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Abstract
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University of Toronto

2010

Multi-user wireless systems with multiple antennas can drastically increase the capac-
ity while maintaining the quality of service requirements. The best performance of these
systems is obtained at the presence of instantaneous channel knowledge. Since uplink-
downlink channel reciprocity does not hold in frequency division duplex and broadband
time division duplex systems, efficient channel quantization becomes important. This
thesis focuses on different quantization techniques in a linearly precoded multi-user wire-
less system.

Our work provides three major contributions. First, we come up with an end-to-end
transceiver design, incorporating precoder, receive combining and feedback policy, that
works well at low feedback overhead. Second, we provide optimal bit allocation across the
gain and shape of a complex vector to reduce the quantization error and investigate its
effect in the multiuser wireless system. Third, we design an adaptive differential quantizer
that reduces feedback overhead by utilizing temporal correlation of the channels in a time

varying scenario.
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Chapter 1

Introduction

1.1 Motivation

Wireless communication systems face increasing demands in terms of quality of service
and number of users. The implementation of multiple input multiple output (MIMO)
systems can play a significant role in meeting this demand. MIMO systems can be used
in increasing system reliability as well as providing increased data rates. The availability
of channel state information (CSI) at the transmitter increases the capacity of MIMO
systems. However, in frequency division duplex (FDD) and broadband time division
duplex (TDD) systems, the CSI must be estimated at the receiver, quantized and fed
back to the transmitter. Clearly, there is a tradeoff between the feedback rate and
accuracy of the CSI. This thesis investigates different aspects of quantization of CSI,

especially in the context of multiuser MIMO communication.

The field of wireless communication has gone through rapid development in the last
two decades. Two major concerns in designing the wireless systems are the reliability
of the transmission and the capacity of the network. The number of users that can fit
in a particular transmission is limited by the bandwidth and time resources. Current

technologies try to serve multiple users by spreading them over time and frequency in
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code division multiple access (CDMA) systems or by distributing them over different

time slots in time division multiple access (TDMA) systems.

MIMO systems allow for spatial dimensions in the network enabling for space division
multiple access (SDMA). SDMA enables the simultaneous access to different users in the

same time and frequency slot using independent paths.

The capacity of the MIMO systems increase linearly with the minimum number of the
transmit and receive antennas. In next generation wireless networks, users are expected
to communicate different streams such as text, audio & video simultaneously with each
other. These data streams have different quality of service (QoS) requirements. By
creating several independent data paths between the transmitter and the receiver and

using suitable coding techniques, MIMO systems can meet these demands.

Fading is one of the most important challenges that need to be addressed while
working in the wireless environment. Fading refers to the random fluctuations of the
wireless environment and it is mostly attributed to the scatterers located between the
base station and the user. The mobility of the user changes the pattern of scattering of
the received data and thus causes fluctuation in the power of the received signal. MIMO

systems play a key role in mitigating the ill-effects of fading.

With CSI at the transmitter, MIMO systems also allow a single transmitter to com-
municate with multiple receivers on the same time/frequency channel. However, the
broadcast nature of wireless communication leads to multiuser interference. Precoding
at the transmitter based on the CSI helps to combat both fading and multiuser interfer-
ence. Precoding uses the spatial dimension of the channel to combat fading and MUI.
Other coding techniques like space-time coding use the temporal dimension to combat

fading and do not require the channel state information.

In our work, we only focus on linear precoding i.e. our algorithm will only consist of

matrix multiplications and additions. This reduces the complexity of data transmission.
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Figure 1.1: Generic model of multiuser MIMO channel with limited feedback

1.2 Key Challenges

We focus on a linear precoding based multiuser MIMO system that has quantized channel
knowledge at the transmitter. The transmitter is a base station (BS) communicating with
multiple users. Our system model is shown in Fig. 1.1. Here, M, K & Nj represent the
total number of transmit antennas, the total number of users and the number of receive
antennas of the i*" user respectively. Each user has several antennas and may receive
more than one data stream. Each data stream is assumed independent of the others and
users do not co-operate in the decoding of the data. Each user estimates its own channel

and sends back the CSI via the quantized feedback path.

Feedback of the CSI to the transmitter is an overhead to the communication and
as such this overhead should be minimized. There is a trade-off between the ability to
suppress multiuser interference and the rate of CSI feedback. The central aim of this

thesis is to develop practical quantization schemes that perform well at low feedback
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rates. In this regard, we make three specific contributions:
1. To develop practical quantization schemes that perform better at low rate feedback.

2. To reduce feedback overhead by utilizing temporal correlation of previous chan-
nel instants. This will allow the proposed schemes to be utilized in time varying

channels.

3. To provide optimal bit allocation across gain and shape of the effective vector

downlink channel in a MIMO system.

1.3 Thesis Structure

This thesis is organized as follows. Chapter 2 provides a detailed survey of previous works
on channel quantization and receive combining techniques, optimal bit allocation across
gain and shape of vector and adaptive differential quantization in time varying channels.
Chapter 3 presents our work on MIMO receive combining. We analyze the quantization
error and overall sum mean squared error (SMSE) and show how the proposed algorithm
compares with the existing limited feedback based quantization techniques. Chapter
4 finds the quantization error variance of gain and shape of a complex vector for a
given number of allocated bits. Thereafter, we provide optimal bit allocation across
the gain and shape of the vector. Chapter 5 develops the proposed adaptive differential
quantization techniques and shows how our algorithm can lead to the reduction of several
kBit/sec feedback overhead in a time varying scenario. Finally, Chapter 6 summarizes

contributions of the thesis and suggests possibilities of future work.



