an illustration of a circuit with the sets Sk and 77, labelled in Figure 6.1.

Note that all conflicts originating from the right 7-distant slots must have a target in
Tr.

Remark 7. Observe that Si forms a half-diamond pattern as in Figure 6.1. Observe then
that the size of Sk can be no greater than v/N because each node in Sz must occupy a

different row, and there are only v/ N rows in a mesh network.

Remark 8. Observe that a row has at most vV N nodes in a mesh network. Thus, it is
obvious to see that 77, < +/ N for all mesh nodes 7.

Definition 69. For a graph G = (V, E) and a given subset of vertices X C V| we can
define a minimal rk-connected set which is a set of vertices in V' \ X that have exactly

x edges connected to the vertices in X, and in which each node has at least one edge
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Sr

Figure 6.1: Image of an N = 49 mesh network with a particular node ¢ labelled. Also
labelled at the left-target nodes (labelled T7,) and the right-source nodes of distance 7 = 3
away from node 7. Observe that for 7 = 3 all right-origin conflicts must originate in the
Sk right-source nodes as labelled. The key idea of the proof is that for the up-down left-
right protocol to result in right-originating conflicts at node ¢ at one-hop communication
step 7, nodes in Sg must be connected to nodes in T7. The nodes labelled S, are the
possible source nodes of a same-column conflict.
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connected to a vertex in X. For a set X we denote the set of all minimal-s-connected
sets as M, (X)

We will bound the number of orientations that result in size s right-origin conflicts.
The number of orientation that result in k-left origin conflicts is bounded exactly the
same way.

We first prove some preliminary lemmas.

Lemma 22. The number of right-originating conflicts of a graph with mazimum node

degree dynax at a particular one-hop communication step at a particular node is at most

dinax VN

Proof. We conclude this by observing there are at most v N nodes to the right of any

node in the circuit that are a constant Manhattan-distance away from this node. O]

Lemma 23. The expression

bi = (C{N> (‘/,N)z'!(zv — i)

]

decreases with increasing i when i < X, N —i— 2 >0, logN < i < ¢v/N, ¢ > 0 for
sufficiently large N.

Proof. Observe that:

(cv/N)!(V/'N)!
i\(VN — )I(VN —i)!

bisi _ (VN —i)(VN =)
b (i+1)(N—i—2)

(N —i—2)

(0

?

)z’!(N—i—Z)!:

?

and thus

Applying the bound on i that log N < i < ¢v/N we have

biv1 _ (VN —log N)(V'N — log )
bi = (logN +1)(N — VN — 2)

Note that the denominator grows as O(N log N) while the numerator grows as ©(V).
Thus, for sufficiently large N this quantity is less than 1, and so b; decreases with in-

creasing i. O

Lemma 24. The quantity

by = (Z) ()N — ¢ — ).
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wncreases with k when 0 <k < N, c>0, and N—c—k >0, and N, ¢, k are all integers.
Proof. Observe that

be (NL_',C)!(IC)!(N—C—I{)!
(B 1)(N —k)
 (N—c—k)
which is greater than 1, because N — k > N — ¢ — k (a consequence of ¢ > 0). ]

For a given graph of N nodes, and a particular mesh network computational node i,
we let Ry be the number of orientations of the nodes such that the up-down left-right
protocol results in a size k right-originating conflict at node ¢ at communication step 7.
Similarly, we let Lf, be the number of orientations that result in a left-originating conflict

at node ¢ at communication step .

Lemma 25. Consider a graph with N vertices and mazximum node degree dy.x > 1 and
place these nodes uniformly randomly on a mesh network of size N. If N is sufficiently
large, then the probability that this orientation combined with the up-down left-right proto-
col results in a k right-originating conflict at mesh node i at communication step T < 2/ N

15 bounded by
P(R{.) < exp(—O(loglog Nlog N))

when log N < Kk < Ao VN .

Proof. We will count the number of orientations of the nodes that results in at least a size
 conflict originating from the right. To do so we will sum up over all choices of left target
nodes and all minimum-x-connected sets of these left target nodes (which will form the
source nodes of the messages that conflict at node 7). Note that if there is a size & right-
originating conflict then there is a set of nodes in Sk that are connected to T}, by exactly
k edges. Thus, there must be a set of nodes in Si that form a minimal-x-connected set
of Tr.

Thus, we observe that:

re< Y Y |TL|'(’Sﬁ‘)|Y|'< Y- ) (6.1)

XCV||X|=|Tp| YEM.(

This is the sum over all choices of |T7,| nodes to be places in the |1 | target node position

and all and all choices of minimal-k-connected sets Y for that set X. For each such choice
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of target nodes and minimal-s-connected set, the term |Tp|! is the number of ways to

SR
Y]

in the Sk right 7-distant mesh node locations, and |Y'|! the number of ways to permute

permute the |77 | left target nodes, (%) the number of ways to place the Y| source nodes

these nodes. (N — |Y| — |T%|)! is the number of ways to permute the remaining nodes.
We now bound this quantity.

Note that for every subset of X nodes of our graph and Y € M, (X) (that is, for all
sets Y that are minimal x-connected to a set of vertices X) dpax|Y| > K because there

must be at least xk edges connected to the elements of Y. Thus:
Y| > K/dmax (6.2)
Moreover, for all X C V and Y C M, (X),
Y[ <k (6.3)

because in a minimally x-connected set at least every node must be connected to a node in
X; if there were more than s such nodes then the set would be at least (k+ 1)-connected.
As well, from Remark 7 the number of right source nodes of distance 7 from node i

is bounded by:

|Srl < VN. (6.4)

Also, from Remark 8 the number of left targets of these nodes is bounded by:
IT.| < VN (6.5)

Now, consider any particular X C V. Let M ;(X) denote the minimal x-connected
neighborhoods of X of size i.

For compactness we define

si= 3 (m (A vh - vl - 1)

YEM,(X)

which is the second summation in the expression in (6.1).
We then note that for a particular X C V where | X| = |T%|,

5= 3 IOl () ey i - iy

K

1=
dmax
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Note that there are at most d..vV /N possible neighbours of the vertices in X. Thus,

number of the x-connected sets of a set X of size i is upper bounded by

dinax VN )

l

M (X)) < (

since each element of a xk-connected set must have at least one edge connected to a vertex

in X. So then, applying as well (6.4)

S, < Z <dma);\/ﬁ>(TL)!<|5;R|)i!(N—z’—|TL])!

Kk
dmax

We have that |Sg| < v/N for all 7 < 2v/N and so:

S < Z ( max ) (T,,)! <\/Z,N>i!(]\f—i— |TL])!

dmdx

If log" < K < dmaXN% for € > 0, then the expression to the right of the summation
decreases with increasing ¢ by Lemma 23 . Thus, for sufficiently large N, the expression

. This allows us to conclude:

is maximized when 7 = d”

max

s 3 (MY mpe(Y - -

1= dmax dmax max

dmax

em =) (Y i (U) (S )w —
imax nax Aax

dmax dmax

IN

Substituting the above bound in (6.1) gives us:

o< > (wm g o) (YN emm (V) (2 ) ev- 2 - m

d d
XGVHXl:TL max max max

dmax dmax

We then conclude that:

r< () (- ) (Y amn () (5 v -

dmax dmax

Note that the size of T}, depends on the location of node i. Lemma 24 shows this

expression increases with 7. Combining this with the observation that T, < +/N for all
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nodes i, we can show that:

+ 1) (\j%)(ﬁ)!(dmm;ﬁ) (?) (dr:x)!(N _ d;x —VN)l.

This is an upper bound on the number of permutations of the nodes of a graph that
will results in a right originating x-conflict at communication step 7. Since there are N!

max dmax

R, < (/-4; —

permutations, the probability of this event is given by:

(a1 QDA () (55N - 5 - V!
P (Ry,) < e
(e am e ) N D) ()
- H=—+VN
(V=g - vE) ™
_ _k VN (dmaxVNY ( VN K

U e r ) M ) (o)
= VN K

(Vg V) (Vg V)

Using (Z) < ”k—]f on the (d“;aj::ﬁ) (zg) terms and simplifying, we get:

(e 1) ¥ () ()

dn) ax

P (R <
uLT) — VN Kk
<N = T ﬁ) (N = G \/N> o (dxfax)!
Continuing to simplify this expression we get:
N\/ﬁ Ndr:ax (dmax)ﬁ ('Li - r:ax + 1)
P(RL) < - —— - -
’ dmax K
(N " T W) <N T T \/N> (dmax)!

As N approaches infinity, the first two quotients in the above product approach 1, so in

particular for sufficiently large N:

NVN N Tmax
<1l+c¢e

K

(V= vR) " (V)

dmax
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for any € > 0 and thus, for sufficiently large N:

(14 €) (dimax) e (Fo— r +1>

dmax
i
dmax ’

P (B;) <

From Stirling’s approximation we know that:

N
v=(2)
€

(dmax)ﬁ <"'€ — = + 1)

dmax

P (RZT) < o Tmax
(=)

Observe that this decreases with increasing x. Thus if k£ > log(/V) this implies:

and so:

P (Rf,) < exp(—O(loglog N log N)).

Note that this is less than ¢N~* for any k£ > 0 and sufficiently large N.

Let R be the event that a random orientation of the nodes has a right-originating

conflict of size k or greater.

Corollary 8. The probability that there is a conflict of size log N or greater from nodes
originating from the right at any one-hop communication step and at any node is bounded
by:

P (Cf;gN) < exp(—O(loglog N log N))

Proof. Observe that
N

N VN 2VN
RTOgN - U U U RiT,j

i=1j=log N 7=1
that is, the set of permutations of nodes resulting in right-originating conflicts of size
dmax log N or greater is the union of all the events RZ-TJ,

of permutations that results in a right originating conflicts of size j at node i during

where we recall sz is the set
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computation step t. Thus:

N VN 2VN
P (Riyy) < Z Z Z —O(loglog N'log N))
i=1 j=log N t=1
< 2N? exp(—O(loglog Nlog N))
< exp(—O(loglog Nlog N)). (6.6)
[l

Lemma 26. Consider a sequence of communication graphs with mazimum node degree
dmax and increasing number of vertices N. If the nodes of a such a graph are uniformly
randomly placed on a mesh network, then the probability that for this orientation the up-
down left-right protocol results in a k-conflict where kK > 2dyax log N + 2da.x approaches

0 with increasing N .

Proof. Note that by a symmetrical argument the probability of collision originating from

left nodes of size greater than log N (denoted by event Ly, y) is bounded by:
P (L}, n) < exp(—O(loglog Nlog N)) (6.7)

We let the event that the random orientation results in a conflict of size 2 log N + 2d,,.x Or
greater as X3, yo4,...- Note that, if a permutation has a collision of size 2log N +2dyax,
then, necessarily either there exists a right-originating collision of size log N or greater
or a left-originating collision of size log N or greater (Otherwise their sum cannot exceed
2log N + 2dyax since at most 2d,., collisions at a particular location are same-column
conflicts).