CHAPTER 1. INTRODUCTION 5
1.4 Publications

This thesis has led to the following publications:

1. M. N. Islam and R.S. Adve, SMSE precoder design in a multiuser MISO system
with limited feedback, 2010 Queens Biennial Symposium [26].

2. M. N. Islam and R.S. Adve, Linear transceiver design in a multiuser MIMO system
with quantized channel state information, 2010 IEEE ICASSP [25].

3. M. N. Islam and R.S. Adve, Tranceiver design using linear precoding in a multiuser

system with limited feedback, IET Transactions on Communications [27].



Chapter 2

Background

The advantages of spatial diversity and multiplexing have led to the investigation of
multi user (MU) multiple input single output (MISO) and multiple input multiple output
(MIMO) wireless communication systems. Precoding allows to combat fading and retain
the advantages of MISO and MIMO systems. Linear precoding is attractive due to its
linear nature. The best performance of linear precoding can be achieved when channel
state information (CSI) is available at the transmitter. This literature review covers
three parts. First, we review on different quantization techniques in a linearly precoded
multiuser MIMO system. Second, we focus on optimal bit allocation across gain and
shape feedback in a multiuser channel. Finally, we review previous works that have dealt

with feedback overhead reduction in a time varying channel.

2.1 Quantization Techniques in Multiuser MIMO Sys-
tems

In our work, we assume that a single transmitter (base station) is communicating with
several receivers (mobile stations) of a broadcast channel. Each user may have a single

or multiple antennas. We focus on the scenario where each user receives different data
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(a) Multiuser downlink

Figure 2.1: Block diagram of multiuser MIMO downlink

streams. We do not assume co-ordination among different receivers. Therefore, receive

antennas of a given user can only co-ordinate with each other.

2.1.1 Linear Precoded Systems

We start our work with a detailed description of the system model. The system model

introduced in this section will be used throughout the thesis.

System Model

Consider a single base station equipped with M transmit antennas communicating with K
independent users. User k has NV;, antennas and receives L, data streams. Let L =), Ly,
N =", Nj. To ensure linear independence among the data streams, we assume L < M
and L, < Nj.

We clarify a particular use of symbol that will be used throughout this thesis. In
our system model, each user can receive multiple data streams. Therefore, our overall
system design is based on both per user operation and per data stream operation. Unless
stated otherwise, the notation k and 7 will be used to denote a user and a data stream

respectively. The i*" data stream is processed by a unit norm linear precoding vector u;.
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The global precoder can be formulated as follows,

U = [u17u27“'7uL] (21)

= [u117u127"'7u1L17u217u227"'7u2L27"'7uK17"'7uKLK] (22>

= [Uy, Uy, ...,Ug] (2.3)

Here, U}, denotes the transmit filters of the k' user, ie., U, = [ukl, e ,ukLk]. Here,
i=ky,-- -, kg, denotes the data streams of the k™ user i.e. kr, represents the L stream

of the k' user.

Section 3.4.2 will show that the receive combiner, i.e., decoding filter and quantization
policy is designed from users’ perspective. Therefore, we use the symbol policy of (2.2)
in receive combiner section. On the other hand, as will be shown in section 3.5, we design
the transmit filter from data stream’s perspective. Therefore, we use the symbol policy

of (2.1) in the transmit precoder design.

Fig. 2.1 shows the block diagram of the proposed system in the downlink. Let p =

[p1, P2, o] = [P1, P2, . Px]" be the powers allocated to the L data streams and the

K users. Here, p, = (pkl, e ,pkLk)T. Define the downlink power matrix P = diag(p).
The transmitter operates under the constraint ||p||l1 < Pne: where P, is the total
available power.

7

= [x,x],... ,x};}T, includes all L data streams

The data vector x = [x1,...., 2
to the K users. The Nj x M block fading channel, HY | between the BS and the user
is assumed to be flat. The global channel matrix is H?, with H = [Hy, ..., H;]. User k

receives

yPl = HIUVPx + ny, (2.4)

where ny, represents the zero mean additive white Gaussian noise at the k' receiver with

1) [nknkH} = azINk. We also assume, E [XXH} = I;. To estimate its own transmitted
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symbols, from yP¥ user k forms

xp = Viyt (2.5)
= VIHI!UVPx + Viin, (2.6)
Here V;, = |:Vk1, . VkLJ is the Ny x Ly decoder matrix for user k. vy, denotes the

decoding vector of the j* stream of the k* user. Let V be the N x L block diagonal

global decoder matrix,

V =diag (V1,..., Vi) (2.7)
Hence, combining all users,
y = H?UVPx+n (2.8)
x = VIHIUVPx+ Vin (2.9)
where, n = [an, nl ... ni'[;]T.

2.1.2 Design Focus

The design of (P, U and V) in the above stated system model has been investigated
with different criteria. These criteria include maximizing throughput, minimizing mean
square error (MSE) under a total power constraint [51], or minimizing total transmitted
power while satisfying qualtity of service (QoS) constraints (e.g. signal-to-interference
plus noise ratio (SINR) for each stream) [6].

In this work, we focus on minimizing SMSE. In the following sub-sections, we provide

a brief literature review on the linear precoder design with MMSE objective.

Original SMSE objective

Let EPL denotes the Ly, x Ly error covariance matrix of user k in the downlink, where

EPL = [(xk —xp) (e — xp)? (2.10)
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The diagonal entries of EPY are the MSEs of the Lj substreams of user k. Therefore,

SMSEP" = tr [EP*]. The SMSE minimization problem can be formulated as,

K

minpuy Y _ tr [EP] (2.11)
k=1

subject to : ||p|l1 < Praz-

Precoder Design with Full Channel Knowledge

Section 2.1.1 shows that the design of U and V depend on the channel knowledge H.
Therefore, the primary works on linear precoder design in the downlink assumed perfect
channel knowledge.

Tenenbaum and Adve [55] focused on this work from the downlink perspective. The
authors used iterative joint optimization (IJO) and sequential quadratic programming
(SQP) techniques in their design. The optimization of (2.11) with respect to U is a non-
convex problem in the downlink. Since both IJO and SQP solve (2.11) from downlink
perspective, they suffer from increased computational complexity.

After the works in [55], there have been several works on the SMSE linear precoder
design that have exploited a duality between the downlink and a virtual uplink. Before
reviewing those works, we provide a description of duality, in terms of SMSE.

Let us imagine a virtual uplink channel model where the users transmit data to the
base station. Figure 2.2 illustrates the linear processing involved in the virtual uplink of
the system. In this uplink, the transmit powers are q = [¢i, .., qL]T for the L data streams,
while the matrices U and V become the receive and transmit matrices respectively.
The global virtual uplink power allocation matrix Q is defined as, Q = diag(q) where

lla|l1 < Pz Therefore,

L
y'' =Y H,V;/gz; +n (2.12)
j=1
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Figure 2.2: Block diagram of multiuser MIMO uplink

L
%" = U/H,V, gz + Ufn (2.13)

j=1

Now, let EV denote the Ly x Ly error covariance matrix of user k in the uplink,

where

BV = B[ (R0" —x") (&0 - x0)"], (2.14)

and SMSEVL = Zszl tr(Ex). The SMSE minimization problem in the uplink, takes the

following form,

K
minguy Y tr [BY*] (2.15)
k=1
subjectto :  ||q|l1 < Phaz

In a multiuser MISO system, the design of U and the allocation of p in (2.15) take
the form of a standard Weiner filter and a convex optimization problem formulation
respectively [51]. Shi and Schubert [51] prove that, for a given precoding vector and total
power budget, normalized mean square error between downlink and virtual uplink can be
shown to be equal. The use of uplink-downlink duality simplifies linear precoder design.

Khachan et al. [32] and Schubert et al. [49] extended the work of [51] to multiuser

MIMO systems. In the MIMO case, for a given U and V, there exists p and q such that
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llplli = lld||li = Punaz and MSEYY = MSEPE. Schubert et. al. [49] used the following

solution for the downlink precoding filter (i.e., virtual uplink decoding filter),
U = (HVQVH" +01) " HVQ (2.16)

The authors find the optimum covariance matrix, R = VQV? using a semidefinite
optimization problem. V and Q were found using an eigenvalue decomposition from R.

On the other hand, Khachan et. al. used a rank-one minimization algorithm, by
iterating between optimal V and Q to minimize the uplink SMSE in (2.14) until conver-
gence. Based on the designed V and Q, the authors prove the uplink-downlink duality in
terms of SMSE and find the downlink precoding filter. The optimal p can then be found
through a transformation. In fact, a more recent result shows that this transformation
is not required and at the MMSE, p = q [57]. We use this in our work.

All these works assumed perfect channel knowledge at the base station. Shenouda and
Davidson [50] and Ding [13] investigated SMSE precoder design with channel uncertainty.

They assume the following channel model in their work,
H=H+H (2.17)

Here, H contains the channel state information that is available at the base station. H
denotes the channel uncertainty whose entries are assumed to follow a Gaussian probabil-
ity distribution. The channel uncertainty can arise due to imperfect channel estimation
or limited feedback. Based on this model, both [50] and [13] found the prcoding vector
and power allocation matrix to minimize SMSE. We worked on a similar problem inde-
pendently in our research project. The description of this part of our work is described
in detail in Chapter 3.

Both Shenouda & Davidson and Ding’s work assume a generalized model of channel
uncertainty in the precoder design. We specifically focus on limited feedback scenario in
our work. Therefore, we assume that the receivers are allocated a finite number of bits to

convey the channel state information to the base station. We also assume perfect channel
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estimation and delay-less noise free feedback. Therefore, in our work, the receivers have
complete channel knowledge whereas the base station contains quantized channel state
information. In this regard, the focus of this work is different from that in [13,50].

In the following two subsections, we provide a brief literature review on topics related

with quantization.

2.2 Different Types of Quantization

In the available literature, scalar quantization [9,12], vector quantization (VQ) [5,30] and
matrix quantization [10,46] have all been used to quantize CSI. It is now well established
in the single user, single data stream, case that projecting the MIMO channel to an
appropriate vector downlink channel yields better performance than full channel scalar
quantization with same feedback overhead [40]. This has led to considerable research in
VQ, which reduces the feedback overhead by allocating bits in the proper vector downlink
channel. In VQ, to send B feedback bits as the channel index to the BS, each user needs a
codebook with 28 code vectors. Grassmannian line packing [41], VQ using mean squared
error (MSE) as the optimality criterion [11] and random vector quantization (RVQ) [29]
have been the most popular approaches in VQ.

We utilize all the feedback bits to quantize the shape of the channel in chapter 3.
Mean square inner product (MSIP) based vector quantization [48] leads to a higher inner
product between the original and quantized channel compared to MSE based VQ. Also,
its algorithm converges faster compared to Grassmannian line packing [41]. Therefore,
we use MSIP based VQ in this part of our work.

We quantize the gain and shape separately and use euclidean distance based feedback
in Chapter 4. Since the optimal codebook is not known in this case, we use random VQ

based on the MSE as the feedback method.

Quantization schemes require a measure of the distance between two vectors. Two
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popular choices are the chordal and Euclidean distance.