Thus:

*
X210gN+2dmax g RlogN U LlogN

Applying (6.6 and ), (6.7 ) and union bounds gives us:

P ( éklOgN-f—ernax) S Qexp(—@(log lOgNIOg N))
which approaches 0 with increasing N. O

Corollary 9. All sequences of communication graphs with bounded maximum node degree
can be implemented on a mesh network with A = O(Nlog® N), and T = N'/?1log*(N).

Proof. First, since the probability that a random permutation has a 2log N + 2d,ax

conflict approaches 0, then, for large enough N, there just exists at least one orientation
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of the nodes of the graph on a mesh network with a conflict less than 2 log N +2d,,,.x when
the up-down left-right protocol is used. Consider this orientation, and then divide each
one-hop communication step into at most 2log N + 2d,,.x = O(log N) clock cycles. The
number of one-hop communication steps needed is at most 2v/N. When implementing
the up-down left-right protocol, at most O(log(N)) clock cycles are needed to process
each address. Combining these observations leads to the bound on 7' in the corollary

statement. The bound on A is simply the area of the mesh network. O

An obvious corollary of Corollary 9 is that all sequences of LDPC codes with bounded
node degree can be implemented on a mesh network with energy that scales as A =
O(Nlog®> N), and T = nye: N'/?log?(N) where ny, is the number of iterations. This
reaches the lower bound scaling rule for serialized LDPC decoders of Theorem 7 for

sequences of LDPC codes of constant maximum node degree.

6.2.1 LDPC Codes on a Mesh Network

Remark 9. (On notation) In what follows, we let polylog(/N) denote a function that grows
no faster than log®(N) for some o > 0; that is, this represents a function that grows at

most polylogarithmically in N.

In this section we will show how to construct an f(N)-coding scheme that reaches
the information-friction energy bound of [5] up to an N€polylog(N) factor for any € > 0.
The construction can also reach our energy lower bounds of Theorem 1 and number of
clock cycles lower bound of Theorem 2 up to polylogarithmic factors, conditioned on an

assumption. The assumption we make is as follows:

Assumption 1. There exists a sequence of LDPC codes and decoders for the BEC
with bounded maximum Tanner graph node degree, number of iterations that scales as

polylog(N), and probability of error that scales as e”®™),

One approach that exists in the literature to analyze iterative LDPC code performance
involves analyzing the probability of stopping sets. With the assumption of infinite
number of iterations, Burshtein et al. [77] show that there exist LDPC codes with error
probability that scales as e”cN, consistent with part of our assumption. However, this
encounters a problem because the stopping set approach must assume an infinite number
of iterations. Of course, since when decoding for the BEC each iteration must correct at
least one error (or else a stopping set has been encountered) there can be at most O(N)
iterations. However, this is more than polylogarithmically in N and thus this does not

prove our assumption.
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Another method used to analyze error probability performance in terms of number of
iterations is by Lentmaier et al. [78]. This method involves showing that a random Tanner
graph is, with high probability, locally tree-like, allowing for independent iterations, and
thus bit error probability can be analyzed recursively. The problem with this method is
that after the graph is no longer locally tree-like, the independent iteration assumption
breaks down. The authors show that if ©(log(/N)) iterations are carried out for some

—O(N) for some 0 < a < 1,

regular LDPC codes, then bit error probability is bounded as e
but it is not proven that o = 1 is achievable.

However, if Assumption 1 is true, we can use such codes to construct f(N)-decoding
schemes that are energy and time optimal (within the Thompson model) up to polylog-
arithmic factors for any f(N) < e ®W). Even if the assumption is not true, generalized
polar decoders can also be used to construct close to energy optimal decoders for each
f(N) < e @) for any € > 0. We show how to construct such decoders in the next

section.

6.3 Using Parallelization to Construct Close to Energy
Optimal f(N)-coding Schemes

The following analysis works for both encoders or decoders in parallel. Without loss of
generality, we assume we are constructing decoders.

We begin by assuming we can construct an e~“-decoding scheme with energy that
scales as F(N) < O(N'? polylog N), for some ¢ > 0. If Assumption 1 is true, then this
can be an LDPC decoder implemented on a mesh network. If not, then this can be a
generalized polar decoder as discussed in Section 5.5, requiring only a slight modification
of the derivation below (which we discuss in Section 6.3.1.

Consider placing N/M of such circuits in parallel, where each circuit has block length
M, thus creating a circuit with total block length N.

The energy of such a parallel scheme is simply the sum over all the individual energy

consumptions of each of the individual subcircuits in parallel. Thus:
E>JdNM: polylog(M)

for some ¢ > 0. An error occurs if any of the decoders make an error, and so by union

bound: v
Pe S Me—cl\/[
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Consider a function f(N) that approaches 0 with increasing N and f(N) < e=N for
some ¢ > 0 and sufficiently large N. To construct an f(N)-coding scheme, we simply

then choose M to scale with N appropriately. So, we let

1 f(N)
M=—-1 — .
soe (1) (6.5)
implying that the parallel circuit will have probability of error bounded as
P, < e fN) < f(N)
"7 —tlog (f(N)/N) B

and thus we have an f(N)-coding scheme.

The energy of such a scheme scales as:

e ()

Noting that —log(f(N))/N < N for sufficiently large N by our assumption on f(N) and
simplifying:

1
E < N\[E\/_ log(f(N)) + log(N) polylog(N)
Using /o +y < /o + /y and letting ¢’ = \/g:

E < ¢'N [V/=10g(f(N)) + v/log(N) | polylog(NV) = ©(N /= log(f(N)) polylog(N)

This construction is thus a polylogarithmic factor away from the universal information

friction lower bounds implied by Grover [5].

6.3.1 Analyzing Area and Number of Clock Cycles

We can also analyze this parallel construction in terms of how T and A scale with N. If

the decoders placed in parallel are LDPC codes consistent with Assumption 1, then:
T < M5 polylog(M)

and so as a function of block length N

T < /—log(f(NV)) polylog(N)
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that is, a polylogarithmic factor away from the lower bound on number of clock cycles
for energy optimal decoders of Theorem 2 in Chapter 3.

Of course, the construction of this time and energy optimal f(N)-coding scheme
depends on Assumption 1. Whether this is possible remains an open question.

Nonetheless, we can still easily construct a close to energy optimal f(NV)-coding
scheme by using a generalized polar code with error probability that scales as e~V T as
discussed in Chapter 5. This reaches the information-friction lower bounds of up to an
Ne¢polylog(N) factor; however, it does not reach our time lower bounds of Theorem 2.

To show this, we can simply modify our choice of M as a function of N in (6.8) above

- (o (1)

which will have energy that scales as

by choosing

E <0 (N[~ log(f(N)))* ¥ polylog(N))

which for all f(N) < eV is an N€polylog(V) factor away from the energy optimal lower
bound.



“A poet once said, ‘The whole universe is in a
glass of wine.” We will probably never know
in what sense he meant it, for poets do not
write to be understood. But it is true that if
we look at a glass of wine closely enough we
see the entire universe... If our small minds,
for some convenience, divide this glass of wine,
this universe, into parts — physics, biology, ge-
ology, astronomy, psychology, and so on — re-
member that nature does not know it! So let
us put it all back together, not forgetting ulti-
mately what it is for. Let it give us one more
final pleasure; drink it and forget it alll”

Richard Feynman

Information Friction in

Three-Dimensional Circuits

So far our discussions have been of planar circuits. However, circuits implemented in
three-dimensions exist [79], and so we generalize the recent information friction (or bit-
meters) model introduced by Grover in [5] to circuits implemented in three-dimensions
and extend the technique of Grover to show that, in terms of block length N, a bit-meters
coding scheme in which block error probability is given by P.(/N) has encoding/decoding
energy that scales as € (N (—In P, (N))%> We show how this approach can be general-
ized to an arbitrary number of dimensions.

The “information friction” computational energy model, introduced by Grover in [5],
was further studied by Vyavahare et al. in [80] and Li et al. in [81].

The information-friction model is very similar to the Thompson model. In fact, the
Q(N+/=1og(f(N))) lower bound on energy for f(N)-coding schemes derived for fully-
parallel decoders in Chapter 3 is also implied by Theorem 1 in [5]| (although no bounds
on number of clock cycles are derived using this technique like we derive in Chapter 3).
Nonetheless, the Grover result is stronger in one sense: it does not require an assumption

on bounded switching activity factor.

We generalize (and slightly modify) this model to three dimensions and use a similar

100
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approach to Grover to obtain some non-trivial lower bounds on the energy complexity of
three dimensional bit-meters decoder circuits, in terms of block length and probability
of error. We will discuss how this approach can be generalized to models in arbitrary
numbers of dimensions. We present the model below and then prove our main complexity

result.

e A circuit is a grid of computational nodes at locations in the set Z3, where Z is the
set of integers. Some nodes are inputs nodes, some are output nodes, and some are
helper nodes. Note that Grover [5] considers this model in terms of a parameter
characterizing the distance between the nodes, but since we are concerned with
scaling rules, we will assume that they are placed at integer locations, allowing us
to avoid unnecessary notation. The Grover paper considered scaling rules in which
nodes are placed on a plane, in which the number of dimensions d = 2. In our
results we will discuss the case of d = 3 and afterwards discuss how the approach

can be generalized to an arbitrary number of spatial dimensions.
e A circuit is to compute a function of N binary inputs and K binary outputs.

e At the beginning of a computation, the N inputs to the computation are injected
into the input nodes. At the end of the computation the K outputs should appear

at an output node. A node can be both input and output.

e A node can communicate messages along its links to any other node, and can receive

bits communicated to them from any other node.

e FEach node has constant memory, and can compute any computable function of
all the inputs it has received throughout the computation that is stored in their

memory, to produce a message that it can send to any other node.

e We associate a computation with a directed multi-graph, that is, a set of edges
linking the nodes. For every computation, there is one edge per bit communicated
along a link in the computation’s associated multi-graph. The “cost” of an edge in
such a multi-graph is the Euclidean distance between the two nodes that it connects.
Note that if a node communicates m bits to another node in a computation, then
that computation’s associated multi-graph must have m edges connecting the two

nodes. This multi-graph is called a computation’s communication multi-graph.

e The energy, or the bit-meters, denoted [ of a computation is the sum of the costs
of all the edges in the computation’s associated multi-graph (that is, the sum of

the Euclidean distances of all the edges).
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Figure 7.1: A diagram of one nested cube in an (L, \)-nested cube grid, with the edge
lengths labeled. A nested cube grid is an infinite grid of such nested cubes. The outer
cubes each have side length L and the inner cubes each have side length L(1 — 2)\) at a
distance L\ from the faces of the outer cube.

We consider a grid of three-dimensional cubes, with “inner cubes” nested within them.

This object is a generalization of the “stencil” object defined by [5].

Definition 70. An (L, \) —nested cube grid is an infinite grid of cubes, with side length
L and inner cube side length L (1 —2)). Note that the inner cubes are centered within
the outer cubes. Fig. 7.1 shows a diagram of one cube in a (L, \) —nested cube grid, to
which the reader can refer to visualize this nested cube structure. A set of nested cube

grid parameters is valid if L >0 and 0 < \ < %

Note that a nested cube grid can be placed conceptually on top of a bit meters circuit.
We will consider placing a nested cube grid in parallel with the Cartesian 3-space that
defines our circuit. We can specify the position of a nested cube grid that is parallel to
a set of Cartesian coordinates by calling one of the corners of an outer cube the origin,
and then specify the location of its origin. A particular set of parameters for a nested

cube grid and a location for its origin (called its orientation) induces a set of subcircuits,
defined below.