Chordal Distance

The chordal distance between any two vector ¢; and cy depends on the sine of the angle,

61 2, between these two vectors [10]. This distance is expressed as,

de (c1,¢3) = sin (A1) = \/1 — |c co|? (2.18)

Euclidean Distance

The Euclidean distance between any two vector c; and ¢y is expressed as,
de (Cl,Cz) = HCl —C2||2 (219)

Chordal distance ensures a higher inner product between the original and quantized
channel in a limited feedback scenario [48]. As will be shown in Chapter 3, with an MMSE
receiver, chordal distance based feedback outperforms its Euclidean counterpart [48].
This led us to use chordal distance based feedback in chapter 3.

On the other hand, Euclidean distance has a one-to-one mapping with SMSE pre-
coder. We investigated the optimal bit allocation problem with a theoretical perspective

in chapter 4. We therefore used Euclidean distance in the feedback policy of chapter 4.

2.3 Vector Quantization Schemes

Grassmanian Line Packing

Grassmanian line packing is the problem of optimal packing of a one-dimensional sub-
space [41]. Let us consider the space of unit-norm channel vectors H,,. Let us define an
equivalence relation between two unit norm vectors ¢; € H,, and ¢, € H,, by ¢; = ¢,

if for some 6 € [0,27],¢; = €/%cy. The equivalence relation says that two vectors are
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equivalent if they are on the same line in C™. The complex Grassmannian manifold is
the set of all one dimensional subspaces of the space C™.

The distance metric in a Grassmannian manifold is the chordal distance. The Grass-
manian line packing problem is the problem of finding N lines in C™ that has maximum
minimum distance between any pair of lines [41]. The minimum distance of a packing is

the sine of the minimum angle between any pair of lines.

i(C) = 15@%1\/ \/1—|cHc;]? = sin (Ouin) (2.20)

Here, 0,,;, is the smallest angle between any pair of lines [41]. Having solved for the

optimal line packing, each vector then acts as a code vector in the quantization process.

Random Vector Quantization

In a random vector quantization (VQ) codebook, the code vectors are uniformly and
independently distributed in CM. The performance is analyzed by averaging over the
distribution of all possible random codebooks. The distortion can be defined both in
terms of chordal or Euclidean distance.

In our work, we use two different vector quantization, namely mean-squared-inner
-product (MSIP) based VQ and product VQ. In product VQ, the gain (norm) and shape
(shape in complex space) of the channel are quantized separately. The quantized channel
consists of the product between the quantized norm and the quantized shape. We provide

the description and the advantages of those V() techniques in the appropriate chapters.

2.4 Receive Combining Schemes

In a MU MISO system, users can feed back the channel vectors using VQ. However, in the
MIMO case, one option is to combine the receive antennas to convert the MIMO channel
to the effective vector downlink MISO channel. Since the receivers cannot cooperate, the

quantization scheme of each user is independent of the other. In the recent literature on
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limited feedback, a lot of works have been done on receive combining in MIMO systems.
Note that, all these receive combining schemes are implemented prior to the precoder
design. Besides, these receive combiners are designed from the perspective of increasing

expected SINR. Here, we provide a brief review on receive combining in MIMO systems.

EigenBased Combining (EBC)

Let us assume a single-user MIMO channel where the user receives L streams. Let Hy,
U; and V; denote the channel, precoding and decoding matrices respectively. Now, let

the singular value decomposition of H; be represented through the following equation,
H, =AY B (2.21)

Here, A, and B, represent the left and right singular matrix of H;. If provided with full
CSI, in EigenBased Combining, V; = By(:;,1: Ly), Uy = A1(;,1: Ly). When Ly = 1,
the scheme is called Maximum Eigenmode Transmission (MET) [5].

Now, let us assume the scenario where the receiver is receiving one data stream and
can only feed back quantized information to the base station. Since L; = 1 in this case,
V. and U, take the form of a vector. Let us represent those with v, and u; respectively.
The receiver projects the MIMO channel H; to an effective vector downlink channel f;
using vy i.e., fj = Hyvy. Let C = [cy,...,cn] be the quantization codebook and f, be
the quantized effective vector downlink channel. Using, u; = f'l, the signal power at
the receiver becomes, \f'lH H,v,|?>. Using MET, with a large number of codevectors, the

optimal solution takes the form [29],

Vi = Bl(l,l) (222)
f, = argmgé<|(ci,A1(:,1)>|2 (2.23)

Therefore, given a large number of codevectors, the optimal receive combining vector is

the dominant right singular vector. The optimal quantized channel vector is the code-
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vector that has maximum inner product with the dominant left singular vector. This

algorithm leads to maximizing signal power.

Quantization Based Combining (QBC)

Jindal introduced the idea of QBC [29]. In this section, we will show the motivation and

description of QBC.

Motivation In this section, we use the description of Boccardi et al. [58] to prove the
significance of QBC.

Let us assume that a single base station, consisting of K transmit antennas, is com-
municating with K users that are equipped with multiple receiver antennas. Let P4,
be the power budget. Each user receives one data stream. Therefore, U and V take the
form of vectors. Let Hy,--- ,Hg be the channels to the K users. u, and vy denote the
precoding and decoding vectors of the k' stream. Let us assume f, = Hyvy.

The SINR at the receiving end of the k™ data takes the following form,

pk\fkuk\Q
0%+ D e i,k P lfeuy 2

SINR), = (2.24)

Here, o2 is the noise variance and py, is the allocated power to the k' user. Let us assume
that the receivers use unit norm shape feedback based on chordal distance. Therefore,

the receivers choose the quantized effective channel, fy, in the following way:

f, = arg min sin’ (l (fk, ck)) (2.25)

cpeC

Here, £, = f,/||f.]|. Let us define the quantization angle, 6, and quantization error, f,

as,

cos O = ’kafk’ (2.26)

£, =T, — @f?k) T, (2.27)
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It can be easily verified that, ||’fk||2 = sin? ;. Using (2.27) in (2.24),
- NH P
((f,f fk> £, + fk> w,
~~ N ~\H
<(f,ffk> £+ fk> u,

Let us assume that the BS uses zero-forcing precoder [30]. To calculate (2.28), the

prl|fil]?

SINR), = (2.28)

2

o2 + ||| |? Zjeu,}q,j;ékpj

users make the following simplistic assumption: fiH fj = 0V1 # j i.e. quantized effec-
tive channels of two different users are assumed to be multually orthogonal. Note that,
this assumption is suboptimal since streams of two different users are only statistically
independent in reality. However, this suboptimal assumption is considered due to the
following two reasons:

1. The receivers do not cooperate with each other and therefore each user does not have
access to other’s channel knowledge.

2. The users find the receive combining vector v; and design f; prior to the design of u;.

The significance of this suboptimal assumption will be shown later in this section.
Using these assumptions, u, = £, u]H f, = 0. Also, for high bit quantization, f,f u, ~ 0.
Therefore, (2.28) takes the following form,

2 |pug |
el 6] 2 [£11F

SINRy, =

—
£y,

o? + [|fe]? Zjeu,}q,j;ékpj

P cos,

SINR, = (2.29)
0% + Faee [ 2|82 2 e r

Since power allocation across the users takes place after receive combining, we assume

=~ = ~H 2
equal power allocation in (2.29). We also assume, fj = H?—’“” Now, E |||f, u; ] =
k
~H 2
—— [5]. Since (2.29) is convex with respect to > jetklizk ||k W) 5 using Jensen’s

inequality |7],
[ ] Prax | |f | |2 2
paz ||f;||° cosg,

E[SINR;] > (2.30)

o2+ P"i‘“” || £x] |2 singk



CHAPTER 2. BACKGROUND 19

Figure 2.3: Comparison between Eigen-Based Combining and Quantization-Based Com-

bining

At high signal-to-noise ratio, % dominates over o2. So, E[SINRy] > cotgk. Therefore,
minimization of 8 leads to maximizing SIN Ry. Thus, reduction of quantization error
should be prioritized over increasing signal power in the high SNR regime of a multiuser

system. This leads to the introduction of QBC in multiuser systems.

Description of QBC Similar to the sections described above, we assume a codebook
C =cy,...,cn| and the effective channel, f;, = Hyvy. [29] proposes to choose f, in the
following way,

~

fr =arg min |Z(c,Hy)| (2.31)

c=ci.en
Thus, the chosen codevector has the least quantization error with the span of the MIMO
channel.

Fig. 2.3 clarifies the difference between quantization based combining and eigenbased
combining. Here, K = 1, M =3, N = 2, L = 1, B = 1. Having perfect channel
estimation, the receiver has to execute two functions:

1. Combine the 3 x 2 MIMO channel into an effective 3 x 1 MISO channel.

2. Find the codevector that best represents the effective MISO channel.

In Fig. 2.3, ABCD represents the subspace spanned by the columns of the MIMO
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channel; oz,oy and oz denote the three axes. In this model, we assume 1 bit feedback
overhead for simplicity. The codebook C = [cy, cy] where ¢; and ¢y are the two code-
vectors. The left and right side figures denote the case of eigenbased combining and
quantization based combining respectively. In the left figure, h; denotes the dominant
eigenvector of the MIMO channel. On the other hand, hy and hj represent the projections
of ¢; and ¢y in the subspace. Here, Ze; = Z(cy,hy), Les = Z(co,hy), Zg1 = Z (¢, hy),
Zqo = £ (cg, hy).

In Eigenbased combining, the dominant eigenvector h; will be the effective MISO
channel. Since Ze; < Zey, ¢; will be used as the quantized channel. On the other
hand, in the right hand figure, Zq; > Zqs i.e., cy is closer to the subspace. Therefore,
in quantization based combining, c; and hs will be used as the quantized channel and

effective MISO channel respectively.

Maximum Expected Signal Combining

MET is the optimum approach in single user wireless communications. Using (2.24), it
can be easily shown that it is optimal even in a broadcast channel at low SNR. On the
other hand, QBC is optimal in a broadcast channel at high SNR. Trivellato et. al. [58]
has introduced the maximum expected signal combining (MESC) algorithm that retains
the benefits of MET and QBC at low and high SNR respectively. Since our proposed
algorithm converges to MESC for one data stream, we skip the description of [58] here.

All these schemes discussed so far assume that each user receives a single data stream.
However, our intent here is the general case wherein a user, with multiple receive antennas
may receive multiple data streams [32,55]. Multiple data streams per user complicates
the feedback process, requiring independent information for each stream. In this part
of our work, we extend the MESC algorithm to the multiple data stream scenario. Our
contributions in this part of the work are given below:

1. We provide an end to end SMSE transceiver design that eliminates the dimension-
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ality constraint and tie the feedback overhead to the number of data streams, which is
always less than or equal to both the number of transmit and receive antennas.

2. We extend and make the MESC receiver flexible, by allowing for multiple data
streams per user scenario.

3. We show why SMSE and BER increase, instead of converging to an error floor, if
quantization error is not considered.

This concludes our literature review on quantization and receive combining schemes.

2.5 Bit Allocation across gain and shape feedback

Power allocation and interference cancellation across the users are both significant in a
broadcast channel. The base station needs to be aware of both channel quality indicator
(CQI) and channel shape indicator (CDI) to perform the two mentioned operations. In
SQ, the real and imaginary entries of the channel coefficients are quantized separately
and fed back to the base station. This helps the BS to estimate the CQI and CDI of
the channel. However, in a V(@ scenario, the quality of CQI and CDI depends on the
number of bits allocated on the gain and shape of the channel vector. Therefore, optimal
bit allocation across gain and shape feedback at the receiver end can become important
in a limited feedback scenario.