Definition 71. A subcircuit, associated with a particular orientation of a nested cube

grid, is the part of a bit-meters circuit within a particular outer cube.

Nodes in any subcircuit can thus be considered to be either inside an inner cube or
outside an inner cube. For any circuit with finite number of nodes there will thus be
some cubes that contain computational nodes, and some that do not. We can label the

subcircuits that contain nodes with the index 7. The number of input nodes in cube 7 we
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denote n;. The number of output nodes in subcircuit ¢ we denote k;. Furthermore, we

denote the number of input nodes within the inner cube of subcircuit 7 as ki, ;.

Definition 72. We define ky, = > ki, which is the the number of output nodes within

inner cubes, which we will often simply refer to with the symbol k.

We will show in Lemma 28 that there exists a nested cube grid orientation in which
ki, is high.

Definition 73. The internal bit meters of a subcircuit ¢ is the length of all the commu-
nication multigraph edges completely within subcircuit ¢, plus the length of the parts of
the edges within subcircuit ¢. This quantity is denoted with the symbol ;. Note that
B = D all subcireuits j i (Where we may have to sum over some subcircuits that do not

contain any nodes).

Since a computation has associated with it its communication multi-graph, for a given
subcircuit we can consider the subgraph formed by all the paths that start outside of the
cube and end inside the inner cube. We can group all the vertices of this graph that start
outside the outer cube and call this the source, and group all vertices inside an inner
cube and call it the sink. For this graph we can consider its min-cut, the minimum set

of edges that, once removed, disconnects the source from the sink.

Definition 74. The number of bits communicated from outside a cube to within an inner
cube, or, bits communicated, is the size of this minimum cut. For a particular subcircuit

1 we refer to this quantity with the symbol b;.

Remark 10. This quantity is analogous (but not the same) as the quantity b; for the
Thompson circuit model from Definition 6, and thus we use the same symbol. The reader
should not confuse these symbols; the Thompson model definition applies to discussions

in Chapter 3, and the bit-meters model definition applies to this chapter.

If the n; internal bits of a subcircuit are fixed, then the subcircuit inside an inner cube
will compute a function of the messages passed from outside the outer cube. Clearly, the
size of the set of possible messages injected into this internal cube is 2% (since b; is the

min cut of the paths leading from outside to inside.)

Lemma 27. All subcircuits with bits communicated b; have internal bit meters at least

bi\L.

Proof. This result flows from Menger’s Theorem [82, 83|, which states that any network
with min-cut b; has at least b; disjoint paths from source to sink. Each of these paths

must have length at least AL from the triangle inequality. O
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Remark 11. This lemma makes rigorous the idea that to communicate b; bits from outside
a subcircuit to within its inner square, the bit-meters this takes is proportional to the
distance from outside an outer square to within an inner square (AL) and the number of

bits communicated.

In the lemma below we show that there exists an orientation of any nested cube grid
such that ky, is high.

Lemma 28. For all three dimensional bit-meters circuits with K output nodes, all valid
nested cube grid parameters L and A, there exists an orientation of an (L, \)-nested cube

grid in which the number output nodes within inner cubes (ki) is bounded by:
ki > (1 =20\ K

Remark 12. Note that the relative volume of the inner cubes is (1 — 2)\)3. This lemma
says there exists an orientation of any nested cube grid in which the fraction of output

nodes within inner cubes is at least this fraction, so this result is not surprising.

Proof. This is a natural generalization of the Grover result (See Lemma 2 of [5]), which
uses the probabilistic method. We consider placing the origin of an (L, \)-nested cube
grid uniformly randomly within a cube of side length L centered at the origin in the
Cartesian 3-space. We index the K output nodes by ¢. Let 1;,,; be the indicator random
variable that is equal to 1 if output node ¢ is within an inner cube. Then, given the
uniform measure on the position of the cube, the quantity k;, is a random variable. We

observe:

K
kin = Zlin’i’ thus

E(kn,) = FE (i 1in,i>

=1

Il

E (]-in,i)

1

(2

(1—2))° (7.1)

Il
= 11

1—2))°

where in (7.1) we use the observation that, for each output node, the probability that it

is in an inner square is proportional to the relative area of the inner square. Thus, the
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expected value of ky, is K (1 — 2/\)3 and so there must be at least one nested cube grid

orientation in which k;, is greater than or equal to that value. O

Lemma 29. For all valid nested cube parameters L and X\, n; < (L + 1)3 and thus for
sufficiently large L n; < 2L3.

Proof. Intuitively, there cannot be more than on the order of L? inner nodes in a cube of
volume L3. The (L + 1)3 bound comes from considering the corner case of a cube whose

sides exactly touch output nodes. O]

We can now state the main results of this section.

Theorem 11. All 3D-bit-meters decoders for a binary erasure channel with erasure prob-
ability € of sufficiently large block length with block error probability P, have bit-meters 3
bounded by:

27 (In(4P,)\?
5>5@(2m(e)) K

Proof. We consider the number of bits communicated from outside a subcircuit ¢ to
within the inner cube of subcircuit ¢ (b;). It must at least be ki, ; to overcome the case
that all the input nodes in the entire cube are erased. If this does not happen, then one
of the output nodes must guess at least one bit, making an error with probability at least

%, formally justified by Lemma 1. This allows us to argue that:

P, > P (error|all n; output bits are erased)

P (all n; output bits are erased)
1
If B < ALk;, then there exists a subcircuit indexed by ¢ in which b; < ki,;. Suppose

otherwise, i.e. that b; > ki, ; for all 4, then:

B> Y Mb;=ALY b= ALY king = ALk
all subcircuits ¢
where we apply Lemma 27 after the first inequality, and for convenience suppress the
subscript on the summation sign after the first instance. This contradicts our assumption
that 8 < ALk,.
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We choose the parameter L in terms of probability of error in order to derive a

contradiction if a circuit does not have high enough bit-meters. Specifically, we choose

L= (%fﬁi‘?)é. (7.3)

Consider the nested cube structure that has ky, > (1 — 2)\)3K that must exist by
Lemma 28. If 3 < ALk;, then there must exist a subcircuit ¢ that has less than k;,; bits

injected into it from outside the subcircuit to within its inner cube. Thus:

(@) 1 ® 1 3 (0
if § < ALk then P, > Z¢™ > 562” > 2P,

where (a) flows from (7.2), (b) from Lemma 29, and (c¢) from the evaluation of this
expression by substituting (7.3). This is a contradiction. Thus, all bit meters decoders

must have

6 > ALk,
B > A1-2)\°LK

> e ()

The second inequality flows from the fact that we are considering the nested cube struc-
ture in which Ay, > (1 — 20)® K that must exist by Lemma 28. We may choose any valid

A to maximize this bound, and letting A = % gives us:

27 (In(4P,)\?
5>5E<2111(6)> K

]

Remark 13. Note that this argument naturally generalizes to d-dimensional space, in
which all d-dimensional bit-meters decoders have energy that scales as § > (2 ((ln (Pe))% K) :

The key step in the proof to be altered is in a modification of Lemma 29 and a choice of
1

In(e)
the dimension. This implies, among other things, that exponentially low probability of

L=c (ln(4Pe)> “in line 7.3 of the proof for some constant ¢ that may vary depending on

error decoding schemes implemented in d-dimensions have bit-meters energy that scales
as () (N 1+?11>. Obviously, the most engineering-relevant number of dimensions d for this

type of analysis are d = 2 and d = 3.



“If you take just one piece of information from this blog: Quantum
computers would not solve hard search problems instantaneously
by simply trying all the possible solutions at once.”

Scott Aaronson

Is the Information Friction Model a Law of
Nature?

In the previous chapter, we derived some universal lower bounds for the energy complex-
ity of three-dimensional circuits using a natural generalization of Grover’s information-
friction model [5]. Can the linear-in-distance assumption be beaten using clever engineer-
ing? Is the information-friction model inaccurate for some other reason? In this Chapter
we discuss this question. If the assumptions of the model cannot be overcome in our
Universe, then our information friction lower bounds are not merely engineering claims:

they are fundamental energy scaling rules for reliable communication in our Universe.

The main assumptions of the three-dimensional information-friction model of Chap-
ter 7 are (1) each input of a computation is injected into a computational node in three-
dimensional Euclidean space, each of which takes up some volume, and (2) the energy
cost of communicating information in this space is linear in distance. The conjecture that
these assumptions capture fundamental practical engineering limitations in our universe
we call the information-friction hypothesis. Below we discuss a few techniques that may
seem to overcome these assumptions, and we also point out how these techniques, upon

closer inspection, fail for some practical reason.
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8.0.2 The Spaceship Channel

In [84], the authors argue that communicating long distances using inscribed matter
is more energy efficient for large distances than communicating using electromagnetic
radiation. The idea is to accelerate the matter (in a spaceship perhaps) pointed in some
direction, letting the message hurtle through space. Examining Equation (1) of [84], it
seems to suggest this can be done with an energy that does not change with distance.
However, absent from the analysis is a discussion of friction in interstellar space. Though
friction is very small in space, it is not 0 because space is not a perfect vacuum (see [85]
and the resources referenced, which show that the density of particles in outer space is
somewhere between 0.06—1000 atoms per cm?). Thus, in the limit of very large distances,
the amount of energy needed would still be roughly proportional to distance (or else the
spaceship would be eventually slowed down by friction before reaching its destination).
Thus, the “space-ship channel” does not seem to be able to overcome assumption 2 of

the information-friction hypothesis.

8.0.3 The Vacuum Tube Channel (AKA the Hyper-loop Chan-

nel)

Another natural objection to the “information friction hypothesis” is that, why can’t
we create a vacuum tube to remove all friction, in a way similar to the “Hyper-loop”
promoted by Elon Musk (this proposal has been widely covered in the media, see, for
example, [86]). The obvious objection to this technique is that, even if you could suck
out most of the air from the vacuum tube, engineering limitations would prevent you
from sucking out all of the air. And if the tube is anything but a perfect vacuum, the
energy cost of sending a bit would still be at least proportional to the distance the bit
travelled.

But is this merely an engineering limitation? Is it feasible to suck more and more
air out of longer and longer tubes, so that even though there is some air in them, the
state of the tubes gets arbitrarily closer to being a vacuum? Could this technique be
used to violate the information-friction hypothesis? Or is it fundamentally impossible to
create a perfect vacuum? Modern quantum field theory suggests, however, that even in
a vacuum state virtual particles spontaneously spring into existence [87]. This suggests
that maintaining a vacuum may be impossible in our Universe, although whether virtual
particles cause friction in communicating information is beyond the scope of this thesis, so
we cannot conclude that this technique would be impossible to overcome the information

friction assumption.
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8.0.4 Electromagnetic Radiation

Using electromagnetic radiation is a widely used communication technique. However, it
is subject to a # energy density loss as a function of distance R. However, this may be
avoided by capturing the radiation with larger and larger receiving antennas as distance
increases. Though terribly impractical at large distances, at first glance this may seem to
overcome the linear-in-distance energy cost of communication. However, the fact that a
perfect vacuum may be impossible to obtain, attenuation that is exponential in distance

may cause this technique to fail as well, regardless of how big the receiving antennas are.