To the best of our knowledge, there have not been many works on optimal bit allo-
cation across gain and shape of the vector. The earliest work on this field can be traced
to Hamkins & Zeger [20]. The authors assume a product codebook to quantize a vector
in RM. Let, x = gs. Here, let x be the original channel. Here, g and s represent the
gain and shape of the channel respectively. Based on Euclidean distance as the distance
metric, the authors use different codebooks to represent gain and shape separately. We
skip the modeling of Hamkins’ work due to its similarity with our proposed model that

will be presented in chapter 4.
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Khosnevis and Yu [33,34] also worked on optimal bit allocation using product code-
book. They use chordal distance as the distance metric. The authors consider a multiuser
MISO system with real channels and try to minimize the total power allocated across
the users subjects to outage constraints [34]. The authors provide optimal power and
feedback bit allocation across the users and optimal bit allocation across the gain and
shape of individual users.

In spite of the difference in objectives, the works in [20,34] converge to almost similar
results in terms of bit rate. Let B, B, and B, represent the overall bit, shape bit and
gain bit respectively. Let, B, and B, represent the shape bit rate and gain bit rate

respectively. Both [20] and [34] prove,

M-—-1
B, = B+ k 2.32
Y + K1 ( )
1
B, = MBijg (2.33)

Here, ky and ko are constants with respect to bit allocation i.e., they depend on M,
not B. This indicates the following result. If M bits are available to quantize a MISO
vector channel, approximately 1 and (M — 1) bits should be used to quantize the gain
and shape respectively. The intuitive exlanation for this is as follows: the gain of a R
vector follows a one dimensional distribution, whereas the shape lies uniformly in the
(M — 1) dimensional surface of a unit norm hypersphere. As we will show in Chapter 4,
our derivations also lead to a similar result in optimal bit allocation.

Since we consider a multiuser MIMO channel, quantization bits should be allocated
optimally across gain and shape of the effective MISO channel (i.e., the effective vector
downlink channel of the data stream that the receiver obtains after performing receive
combining on the MIMO channel). The shape of the effective MISO channel is uniformly
distributed in C*. However, the norm of the effective MISO channel depends on the
receive combining algorithm. In EBC, the norm of the effective MISO channel takes

the form of the dominant singular value of the MIMO matrix. The distribution of the
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eigenvalues of the Wishart matrix is given in [54]. On the other hand, the distribution of
the norm of the effective MISO channel in QBC follows a chi-squared distribution with
(M — Ni + 1) [30].

Since MESC converges to EBC at low SNR and QBC at high SNR, to the best of
our knowledge, there has not been any work that provides a general expression of the
distribution of the norm of the effective MISO channel in MESC combining. Therefore,
albeit being non-optimal at high SNR broadcast channels, we use EBC in our work on
optimal bit allocation.

The difference between our work and the works in [20,34] can be summarized as
follows:

1. We provide optimal bit allocation across the eigenvalue and eigenvector of a MIMO
channel.

2. Due to the use of SMSE precoder, we use Euclidean distance as the distance metric

while assuming complex channels.

2.6 Channel Quantization in time varying channels

So far our discussion has focused on block fading channels. In the last part of our work,
we focus on channel quantization in time varying channels. Supporting mobility is an
integral part of next generation broadband wireless networks [2]. The CSI overhead in
a MIMO channel can be significantly reduced using differential feedback by exploiting
temporal correlation of the channel [24,35,36]. Most of these works assume the channel
as a first-order Gauss-Markov process. Assuming a single input single output channel

(SISO) , the first order Gauss-Markov process can be illustrated as follows,
h(n) =ax h(n—1) + V1 —a%¢(n) (2.34)

Here, h(n) is the the SISO channel at the n'" instant. a is the temporal correlation be-

tween two successive channel samples and ((n) is a white innovation process independent
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of h(n), i.e.,

Ehmhn—-1)] = a (2.35)

Efh(n)((n)] = 0 (2.36)

Both h(n) and ((n) follow a Gaussian distribution with same variance. The authors
assume that both transmitter and receiver are aware of a. Let, h(n) and h(n — 1) be the
quantized versions of h(n) and h(n — 1) respectively. The authors in [24,35,36] propose

the following feedback model,

A~ A~ A~

h(n) = ah(n — 1) 4+ d(n) (2.37)

Here, d(n) is the quantized version of the difference signal, d(n) = h(n) — h(n —1). The
temporal correlation, a # 0, is assumed to lie between 0 and 1 and can be calculated
through the Doppler fading process.

The model shown above has the following limitations:

1. The autocorrelation curve obtained from Markov chain model differs from the
well-accepted Jakes” model significantly when normalized autocorrelation between two
successive sample drops below 0.5 (approximately 16/17 Km /hr in present wireless com-
munication standards) [17,24].

2. The works in [24,35,36] assume that the transmitter and receiver agree on the value
of the parameters in the Markov chain. This assumption does not hold in non-stationary
channels.

There have been some works in the literature that avoid the two limitations mentioned
above. The authors in these works mostly focus on adaptive delta modulation based
feedback [47,56]. These works are based on Jayant’s work on ADM in speech coding [28]
and quantize the difference between the previous and current samples with a one-bit
quantizer. This form of delta modulation uses an individual delta modulator to track
the real and imaginary entries of each of the real and imaginary parts of the channel

coefficient. The step size of the delta modulator is adapted according to h(n) and h(n—1)
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respectively. If the previous two encoded bits are same, the step size is increased by a
factor of o and vice versa. In spite of the apparent advantage of the algorithm, the authors
only provide suitable step size parameters for pedestrian velocities (e.g., 4 km/hr).

The lack of flexibility of the proposed differential feedback methods motivates us to
investigate adaptive differential feedback in time-varying multiuser channels. We make
the following two contributions in this work:

1. Based on the model of adaptive differential modulation model proposed by Stroh [53],
we develop 2-bit recursive least square (RLS) and linear least square (LLS) based adap-
tive differential feedback methods in a time-varying environment. We show that 2-bit
adaptive differential feedback can outperform 3-bit and 2-bit fixed feedback up to 18
km/h and up to 32 km/h respectively.

2. We design a RLS adaptive tracking of the eigenvectors of each user’s channel
matrix and show that, if the number of data streams is less than the total number of
receive antennas, this method reduces feedback overhead.

Both these methods can lead to reducing the required feedback by several kbits/sec

in modern wireless communication standards.



Chapter 3

Precoder Design with Limited
Feedback in a Block Fading Channel

In this chapter, we propose a solution for the SMSE minimization of a multiuser MIMO
system with limited feedback. The contribution of this chapter is two-fold. First, we
provide an end-to-end SMSE transceiver design that incorporates receiver combining,
feedback policy and transmit precoder design with channel uncertainty. Second, we
remove dimensionality constraints on the MIMO system, for the scenario with multiple
data streams per user, using a combination of maximum expected signal combining and
minimum MSE receiver. This makes each user’s feedback independent of the others and
the resulting feedback overhead scales linearly with the number of data streams instead

of the number of receiving antennas.

3.1 Problem Formulation

The system model (both downlink and uplink) used here was presented in the previous
chapter. Therefore, Fig. 2.1 and Fig. 2.2 still represent the downlink and uplink system
model. In this chapter, we at first reiterate the original objective. Thereafter, we show

how the multiuser MIMO problem can be transformed into an equivalent MU MISO

26
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problem.

From section 2.1.1, the estimated data of user k is found as follows,

X, = Vi'yy " (3.1)

= VIHIUVPx + Viin, (3.2)

Assuming V to be the block diagonal global decoder matrix,

V =diag (Vy,..., Vi) (3.3)
Combining all users,
y = HUVPx +n (3.4)
% = VIR UVPx + Vin (3.5)
where, n = [an, nl ... ni'[;]T.

EkDL denotes the L; X L error covariance matrix of user k in the downlink, where
EPL = [(fck ~xp) (R — x0)” (3.6)

The diagonal entries of EPL are the MSEs of the Lj substreams of user k. Therefore,
SMSEP" = tr [EYY], where tr[-] denotes the trace operator. The SMSE minimization

problem can be formulated as,

K
ming u.v Z tr [EP*] (3.7)
k=1

subjectto :||pllh < Prax
3.2 Transformation to a Equivalent MU MISO Sys-

tem

The SMSE minimization problem in (3.7) depends on the power allocation matrix P,

beamformer U and downlink decoder V. Since users cannot cooperate with each other,
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the joint design of P, U and V has to take place at the base station. This requires
the presence of complete channel knowledge at the base station. The required feedback
overhead to send back the full channel information i.e., H, sclaes as M x N. Here, M
and N denote the total number of transmit and receive antennas of the system.

We propose a sub-optimal alternative to this joint design in our work. Instead of
sending back the full channel knowledge, each user can design the receive decoding vector
in its own end and then feed back the matrix HV to the base station. In this case, the
feedback overhead will scale with M x L. Here, L denotes the total number of data streams
that the users receive. Since L < N, this method minimizes the feedback overhead, at
the cost of a suboptimal V. To the best of our knowledge, all the existing works on
receive combining use maximizing SINR as the design criterion. We also follow the same
approach in our work.

Now, in (3.5), let us assume F = HV. Here F' is a M x L that is formulated as

follows,
F = [fi,f,.. fi] (3.8)
= [fhaflza"'7f1L17f217f227"'7f2L27"'7fK17"'7fKLK] (39>
= [F1,Fy, ... Fg] (3.10)
fr, = Hpvy, is a length-M vector that denotes the effective vector downlink channel of

the j* stream of the k' user. Here Hj, is the channel of the &' user and vy, is the
decoding vector used for its 7" stream. Essentially, the k" user combines its Hj channel
to fi, using the decoding vector vy, resulting in a set of projected MISO channels for
each of its data streams. Thus, the columns of F have become the effective downlink
MISO channels of the data streams of the whole system.

Using this transformation, the overall system equation takes the following form:

% =F UVPx + Vin (3.11)
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Figure 3.1: Block diagram of Multiuser MIMO uplink with channel and decoder combined

as a single block

Now, the equations in the virtual uplink takes the following form,

y'l = <Z £ /qz; + n) (3.12)

L
gVt =l (Z fi/aqr; + n) (3.13)
=1

Fig. 3.1 shows the proposed system model in the virtual uplink. As (3.13) and Fig. 3.1
show, the system has become an effective MU MISO system. The uplink-downlink duality
in a multiuser MISO system under imperfect channel conditions has already been proved
in [14].

Therefore, the new design objective becomes a two-step design problem.

Design at the receiver end:

mazy, E[SINRy] (3.14)
Design at the base station:
K
mingu > tr[E{"] (3.15)
k=1

subjectto :||p|li < Puax

Here, E [SIN Ry] denotes the expected Signal-to-interference-plus-noise-ratio (SINR) at

the receiver. Since users cannot cooperate with each other, each user has to find the
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decoding vector on its own prior to the design of the precoding vector and power allocator.

Therefore, the users can only find the expected SINR at the transmitter.

3.3 Overall Algorithm

We, at first, summarize the overall algorithm. Important steps of the algorithm will be

described in details in the following section.

1. Send common pilots to the users in the system so that each user can estimate its

own channel.