8.0.5 Quantum Entanglement

Our results model physical limits of classical computers, but of course we live in fun-
damentally quantum world, and so one may conjecture that using phenomenon like en-
tanglement may be used to communicate information over arbitrary distances with little
energy. However, as Eberhart et al. show [88]|, communicating information by observing
one part of an entangled quantum system cannot be used to communicate information
to receivers observing another part.

However, quantum mechanics suggests it 4s possible to communicate more information
than is intuitively obvious using super-dense coding [89]. The idea of super-dense coding
is to first have Alice and bob share one of two entangled qubits. Alice applies appropriate
unitary operations to her bit which evolves the qubit pair into one of four orthogonal
states. She then sends this bit to Bob, who then observe the qubit pair. Alice sends only
one qubit but Bob in effect receives two bits of information because the qubit pair is in one
of four orthogonal states (which, with an appropriate measurement can be determined
exactly). As surprising as this result is, it does not contradict the information friction
hypothesis, because on qubit still needs to be sent over the channel, so there is a factor

of 2 energy savings at most.

8.0.6 Adiabatic Computing

An area of active research is called adiabatic computing (see [90] for a review). Instead
of charging and discharging the wires each clock cycle, the energy is re-used by the
circuit. Because power dissipation to charge a resistor is proportional to I?R where
I is current and R is resistance (that is, non linearly in I) if current is slowed down
then the power consumption can be made arbitrarily small. If run arbitrarily slowly

then theoretically these devices can consume an arbitrarily small amount of energy per
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operation. The problem with this is that if such a scheme was scaled with NV, to overcome
energy scaling losses the circuit would have to be run increasingly slowly to the point of

being impractical.

8.0.7 Superconducting Channel

Superconductors are materials that have zero electrical resistance. So a computer made
out of superconducting material would avoid resistive energy consumption. As well, if
wires in a circuit were replaced entirely by superconductors, there would still be energy
consumption due to charging and discharging the capacitance of the wires (which is a
property of the superconductor’s geometry, and not the material that it is made from).
However, I cannot rule out the possibility of adiabatic computations using supercon-
ducting material to avoid energy consumption that scales proportionally with distance.
However, any imperfections in the superconductor would result in some power dissipa-
tion caused by resistance, and this effect would still scale linearly in distance (but the

proportionality constant may be much less than in regular conducting wires).

8.0.8 The Wormbhole Circuit

One assumption central to the bit-meters model is that computational nodes are packed
within a Euclidean topology. However, Einstein’s general theory of relativity predicts that
space-time can bend in the presence of massive objects. Thus in reality, the Universe
is not actually a Euclidean space. In fact, the existence of Einstein-Rosen bridges (or
wormbholes) that connect to otherwise distant points in space are consistent with general
relativity [91]. If it were possible to construct a wormhole, not only would it be possible
to communicate information quickly across such a wormhole, it may also be that the
distance that the information travels would be less, and thus not subject to frictional
effects as we assume in our Theorems.

So does the hypothetical Einstein-Rosen Bridge computer violate the information
friction hypothesis? If we could actually construct a wormhole, and the energy to main-
tain that wormhole was sublinear in the distance between the points that the wormhole
connects, then it seems like yes, general relativity seems to contradict the “Euclidean-
space” assumption of the information-friction model. However, as far as I am aware no
one knows how to actually construct such a wormhole. Though constructing a circuit
filled with wormholes may be utterly impractical, for this reason I am hesitant to claim
that the hypothesis is a law of nature, rather than just a pretty universal engineering

principle.



“The important thing is not to stop questioning; curiosity has its
own reason for existing. One cannot help but be in awe when
contemplating the mysteries of eternity, of life, of the marvelous
structure of reality. It is enough if one tries merely to comprehend
a little of the mystery every day. The important thing is not to
stop questioning; never lose a holy curiosity.”

Albert Einstein

Conclusion

The main idea of the thesis is this: we can classify error control coding schemes in
terms of how their block error probability scales. We have universal lower bounds on
the energy and time complexity of such circuits. We analyze LDPC and polar codes and
show close-to-tight upper and lower bounds on a large class of LDPC and polar encoding
and decoding circuits. By analyzing the mesh network and placing mesh network LDPC
decoders in parallel, conditioned on an assumption, we can reach the universal decoding
lower bounds that use a minimum number of clock cycles. On the other hand, generalized
polar decoding can, without requiring any unproven assumptions, reach universal lower
bounds on energy. However, asymptotically they take significantly more clock cycles. In
Table 9.1 we summarize the main scaling rule results of this thesis.

There are still some unanswered questions related to the computational complexity of
LDPC decoding, and error control coding in general. We discuss some of these problems

below.

e Theoretically constructing serialized encoding and decoding schemes that are close

to the lower bounds is an area of future work.

e Finding upper bounds for three-dimensional circuits is also an open question,

though I suspect a natural generalization of the mesh-network technique to three
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Type of Circuit

Lower Bound on
Energy

Technique to construct

Achievable upper bound
on Energy

Number of Clock
Cycles with this
scheme

Fully-parallel
f(N)-Decoder

Q (N /=Tog(F(N)) )

Parallel generalized
polar codes,
Section 6.3

0 (N'+<y/=Tog(F(N))))
fore >0

O (=log (f(N)))

Conditioned on
assumption, parallel
LDPC codes on mesh
network, Section 6.3

~Tog(F(\))))

o

0 (V=Tog (F(N))

Fully parallel
f(N)-Encoder

Q (N /=Tog(F(N)) )

Parallel generalized
polar codes,
Section 6.3.1

0 (N'+<y/=Tog(F(N))))

for any € > 0

O(v/—1log(f(N)))

Constant output
node serial f(N)-
encoder/decoder

Q(=Nlog(f(N))

?

Increasing output
node serial f(N)-

Q (N (~log(£(V)'7?)

encoder/decoder
Directly 9 Directly-implemented
implemented LDPC Almost s.urely'Q(N ) technique of Section O(N?) per iteration O(1) per iteration
per 1teration
decoder 4.7
Serialized LDPC Almost surely LDPC decoding on 51 O(V/'N) per
decoder Q(N!5) per iteration mesh network, O(N™?) iteration
Section 6.2.1
Polar Encoder with 15 Mesh network, 51 ~
R>1/2 AN Section 5.4.2 O(N?) O(VN)
Polar decoder with 15 Mesh network, 215 ~
R>2/3 N) Section 5.4.4 OW™) O(N)
3-D Bit-meters
Encoder/Decoder | Q (N(—log(f(N)))'/?) ? ? ?

with P, < f(N)

Table 9.1:

Table summarizing some of the main scaling rule results in this thesis. The
first column shows the class of circuits considered. The second column shows the lower
bound derived for this class of circuits. The third column gives the technique we an-
alyze to get close to these lower bounds. The fourth column shows the energy scaling
rules for this technique, and the final column shows how the number of clock cycles
scales for this technique. We use the notation that a function is in O(f(N)) if it is in
O(f(N)polylog(N)). A question mark indicates that this remains an area of future work.
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dimensions would likely be effective.

e Proving, (or disproving) Assumption 1 would strengthen, or, respectively, weaken
the results of this thesis.

e Constructing or simulating the mesh network circuits that theoretically have good
asymptotic result is an obvious area of further research. When circuits for a par-
ticular problem size are constructed, I suspect there would require many more
energy minimization techniques employed to make mesh network implementations

comparable to state-of-the art circuits, but this is an open question.

o We've analyzed LDPC and polar codes in this thesis. A theoretical energy analysis
for almost any other type of error control code also remains generally unexplored.

Spatially coupled codes [92] may be particularly suitable for this type of analysis.

e Our asymptotically close to optimal construction of Chapter 6 for f(N)-coding
schemes itself may not be a very useful construction (in particular, putting many
identical decoders in parallel can’t possibly decrease the energy per bit costs of
decoding). However, communicating a small amount of information between ad-
jacent parallel decoders may come at only a small energy cost but could possibly
increase code performance. Consider, for example, the staircase codes of [93]. Such
codes have an iterative decoding algorithm whose communication graph for each
iteration may require only a small amount of communication across the circuit.
Constructing energy efficient, high performance staircase codes circuits thus may

be possible, and remains an area of future work.

e For LDPC codes, the “almost sure" scaling rule for the energy of VLSI LDPC
decoders does not exclude the possibility that there are good LDPC codes whose
decoding energy scales more slowly than this (they may simply occur with vanishing
probability). Thus, there may be some good LDPC codes with “lower energy"
Tanner graphs that still provide good code performance. Intuition suggests that
for a given channel a code with a “lower energy" LDPC decoder may have higher
probability of error. A general analysis of this fundamental tradeoff is an open

question.

e In our LDPC coding lower bounds, the dependence on maximum node degree of
our scaling rules is somewhat surprising. In our definitions of LDPC decoders, we
consider a graph that contains the Tanner graph as a minor. It may be that high

degree nodes can be split to decrease the minimum bisection width of a graph and
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thus possibly decrease circuit area. A formal analysis of how vertex splitting might

decrease circuit area remains an open question.

e For LDPC codes, it may be that edges of a Tanner graph that connect vertices
that are too far away on the decoder can be modified to connect closer nodes,
with a small cost in error probability. As well, there exist some algorithmic level
modifications [94] that may allow energy savings. A theoretical analysis of such

techniques may be informative.

e [xtending the polar encoding and decoding lower bounds to all rates is an obvious

area of future work.

e Our decoding lower bounds are for algorithms based on graphs obtained from the
butterfly network decoding graph suggested by Arikan [3]. Our lower bound does
not necessarily include all decoders based on successive cancellation decoding for
polar codes. A particular challenge for generalizing this result is in defining precisely
what a circuit that performs a polar decoding algorithm actually is, and thus this

remains an area of future work.

e More generally, for a given application, what technique can be used to choose the
“energy-optimal" error control code? Can this analysis improve the energy of real
communication systems? Ganesan et al. [48] discuss this question and show how,
for a reasonable system model, the performance optimal code depends on the circuit

technology used and the nature of the channel.

e All of our results in this thesis are asymptotic. However, real circuits are designed
for a fixed problem size. Using energy as a parameter to be traded off with error
probability and rate in the design of real, physical circuits is a little studied problem,
though [48] begins studying this question. In particular, the design of code libraries
with parameters that can be varied that trade off energy and reliability is a natural

extension of this work.

e The decoding problem for communication systems is a special case of the more gen-
eral problem of inference. Well known algorithms used for inference, for example
the Sum-Product Algorithm [95] and variational methods [96], include Gallager’s
low-density parity-check decoding algorithms as a special case [43]. Thus, we con-
jecture that there may be similar tradeoffs between energy, latency, and reliability
in circuits that perform inference. Analyzing the energy complexity of more general

inference problems is thus an obvious area of future work.



Appendices

A.1 Coding Schemes with Error Probability Less than
1/2

Recall the definition of an r-stage nested bisection, the quantity b;, and the quantity B,.,
and N; K; from Chapter 3, Section 3.3.

In this section, we will be dividing a circuit up into pieces and then we will let N
grow larger. Technically, a circuit can only be divided into an integer fraction of pieces.
However, this rounding to an integer number of subcircuits does not change our scaling

rules. To make this notion rigorous, we will need to use the following lemma:

Lemma 30. Let h: R — R be a function such that |h (x) — x| < a for sufficiently large
x and some positive constant a. If there are functions f,g : R — R, and g is continuous
for sufficiently large x, and if lim,_ o, f (g (x)) = ¢ for some constant ¢ € R, and if
lim, o0 g (z) = 00 then lim, o f (h(g(x))) =c.

Proof. Suppose
lim f(g(z)) = c.

T—>00
To show that lim, . f (h (g (z))) = ¢ we need to construct, given some ¢, a particular

xo such that for all x > xg, [f(h(g(x))) —c| < e. Since g grows unbounded, and is

115



APPENDIX A. APPENDICES 116

continuous for sufficiently large x, then there must be a particular value of = (call it z’)
such that g (x) takes on all values greater than g (z') for some x > a’. As well, for any
e > 0 there exists some z” such that for all z > 2" |f (¢ (z)) — ¢| < e. In particular
this is true for some x” > z/. Thus, choose xy to be the least number greater than z”
in which ¢ (x¢) = ¢ (") + a (this must exist because g takes on all values greater than
g (2")). Thus, for x > x5 h(g(x)) only takes on values greater than g (z”) (because
|h(x) — x| < a). Since |f (g (z)) — c| < e for all x > 2", thus |f (h(g(z))) — ¢| < e for all

x > xg, since h (g (z)) can only take on values that g (z) takes on for z > z”. O

Corollary 10. This result applies when h(-) is the floor function, denoted|-|, since
o] — [ < 1.

We will need to make one observation that will be used in the three main theorems

of this section, which we present in the lemma below.

Lemma 31. If € > 0 and Ny, Ns, ..., N,, are positive integers subject to the restriction
that 37" | N; < N then:

'm (1 —eNi) < (1 —e%>m

=1

Proof. The proof follows from a simple convex optimization argument. O

The main theorems in this chapter rely on the evaluation of a particular limit, which

we present as a lemma below.

Lemma 32. For any constant ¢, 0 < ¢ < 1, and any constant ¢ > 0:

/

lim (1 —exp(—clog N))% = 0. (A.1)
N—o0

Proof. This result follows simply from taking the logarithm of the expression in (A.1)
and using L’Hopital’s rule to show that the logarithm approaches —oc. ]

Grover et al. in [2] uses a nested bisection technique to prove a relation between
energy consumed in a circuit computation and bits communicated across the r-stages of
nested bisections which we present as a series of two lemmas, the second which we will

use directly in our results.

Lemma 33. For a circuit undergoing r-stages of nested bisections, in which the total

number of bits communicated across all r-stages of nested bisections is B,., then

(vV2-1)" B?

AT? > .
- 16 2T+l
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Proof. See [2] for a detailed proof. Here we provide a sketch. To accomplish this proof,
r-stages of nested minimum bisections on a circuit are performed and then a principle due
to Thompson [8] is applied that states that the area of a circuit is at least proportional
to the square of the minimum bisection width of the circuit. Also, the number of bits
communicated to a subcircuit cannot exceed the number of wires entering that subcircuit
multiplied by the number of clock cycles. The area of the circuit (related to the size of the
minimum bisections performed) and the number of clock cycles (more clock cycles allow
more bits communicated across cuts) are then related to the number of bits communicated

across all the edges deleted during the r-stages of nested bisections. O]

Lemma 34. If a circuit as described in Lemma 33 in addition has at least B nodes, then

the AT complexity of such a computation is lower bounded by:

AT > va-1 EBT
42 V2r

Proof. Following the same arguments of Grover et al. in 2] (which we reproduce to get

the more general result we will need), note that if there are at least 8 computational

nodes, then
A>3

which, when combined with Lemma 33 results in:

(v2-1)° B2

2_2
A 7 Z 16 27'—1—16

which yields the statement of the Lemma upon taking the square root. O

Remark 14. In terms of our energy notation, the result of Lemma 34 implies that for such

a circuit with at least § computational nodes, the energy complexity is lower bounded

by:
2—1 | /
EprOC > \/_— EBT‘ = Ktech EB’I’
42 V2 2

. V21
where Koo = VR

A.1.1 Bound on Block Error Probability

The key lemma that will be used in the first theorem of this section is due to Grover et
al. [2]. We modify the lemma slightly.
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Lemma 35. All decoder circuits for a BEC with erasure probability €, for any r <
log (%),

either P, > 1 — (1 — Eth)zr—l or B, > 5
2 2

The proof uses the same approach as Grover et al. in [2] but we modify it slightly to
ease the use of our lemma for our theorem and to conveniently deal with the possibility
that a decoder can guess an output of a computation.

Let s; be the number of input bits erased in the 7th subcircuit after r-stages of nested
bisections. Furthermore, recall from Definition 6 that b; is the number of bits injected
into the ¢th subcircuit during the computation. Also, recall from Definition 8 that n; is

the number of input nodes located within the ith subcircuit. We use the principle that if

K

? < N; — s; + b;
for any subcircuit then the probability of block error is at least % This is a very intuitive
idea; if the number of bits that are not erased, plus the number of bits injected into a
circuit is less than the number of bits the circuit is responsible for decoding, the circuit

must at least guess 1 bit. This argument will be made formal in the proof that follows.

Proof. (of Lemma 35) Suppose that all the n; input bits injected into the ith subcircuit
are the erasure symbol. Then, conditioned on this event, the distribution of the k; bits
that this subcircuit is to estimate is uniform (owing to the symmetric nature of the
binary erasure channel). Furthermore, if b; < 257“ then the number of bits injected into
the subcircuit is less than the number of bits the subcircuit is responsible for decoding.
Combining these two facts allows us to apply Lemma 1 directly to conclude that, in the
event all the inputs bits of a subcircuit are erased, and the number of bits injected into

the subcircuit is less than £, then the subcircuit makes an error with probability at least

T
%. Denote the event that all inputs bits in subcircuit 7 are erased as W;. The probability

of this event is given by
PW)) = €N

Suppose that B, < K/2 where we recall B, is the total number of bits communicated
across all edges cut in r-stages of nested minimum bisections). Let S = {2' b < QKT} be
the set of indices ¢ in which b; (the bits communicated to the ith subcircuit) is smaller
than £. We first claim that [S] > 2"~*. To prove this claim, let S = {i:b; > £} and
note that & > B, = Y b; > >, 5% = |S| &, from which it follows that |S| < 2/,

Since S| + |S| =27, the claim follows.
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Hence, in the case that B, < K/2, because of the law of total probability:

P (correct) = P (NiesW;') P (correct| Nies W)
+ P (UjesW]) P (correct| Uses W)
gH(l—&“)—i—% (A.2)

€S

where the event N;csW/ is the event that each of the subcircuits indexed in S, after r-
stages of nested bisections, do not have all their N; input bits erased. We then note that,
in this case, the probability of the circuit being decoded correctly is at most 1. For the
second term, we note that conditioned on the event that at least one of the subcircuits
indexed in S has all their input bits erased, since the circuit must at least guess 1 bit,
the probability of the circuit decoding successfully is at most %, by Lemma 1.

Since ) ..o N; < S22 N; = N, subject to this restriction, Lemma 31 shows the

expression in (A.2) is maximized when N; = % for each subcircuit in S. Hence,

ISl 1
P (correct) < (1 — GFNI) +3

Thus, either B, < £ or |S| > 27! which implies

N\
P (correct) < (1 - ezrr‘—l) + 5

and so

P, =1 — P (correct)

1 N 2'r—1
S- (1)
2

Vv

A.1.2 Fully Parallel Lower Bound

We will consider in the following theorem coding schemes in which each decoder in the
sequence forming the scheme is fully parallel which we will naturally call fully-parallel
coding schemes. Recall that, in this thesis, any decoding scheme has associated with
it the binary erasure channel that each of its decoders is to decode, and thus we can
define the quantity PV associated with the decoding scheme, which is the block error
probability of the decoder with block length N in the scheme.
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Theorem 12. For every increasing-block-length fully-parallel coding scheme, if limy_,o, PN <
%, then for sufficiently large N,

log, N) RN
Edec > Ktech ( Og2 1 ) (A3)
log, (;) 2
) ) ) (v2-1)
where Fge. 15 the energy used in the decoding and Kice, = NI

Proof. The theorem follows from an appropriate choice for r, the number of nested bi-
sections we perform. We can choose any nonnegative integer r so that r < log, (%)
Note that K = NR is the number of bits the decoder is responsible for decoding. As K

gets large, we can thus choose any r so that 1 < 2" < % Thus, we choose an r so that,
2log<%)N
Klog N

os( 1
we will choose r = {10& (%{gk()gz)vN)J :

This is valid so long as NN is sufficiently large, for some 0 < K < 1. Note that log% >0

% = % , this is a valid choice for r so long as

approximately, 2" = , for a value of K which we will choose later. In particular,

since 0 < € < 1. Since

2log ()N R
KlogN 2

which must occur as the left side of the inequality approaches 0 as N gets large. We can
plug this value for r into Lemma 35, but we will simplify the expression by neglecting the
floor function, as application of Lemma 1 will show that this does not alter the evaluation
of the limit that we will compute, as we can see our choice for r grows unbounded with
N. Thus, either

1 !
PN > 5 (1 —exp(—Klog N))x Teen (A4)

or, applying Lemma 34 by recognizing that there are at least 5 = N nodes,

(Klog N) RN

=) T (A.5)

Edec > K tech

By a direct application of Lemma 32, so long as K < 1, the bound in (A.4) approaches

% which we can see as follows:

— lim (1 —exp(—K (log N)))(lo}éilm

lim PN >
N—o0

N—o0

N — | =
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This implies that, in the limit of large block sizes, the probability of block error must be
lower bounded by 1, unless B, > £. But then by (A.5), it must be that

(log N) RN (A.6)

Edec > Ktech lOg (l) 9

which is the result we are seeking to prove. O]

A.1.3 Serial Computation

Our result in Section A.1.2 applies to decoders implemented entirely in parallel; however,

this does not necessarily reflect the state of modern decoder implementations.

Definition 75. A serial decoding scheme is one in which the number of output pins of

the 7th decoder stays constant.

Remark 15. The number of clock cycles T" must at least be enough to output all the
bits the decoder is responsible for outputting. Suppose there are J output nodes and
K outputs of the function being computed, then there must be at least % clock cycles.
If all the inputs into the computation are being used, then there must also be at least
% clock cycles, though it is technically possible for some functions to have inputs that
“don’t matter” so this is not a strict bound for all functions. Hence, a lower bound on

the energy complexity for this computation is:

EprOC Z AC

<=

where A. is the area of the circuit.

We will be concerned in the following theorem with increasing-block-length serial
decoding schemes with number of output pins J. Recall that in such a scheme we can
label the block error probability of the decoder with block length N with the symbol PN,

Theorem 13. For any increasing-block-length serial decoding scheme with number of
output pins J, if limy_,o PN < % then for sufficiently large N:
2

n
EBioe > ———
dec = Jlog(l)

€

(logN —J) =Q(NlogN).

To prove this theorem, instead of dividing the circuit into subcircuits, we will divide

the computation conceptually in time, by dividing the computation into epochs. More
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precisely, consider dividing the computation outputs into chunks of size m (with the ex-
ception of possibly one chunk if m does not evenly divide K'), meaning that there are (%W
such chunks. Hence, the outputs, which can be labeled (kq, ko, . .., kx) can be divided into

groups, or a collection of subvectors (Kl, K, ... ,K|’5‘|> in which Ky = (ky, ks, ... kn),

K2 = (km—i-la km+27 PN ka) and so on, until K"K“ = <kmL5J s kmL5J+1, cey kK)
Definition 76. The set of clock cycles in the computation in which the bits in K; are

output is considered to be the ith epoch.

In our analysis, we are interested in analyzing the decoding problem for chunks of
the output as defined above for an m that we will choose later for the convenience of our
theorem. We are also interested in another set of quantities: the input bits injected into
the circuit between the time when the last of the bits in K; are output and the first of the
bits in K1 bits are output. Label the collection of these bits as (Nl, No, ... ’N[ﬂ)'

m

Label the size of each of these of these subvectors as (Nl, Ny, ... ,N(%O, so that the
number of bits injected before all of the bits in K are computed is Ny, and the number
of those injected after the first N bits are injected and until the clock cycle when the
last of the bits in K5 are output is No, and so on. Let s; be the number of erasures that
are injected into the circuit during the ith epoch. Note that by Lemma 1 an error occurs
when

since a wire in the circuit at any given time in the computation can hold only the value
1 or 0.

Proof. (of Theorem 13) Suppose we divide the circuit into chunks each of size A + J, J
more than the normalized circuit area. Then, if all the bits N; are erased, the probability
that at least one of the bits of K; is not decoded must at least be %, because there are
simply not enough non-erased inputs for the circuit to infer the m bits it is responsible
for decoding in that window of time. Note that we choose m = A 4+ J so that an error
event occurs with probability at least % when all the N; bits are erased, because it is
technically possible that in a clock cycle that outputs the last of the bits of K;, J — 1
bits of K;,, are output. Then, the number of bits required to be computed for the next
chunk of outputs is at least K;,1 —J+ 1. Let the size of each K; (except possibly Kfﬁ)
be A + J. Similar to what we did for in Section A.1.1, denote the event that all input

bits in NV, are erased as W;. Thus:
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T
=

—
ism

P (correct) = P | N, ﬂ W,

P <u
L]
< 1 — €V
=1

V_V> P (correct| N,
W

)
)p<m, o

ﬂs\w

+

The first term is simplified by recognizing the independence of erasure events in the
channel and the second term is simplified by the fact that, conditioned on the event that
at least one subcircuit has input nodes being all erasure symbols, Lemma 1 applies and

at least one subcircuit must make an error with probability at least % Thus:

PN =1 — P (correct)
L)
>1- ] (1—-€Y). (A.7)

i=1
K K
It must be that ZL”H N; = N, and thus ZZL:"{J N; < N, where again N is the total

number of inputs.

We can apply Lemma 31 to show that the product term in (A.7) is maximized when

each NN; is equal to N; = LNTJ Thus, we show that:

N
Pez1—<1—eL5J>

For the sake of the convenience of calculation, we replace L%J with %, which will not

]

3

alter the evaluation of the limit by Lemma 30, giving us:

mn

PN >1-(1- %)

3=

(A.8)

cR

Since we have assumed m = A + J, suppose that A < < log N — J, and recognizing

that K = RN, and that m = A + J, substituting into (A 8) and simplifying gives us:

log RN

1
P, > 5 (1-— exp(—clogN))W
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Thus, if ¢ < 1 and applying Lemma 32:

log(%)RN
lim P, > 5 — lim (1—exp(—clog V) ®e
—00

N—oo

N — DN =

Hence, either in the limit block error probability is at least %, or A >
thus

chl log N — J and

lo

K 2
Edec Z A— Z R—nl
=Q(NlogN),

(log N — J)

where we have used the fact that the number of clock cycles is at least % as well as our
bound on A. ]

A.1.4 A General Case: Allowing the Number of Output Pins to
Vary with Increasing Block Length

To accomplish this super-linear lower bound, we divide how the number of output pins J
scales with IV, the block length, into cases. We suppose that J > y/log K. If not, using

our result from Theorem 13, for codes with asymptotic block error probability less than

1
27

>
He = e (1)

if J < +/log K then we can show that
2 2
AT > M (x/logK— 1)
log (¢)
=2 (NViogN) = (N (log N)* )

Cech N2 RN (logN B 1)
J b)

and we are done.

Remark 16. Technically, the statement that either J > y/log K or J < /log K does not
fully specify all possible sequences of output pins. However, for any sequence, we can
divide the sequences into separate subsequences, specifically the sequences of codes in
which J > y/log K and in which J < /log K. For each of those subsequences we can

prove our lower bound.
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Let A = % be the normalized circuit area. Suppose also that § < log”? N. Otherwise,

if é > log”? N and from our simple bound in Remark 15, we can see that
1 K 0.9 i
AT > A% > Klog”* N > Q <N (logN)5>

and we are done.

Note again that, just as in Remark 16, if the area alternates between log”® N with
increasing block length, we can simply divide the sequence of decoders into two subse-

quences and prove that the necessary scaling law holds for each subsequence.

Hence, we consider the case that we have a sequence of serial decoding algorithms in
which the area of the circuit grows with the block length N and the number of output

nodes on the circuit grows with N. We consider the case in which

oo

<log"® N (A.9)

and

J > /log K (A.10)

We will now choose a way to divide the computation into M epochs and N, subcircuits.

For each of the M epochs we want the number of bits responsible on average for each
decoder to decode to be four times the area. This will mean that, even if we optimistically
assume that before the beginning of each epoch a circuit had already computed the future
outputs, a typical subcircuit can only store a fraction of the bits it is responsible for
decoding in the next epoch. Note that the number of bits that a subcircuit is responsible
for in total over the entire computation must be % and hence, if the computation is to
be divided into M epochs, during each epoch, an average subcircuit must be responsible

for decoding ﬁ bits. We seek to choose an M such that

MNS Z 4A’4subcl<t7;3uvg;

where Agypekt,avg 18 the average normalized area of a subcircuit. This will be true if

K

N, > 4Nis or equivalently if M < % so we choose

M= —
4A
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We also want N, M = l(féVN for a constant ¢ which we will choose later, so we choose

_cndA ddA
* KlogN RlogN’

We need to show that this is a valid choice for N,. The restriction on the choice of
Ny is that Ny < J (we can’t subdivide the circuit into more subcircuits than there are
output pins). By applying the assumption on the scaling of the area of the circuit in
(A.9) we can see that

4A < 4¢jlog™ N B 4c\ log”? N
RlogN — RlogN R/ logN

is asymptotically less than J, and hence this choice of N, is valid. Our choice of M is ﬁ.
The restriction on the choice of M is that M < % (there must be at least one output per
pin per epoch). Thus ﬁ < %, which will be true when J < 4A. But since the J output
pins form part of the area of the circuit, this must always be satisfied.

On a minor technical note, we can only choose integer values of M. Hence, we can
decide to choose the floor of M. But, as argued in Lemma 30 if the function for choosing
M grows with N then the evaluation of a limit where we neglect this floor function is the
same. So, our other requirement, that limy_, . % = 0 means that our choice for M grows
as N increases. We consider the case when area of the computation remains proportional
to N at the end of this section.

Since we have divided the circuit into M epochs we may consider the number of bits
communicated across all edges deleted after the r-stages of nested minimum bisections
during epoch i. Denote this quantity B, ;.

Consider the set of epochs (denoted @) in which B,; < 2. These can be thought of
as the low inter-subcircuit communication epochs. Either (a) |Q] > & or (b) |Q| < &L
We will consider case (a) first and show in this case the block error probability is high.
In the other case, we will show the energy of computation is high, proving the theorem.

Note that each subcircuit induced by the nested bisections will have some area (equal
to the number of grid squares occupied by its wires and computational nodes). There are
N, such subcircuits. Denote the set of indices denoting subcircuits with area less than
24 a5 F. Observe that |F| > & otherwise, if |F| < % then there are more than 2+

N, 2 2
subcircuits with area at least ?V—A, resulting in a total area greater than A, a contradiction.

The set F' can be thought of as the set of low area subcircuits.
We now consider case (a) above, the case in which there are many low inter-subcircuit

communication epochs. Because of the output regularity assumption and by our choice of
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M and N, each subcircuit epoch is responsible for decoding = 44 hits. Consider a specific
epoch ¢ in ). During this epoch, let the number of bits 1nJected into the ith circuit be b;.

Let the set of subcircuits in F' in which b; < ﬁ be denoted S,,. Observe that |9y > &=,

N
4

them, and thus in total there are more than

subcircuit epochs with at least L bits injected mto

Ns 2j
4 Ng

otherwise I’ has at more than
= % bits Commumcated during this

epoch, which we assumed is not the case.

Observe that a particular subcircuit epoch in S, has area at most % and has less
than L hits communlcated to it from outside the subcircuit during the epoch. Thus, it
has 1ess than % + 27 < 44 bits communicated to it from outside the epoch, where we
applied the obvious fact that A > J because the normalized area must at least be greater
than the number of output pins. In the event that all of the input bits injected into that

subcircuit epoch are erased then the subcircuit epoch must guess at least 1 bit.

Since, by assumption (a) |Q| > =, for convenience denote a particular subset of of
Q of size exactly % as Q*. Since for all q€Q,|S, > %, for convenience we denote an

arbitrary subset of this set of size exactly % as Sy.

Using the same argument as in Theorems 12 and 13, we can show that, subject to

P > % I IT (@ =€) (A.11)

qeEQ* €S}

the assumption (a),

where we note as well that

9

Z N, < N.
q=1 1

Subject to those restrictions, Lemma 31 implies that the expression in (A.11) is minimized

1=

when each of the IV, , are equal to % Hence

Ns M

]_ 8n
Pepik > = — (1 - GNSM)

AV
N~ DN

o (1 o 68010gN>%
)

which, by applying Lemma 32, can easily be shown to approach % when N gets larger, if
log%
8
1 or case (b) is true and the size of @) is greater than .

¢ is chosen to be . Hence, either in the limit block error probability is greater than

From Lemma 34, by recognizing that for the circuit under consideration there are at

least J nodes, if there are B, ; bits injected across all the r-stages of nested minimum
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AT > K'B,; /2—{

where K’ = \f/_il and 2" = N, the number of subcircuits into which the circuit was

divided. Thus, combining this bound with our choice for N, and our assumption that

bisections, then

there are at least % bits communicated across all the bisections for a large number of

J | J
ATy > K'— | —
- 2V N

for at least % epochs, or limy_,, PPN > % Hence, in total,

J [T M

AT > K'S0\ | 2=
=79V N, 2
J [T K

epochs, we get that either

N, 84
R

2
J [RlogN K ,
=K' 5 oA SA implying
_ K’ log N
AT > ﬁkjm\/R o8 (A.12)
c

We also have the bound from Remark 15:

K
T> 7 which implies

K1.5
1.5
T Z Jl.5

and hence, combining this with (A.12), we get

K’ [ Rlog N
AZ5T20 > 3—2[(2'5 Ftlog , implying
c

ar > )7 (8Rlog N °
- 4 log (%)

=0 (K (logN)%> :

Finally, we must consider a case when the area of the circuit scales with N. This must
be treated separately because in this case our choice for M in the above argument does

not necessarily grow with N and so we can’t assume that our rounding approximation is
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valid. Thus, suppose that A = ¢N. Suppose also that j < W. Then

K
T>=— > (logN)"
J

from Remark 15, and therefore the total area-time complexity of such a sequence of
decoders scales as
AT > cN (log N)*” = Q (N (log N)*) .

K o e . . . N .
Tlog N)7° then we can subdivide the circuit into e Pieces,

and make the same argument that has been made in Theorem 12 that the number of bits

In the other case, when j >

communicated across all cuts during the course of the computation must be proportional

to K/2. Recognizing that we have assumed there are at least ¢N nodes in the circuit

og %N

and applying Lemma 34, and also substituting 2" = llogN we get:

AT > V2-—1 choglN
sv2 | log (2)

N=0 (N logN)

which of course is asymptotically faster than €2 (N (log N )é>

A.2 Definition of §(L, R) in Terms of Node Degree Dis-

tributions

In the discussions in this chapter, we define a quantity J in (4.2) in terms of node degree
lists. Given a bipartite graph G and number of left nodes N, number of right nodes M,
and node degree lists R and L, one can easily construct the more standard node degree
distribution. This definition is adapted from [54].

Definition 77. For a bipartite graph G, let p; be the fraction of right nodes in G of
degree ¢ and let \; be the fraction of left nodes of degree i. Then P = {p;,...} is the
right node degree distribution and A = {\y,...} is the left node degree distribution.

We note that the sum of the entries of both P and A defined above must be 1, and that
A and P are functions of the left and right node degree lists. Since it is more common
to consider distributions in terms of their node degree distributions, we will state the
quantity 6(L, R) of (4.2) used in Theorem 6 in terms of A and P, the left and right node

degree distributions.
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Consider a sequence X = {1, xs,...}, such that > z; =1 and 0 < z; < 1 for each i.

Define:
S 1
M(X) = ; > =
(X) max{m i_meZ_ 2}

Note that for a graph with right node degree distribution P, there are at least half the
right nodes with degree M (P) or greater.
We define
1 oo
§(X) = 9 ‘ Z Xi
i=M(X)+1

so that £(X) + 3277y x) 1 Xi = 3+ We let:
S‘éop(X) = M(X>£(X) + Z Z:Ez
i=M(X)+1

Then it is obvious to see that the quantity ¢ from (4.2) can be computed in terms of the

graph’s node degree distribution as:

d (L, R) = max (S{Op (A), S{Op (P)) )

A.3 Proof of Lemma 9

Proof. Since m < Z, n < Z, the product m!n! < Z\Z!, so if Y — Z > Z then obviously
mln! < ZI(Y — Z)! Thus we consider the case that Y — Z < Z. Since m!n! is increasing
in m and n, we shall also assume that m +n =Y. We now argue that Z!(Y — Z)!
maximizes m!n! and is achieved when m =Y — Z and n =Y.

Suppose that ¢ > d > 1 for positive integers ¢ and d. We have

c+1

1 A3
L (A13)
implying e+ 1 d— 1))
c+ 1) (a—1)!
ld! =L

This implies:
cd! < (c+ 1)l(d — 1),

Thus, any product m!n! in which n < m < Z and m +n = Y can be increased by

increasing m by 1 and decreasing n by 1 (which still preserves m +n =Y). O
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A.4 Proof of Lemma 9 Continued

For the sake of simplicity, we will further loosen these bounds by upper bounding each

of the factors a, b, ¢, and d. Each of these bounds is easily verified:

a. We note that (]lv) < (%)

2

b. Since M < N, thus (L%_Z) < (]J\V[)

2

c. (F) (PP (1) < (#1)" which is implied by a < oN < 2,
d. ()!(a — j)! < a! which flows directly from the observation that (j) > 1.

Combining these gives us the following bound:
N A2/ BN
Q4] < (N> (' ’) al (ON)! (oN — a)!.
= a
2
We can bound |Q,| by summing over our upper bound on |Q%|:
N N

Qal < D D |Qi

i=1 j=1

N? (]]X)QC?):! (6N)! (N — a)!. (A.14)

IN

2

We of course are not concerned with the probability of a bisection of size a, but rather
with the probability of a bisection of size a or less. We denote the set of configurations

with a bisection of size a or less by Q% and since Q% = [J!_, Qu:
a
Qi < lQil.
i=0
We will now show that the expression in (A.14) is an non-decreasing function of a for

0<a< m% Let the right side of the expression be denoted d,, then it is easy to show

that d;—“ is greater than or equal to 1. It is easy to show that

4
dat1 (a‘f'l) (a+1)

d, (IEI)4 (0N — a)‘

a

Expanding the binomial coefficients in the numerator and denominator and simplifying

gives us
da+1 _ (’E‘ — (l>4

dq (a+1)° (N —a)
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This quantity will be greater than or equal 1 if |E| —a > a+ 1 and |[E| —a > oN —a
. Note that a < ¢N (an assumption of our lemma) implies 2a < 20N < |E|. Since a
and |E| are both integers, this implies 2a < |E| — 1, from which we can see that the
first inequality is satisfied. The second is satisfied by the fact that N < |E|. We thus

observe that,
|1B;] < Q3]
< Z Qi
< sz?( ) (|E|) {(GN)! (0N — a)!

< (a+1)N2<N) (’E‘)4a! (SN (oN — a)\. (A.15)

a

2

We note that the number of possible multi-graphs with our given node degree distribution
is at least (0N + oN)!. We can now bound the probability of the event B with:

P(B;) < % (A.16)
(a+1)N*(3)" () al (GN)! (0N — a)
= (0N 1 o) (A17)

where we have simply applied the upper bound for the size of B of (A.15) .

A.5 Proof of Theorem 6

We first prove a simple lemma:

Lemma 36. Suppose g(N) = O (N’“) for some k > 0 and is positive for sufficiently

large N, and there is a sequence Ny, No, ... that increases without bound. Then:

lirglog(Ni)eXp (Nif (N;)) = Oif

i o
limsup f (N) < 0.

N—oo

Proof. Since limsupy_,., f (V) < 0 and the sequence N; increases without bound, then
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for sufficiently large 7, f (N;) < —c for some ¢ > 0. Then, for sufficiently large 1,

g (Ni)exp (Nif (Ni)) < g (Ni) exp (—cV;) .

Clearly, lim;_,o g (IV;) exp (—cNN;) = 0 and because g (V) is positive for large enough N,

g (Ni)exp (=Nif (N;)) >0

for large enough ¢. The limit thus follows from the squeeze theorem. O

Consider first a specific random configuration in the sequence with block length N
and node degree distributions that result in values for 6 and 0. We will use the bounds
of Lemma 10 and then apply well known approximations. Firstly, we use the well-known

bounds derived from Stirling’s approximation that [59, Question 5.8]

6(1+N1n(§)) < NI < e(1+(N+1)1n(N;s-1))

(&) =0 ((5))

where H (z) = —xlogz— (1 — x)log (1 — z). We use base e as opposed to base 2 in order

and that

to conveniently simplify the expressions that follow. Applying these bounds appropriately
to the bound in Lemma 10, and grouping terms that grow polynomially into an arbitrary

polynomial term ¢ (V) we get that:

P(B) < g () (oot Dep [2V3 (5 ) + 4 (1)

+aln (a+1) + 0N In (6N+1>
e e

+ (0N —a)ln (%)
oo (oY)

We now let @ = SN, which will satisfy the condition specified in (4.4) for 5 < 0. We
substitute #(1/2) =1In2 and |E| = 0N + o N, and combine polynomial terms into g(NV),



APPENDIX A. APPENDICES 134

and then use algebraic manipulation to give us:

}%BM)SMNMm{ﬂWm®+4NH<X3)

0+o
B+ )
0—6—1—%

_ 1
+0N1n<m)

0+o

S+ L
+5mn( *N)].
d+o0

By factoring the N term and by applying Lemma 36, we see that the above expression

—I—ﬁNln(

will approach 0 if

lirilliglen(Z) +4H (5 f 0)

B+ c—B++
() e ()
1 <

5+ L
—l—éln( +N) 0
d+o

where we recall again that the dependence on ¢ in this expression comes from the N

terms and the ¢ and o terms (whose dependence on i we have suppressed). This is true

if

liririsogpﬂn(?) +4H (%) +Fn (%)
<

+oln il +d1n 0 0.
o0+o 0+ o

Also note that this is the condition on [ given in (4.8). To derive the condition in (4.7),

we find the limit as § approaches 0 of this expression, and treating the other terms as

2m@)+a<m(5ia)>
(o) =

where we have applied the easily verifiable facts that lim,_,o H (%) = 0and lim,_,gx (111 (ﬁ)) =
0 to get rid of the second and third terms in the expression. Thus, if this condition

constants, giving us:
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is satisfied, by the definition of a limit, there exists a sufficiently small § in which
lim; o P (Bjy) = 0.

A.6 Proof of Lemma 13

In this proof, adapted with only slight differences from Thompson’s proof [1, Theorem
2|, we show that if a circuit’s graph has a C-bipartition width w, then at least w?/4
grid squares of the circuit are occupied. To do so, we adapt the zig-zag argument of
Thompson and construct on the order of w curves that C-bipartition the circuit, each
which must have w connections crossing the curve, implying that there are close to w
uncounted nodes adjacent to the curve. The details require defining sequences of curves
which increase the number of nodes on their left side by 1 each step, which we call the
“initial sweep” sequences and the “zig-zag raise” sequences.

Let the grid of a circuit form a Cartesian coordinate system so that all nodes occupied
are in the top left quadrant. Draw the smallest rectangle aligned with the circuit grid
that encloses the circuit. All points outside this rectangle are considered outside the
circuit. The top of this rectangle is the top of the circuit, and the bottom is the bottom

of the circuit.

Definition 78. A zig-zag of width a is a curve drawn on a circuit composed of a vertical
line starting outside the circuit leading to coordinate (z,y), a horizontal line connecting
(z,y) to (x + a,y), and then a vertical line from this point to below the circuit. The
point (x,y) is called the left corner of the zig-zag. The vertical line on the left is called
the left line and on the right the right line. An example of a zig-zag with its left corner,
left line, and right line labelled is given in Figure A.1.

Definition 79. A curve with a left corner at coordinate (x,y) can be indented at this
coordinate by replacing the curve with a new curve where the edges connecting coordi-
nates (z,y + 1) to (z,y) and then to (z + 1,y) are replaced with two edges connecting
(r,y+1)to (z+1,y+ 1) and (x+ 1,y + 1) to (x + 1,y). The point (z + 1,y) is the

bottom corner of the indentation.

The reader should refer to Figure A.1 to see an example of a curve that is indented,

and a labelling of the bottom corner of the resulting indented curve.

Definition 80. An initial sweep of a circuit is a sequence of curves beginning with
a width 1 zig-zag with left corner at location (0,0). The left corner of the zig-zag is

successively indented until a zig-zag with left corner at the top of the circuit is obtained.
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left line

left-corner

bottom corner

/
right line

Figure A.1: An example of a zig-zag of a zig-zag (on the left) with its left corner, left
line, and right line labelled, and the curve resulting when its left corner is indented (on
the right). Note that indenting a curve at most adds one more node to the left side.

Then, this process is repeated starting with a width 1 zig-zag with left corner at (1,0).
This process is continued until a zig-zag in which all occupied grid squares are to its left
is obtained. Figure A.2 show an example of the sequence of curves in an initial sweep for

a small circuit.

The idea of an initial sweep is that the first curve has no circuit nodes to its left, and
eventually the curve has all nodes to its left; in between the amount of nodes to the left of
the curve increases by at most 1 each time. This means that there will be a C-bipartition
of the circuit induced by one of the curves in the initial sweep, a consequence of property

1 of a zig-zaggable set of bipartitions.

Definition 81. A curve that C-bipartitions the circuit in an initial sweep is the initial

curve.

We let the left line of the initial curve have z-coordinate /.

Note that the left-corner (at location (z,y) of a width a zig zag can be indented,
resulting in a new curve. The resulting bottom corner can be indented again in total
a times, and the end result is a new zig-zag of width a (where a is positive integer),
this time with left-corner at (z,y + 1) (one unit higher than the initial zig-zag). The
indenting process can be performed on this new zig-zag. This can be done repeatedly

until a zig-zag with left-corner at the top of the circuit is obtained.

Definition 82. We call a curve resulting from such a sequence of indentations an indented

Zig-2ag.

Definition 83. The sequence of curves generated by this sequence of indentations is
called a zig-zag raise. The curves corresponding to a zig-zag raise for a small circuit are

given in Figure A.3.



APPENDIX A. APPENDICES 137

Figure A.2: An example of the curves, in order from left to right, top to bottom, of an
initial sweep of a circuit of height 4 and width 3. On each row each successive curve
is created by indenting the previous curve’s left corner. Each curve of an initial sweep
has at most one more circuit node on its left side. We see that an initial sweep must
eventually bisect the nodes of the circuit. For the same reason, at least one curve of the
initial sweep must C-bipartition the nodes for any zig-zaggable set of bipartitions C, a
consequence of property 1 of zig-zaggable sets of bipartitions.

Figure A.3: An example of the curves, in order from left to right, top to bottom, of a
zig-zag raise of width 3 for a circuit of height 3.
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Definition 84. Given an indented zig-zag, the column to the right of the left line and
to the left of the right line are called the boundary columns.

Definition 85. The computational nodes to the left of the indented zig-zag are called
the left nodes and the nodes to its right are called the right nodes.

Now, consider performing a zig-zag raise starting from a zig-zag of width 3 with left-
corner at (0, — 1). Let S; be the left-nodes of the first curve of the zig-zag raise and
S3 be the left-nodes of the last curve of the zig-zag raise. We let Sy be the left-nodes
of the initial curve. Since obviously S; C Sy C S5 and Sy € C, applying Property 2 of
zig-zaggable bipartitions (See Definition 43) means that there must be some curve of the

zig-zag raise that is a C-bipartition.

By the same argument, for any j, we can construct a width 2j 4+ 1 indented zig-zag
that C-bipartitions the circuit, by starting with a zig-zag with left line at x = ¢ — j and
performing a zig-zag raise. A possible indented zig-zag that results from this process for

J = 2 is given in Figure A.4b.

Definition 86. Two grid squares of a circuit are connected across a grid edge if they are
adjacent at the grid edge and either they contain wires that are connected or one square
contains a node attached to a wire in the other square. Such a pair of grid squares is

called a connection.

Since each of these curves C-bipartitions the circuit, there must be at least w connec-

tions across the curve.

Figure A.4a shows that the initial curve must have at least w—1 grid squares occupied

in its boundary column.

As well, Figure A.4b shows a width 5 indented zig-zag and shows that if w edges must
cross the indented zig-zag, then there must be at least w —4 grid squares in the boundary
column occupied. This is because for all but 4 of the possible connections, if they are
connected then this implies a unique grid square in the boundary column is occupied. It
is then easy to generalize that an indented zig-zag of width 2k + 1 must have at least

w — 2k occupied nodes in its boundary columns.

Since the boundary columns of each of the bipartitions constructed do not intersect,

summing up the lower bound on the number of grid squares occupied implies that the
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Figure A.4: (a) This figure is adapted from [1, Figure 3-4]. An example of an initial
curve with arrows crossing grid edges that could form possible connections between
the left side and the right side. For all but the gray arrow, we can conclude that if
a connection exists across the edge the arrow crosses, there is a unique grid square
(which in the diagram contains a circle) occupied in the boundary column. Thus, if w
edges must cross the curve, at least w—1 nodes in the boundary column must be occupied.

(b) An example of an indented zig-zag obtained from a zig-zag raise. The grid
squares with circles in them are the grid squares in the boundary columns that are
adjacent to an edge of the curve. Arrows cross edges where a connection between the
left side and the right side can be made. For each black arrow, if a connection is there
in the circuit, then the circle to which the arrow points must contain an occupied node.
Note that there are at most 4 crossings that do not involve a node with an boundary
column (which are denoted by gray arrows). Thus, if w crossing must exist across the
indented zig-zag, there must be at least w — 4 circles occupied.
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number of grid squares occupied in the circuit is bounded as:

w—1+) w—2i (A.18)

s3] -[2] (2] ) e
-1+ (3] (o~ 2] e

w
>
4
The last inequality flows from the fact that either ¥ is an integer and L%J = g or
L%J =< — % We see in both cases that the expression in A.19 is greater than w?/4

for w > 2. As Thompson observed in his proof of the theorem, the case when w =1 is

trivial.

A.7 Proof Of Lemma 21

Proof. (Of Lemma 21) Note that across any bisection of the communication graph of a
given circuit, there are at least w edges that cross that bisection, with total length at
least w. We can construct a single bisection with a line through the middle of the nodes.
Then we can construct another bisection by shifting this line left one unit, and sweeping
in a parallel line from the right. Such a bisection has half the nodes in between the two
lines and half the nodes outside the two lines. We can then shift these two lines left one
unit again. We can do this on the order of v/N times and each time the edges crossing
the bisecting lines must be at least w, and each time the bisecting lines are in a different
position, thus for each bisection the parts of the lines that cross the bisecting lines are
different. In total there must be at least 2 <\/Nw> total distance of the lines and thus

this amount of total energy. O]

A.8 Mesh Network Polar Encoding Procedure

We implement the message-passing procedure on a mesh network using n = log N stages,
one stage for each pair of adjacent columns in the encoding graph of Figure 5.6. Label
the input nodes of the encoding graph in order, starting from the top, from 1 to N.
For each input node 7 of the encoding graph, associate a mesh network processor node

1. This processor node is to perform all the computations and message passings of the
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Figure A.5: The "raster-scan ordering" proposed for the nodes i = 1 to 16 for an N = 16
polar encoding circuit. Note that for general N these may not fit perfectly on a square.
In that case, we propose using dimensions that are as close to square-like as possible. In
Appendix A.8 we show that labelling nodes like this and applying our proposed message-
passing procedure for polar encoding avoids conflicts and thus is valid.

graph nodes in the same row as its associated input node. Place the processor nodes
on the v/N x v/N mesh network in the order shown in Figure. A.5. We call such an
ordering a raster scan ordering. Note that by inspecting Figure 5.6, in the jth stage of
the procedure, each processor node i must pass messages to node 7 — 2777,

There is some ambiguity in our definition of the operation of the mesh network: when
a message is received by a processor node, in which direction should the message be sent?
It is clear that if the message is located "above and to the left" of the node, the message
should be passed either to the left or above. We shall adopt the convention that a node
shall choose the relevant up or down direction before deciding to send the node left or
right, which occurs at what we will call the target row (that is, the row containing the
computational node to which the message is sent).

We can label each row of the mesh network, and thus some nodes will be on even
rows, and some nodes will be on odd rows. In our proposed procedure, each stage of the
encoding will be divided into two message-passing steps: the "even-row" passing step and
the "odd-row" passing step. More precisely, at the jth stage of the encoding procedure,
only nodes 7 on even rows that are to send their bits to node i —2"~7~1 shall do so. Then,
the appropriate nodes on odd rows are to do the same. We claim this procedure avoid

conflicts (that is, no two messages will be sent to the same node simultaneously).

Definition 87. A constant send-back procedure is a message passing procedure defined
on a mesh network with nodes labelled according to the raster-scan ordering in which
a set of nodes, indexed i, each simultaneously send a message to node i — m, for some

m > 0.
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The "even row" sending step and the "odd row" sending step of the procedure we

propose for polar encoding is obviously a special case of this procedure.

Lemma 37. In any constant send-back procedure, conflicts can only occur with messages

originating on different rows.

Proof. Consider two messages originating on the same row. Since our convention is to
send nodes "up" until deciding to send them left or right, a conflict between these two
messages can only occur on the target row in which one message is sent left, and the
other sent right. However, because of the ordering of the processor nodes, and the fact
that we are considering a constant send-back procedure, upon reaching the target row,
these messages must be sent in the same direction, otherwise they are not addressed to
nodes a constant value less than their index. If these nodes do not have the same target

rows, then the lemma flows trivially. O]

Lemma 38. Messages originating on rows spaced at least 2 rows apart cannot have the

same target rows and can not conflict.

Proof. Let z be the number of processor nodes in each row. Clearly, the spacing between
two nodes at least 2 rows apart is at least x + 1 (occurring when the lesser indexed node
is at the far right, and the greater indexed node is on the far left). Suppose their target
node was on the same row. The spacing between these two target indices must at least
be x + 1, but there are only = elements on each row. Those, messages on rows spaced
two or more apart cannot conflict in their target rows. It may be possible for them to
conflict where one message has reached a target row, and is travelling left or right, and
another is travelling up. However, the message travelling up must have originated on a
row below the left or right-going node. In a constant send-back procedure such a message
cannot have a target row at the same level or higher than the other node, so this cannot

occur. O

Since in each step, at each stage of our proposed procedure, no two simultaneously
sent messages originating on adjacent rows, combining Lemmas 37 and 38 confirms that
our proposed procedure has no conflicts.

This particular message passing ordering is done entirely to prove that the area-time
complexity scaling of this mesh scheme is close to the lower bound. It is likely that in
any practical implementation a more efficient message passing procedure exists (though

it will likely be more efficient only up to some constant factor).
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