2. In the MU MIMO case, each user converts its estimated MIMO channel to effective
MISO channels using the MESC algorithm, proposed in Section 3.4.2. After MSIP
based quantization, each user sends the codebook indexes of the effective channels
to the BS. In a MU MISO system, each user quantizes its own channel and the BS

assumes V = 1.

3. Virtual uplink power allocation is solved using a convex optimization problem for-

mulation, shown in Section 3.5.
4. Uplink beamformer takes the form of a weiner filter, shown in Section 3.5.
5. Downlink power allocation P = Q.

6. Send dedicated pilot symbols for each of the data streams. Thereafter, implement

the MMSE downlink decoders, shown in Section 3.6.

3.4 Receiver End Design after Channel Estimation

We propose a two step receiver design. For the purposes of quantization only, each

user uses a MESC receiver and chooses the quantized codevectors that would maximize
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the SINR of their data streams. However, the users implement MMSE receivers while
receiving the actual data. This allows for the channel feedback to be independent of the
other users’ actions.

We will use the symbol policy of (3.9) in this section. We assume that the receivers
have perfect CSI using training, i.e., the k'* user knows its channel Hj, completely. Now,
for each of its receiving data stream k; where j € [1,---, L], each user has to execute

two operations:
1. Generate a codebook C consisting of 22 unit norm vectors cy, ..., ¢y off-line.

2. Design the decoding filter vy, for its jth stream and find the effective vector downlink

channel f, using fy, = Hyvy,.

3. Quantize the original effective vector downlink channel f;; to a quantized vector

downlink channel fkj .

3.4.1 Codebook Generation and Quantization

Each user feeds back B bits per data stream to the BS. The k** user quantizes fi; using

the chordal distance [10]:

fkj =arg min _sin® (£ (fi,,c)) (3.16)

c€[c1,..,023]

The use of chordal distance over the Euclidean distance leads to a higher inner product
between the original and quantized channels [48]. Here, we only quantize the direction of
the effective channel and this direction can lie anywhere on the M-dimensional complex
unit-norm sphere. Therefore, we generate the quantization codebook as a VQ problem
using the MSIP optimality criterion; the details of MSIP VQ codebook generation can

be found in Appendix A.
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3.4.2 Receive Combiner Design

Using our quantization policy in (3.16), we define the quantization angle 6, € [0, 7] as,

cos O, = ’kajfk]. (3.17)

fkj

[

Here, fkj =
Since, the receivers know the quantization angle exactly, we can use this information
to improve the expected SINR. As in [58], define the quantization error as,
fi, =Ty, — (BT, ) T, (3.18)
Here, ||’ft;§7||2 = sin? Or,. Now, in the downlink, the SINR of the j™ stream of the k™ user
is,

2
P leH

SINRy " = : (3.19)

2
P lem
+ Do me LK) mthdell, ] T | T, Qg

In (3.19) equal power allocation was assumed to simpify the receiver combining analysis.
2
Here, > £ )fgukn

user interference respectively.

denote intra-user and inter-

P |eH
and Zmé[l,K],m;ﬁk,lE[l,Lm] L ‘fkj Uy,

We design transmit filters in section 3.5. Now using the solution of wuy; ((3.47) and

(3.48)) and the matrix inversion lemma,

2 -1
Uy, = ((02 + UMEPmaz> I+ FQFH) fkj v dk;

-1
1 1 o 1 R N
= |I- o F|Q + o F'F] Fhvg
o +ﬁpmaz o +ﬁEPmaz o +ﬁEPmam
(3.20)
Here, uy, is normalized such that, ||ug,|| = 1.

Simplistic approximations and brief preview of the receive combiner design

Now, (3.19) shows that the SINR of the j™ stream of the k™ user depends on the

precoding vectors of all other data streams. However, as (3.20) suggests, precoding vector
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of each stream depends on the effective vector downlink channel of all other streams. The
receiver combiner design, i.e., the design of v, and fy, takes place prior to the transmit
filter design. Since we do not assume co-operation among the users, it is impossible
for the receivers to find the exact value of (3.19). Therefore, we make some simplistic
approximations in our design. Here, we summarize the overall receive combiner design

and show the simplistic approximations,

1. We approximate that the effective vector downlink channels of the data streams
of two different users are mutually orthogonal. Therefore, flg f'f]q = 0 where k €

K|, le[l,Kl,k£1,ie[l,--- L], j €1, -, L.

2. While designing the decoding filter of its 15 data stream, k' user assumes the
quantized effective vector downlink channel of this stream to be orthogonal to
that of its all other data streams. Therefore, while designing vj,, the k'™ user
approximates, flg fkj = 0,7 € [2,---,Ly]. Based on this approximation, the k'

user finds the f;, and vg, that maximizes STN Ry, .

3. While designing the decoding filter of its 2"¢ data stream, k'™ user approximates
the quantized effective vector downlink channel of this stream to be orthogonal
to that of its other data streams whose decoding filters and quantized channels
have not been designed. Therefore, while designing vy, , the k™ user approximates,
f',gfk7 =0,j €[3,--+,L;]. Based on this approximation, the k™ user finds the fj,

and vy, that maximizes SIN Ry,.

4. The k™ user continues the same policy up to its Li® stream.

Note that, these simplistic approximations are considered only at the receive combiner
design due to lack of knowledge of the other user’s channels. Since the BS has access to
the effective vector downlink channel of all the data streams, the BS does not consider

these simplistic assumptions and find the transmit filter to minimize the overall SMSE.
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Detailed descriptions of the approximations and the receive combiner design

Using the approximation of orthogonal channel of two different user’s streams, it can
be easily verified from (3.20) that flgﬁl[j = 0 where k € [1,K],l € [I,K|,k # 1,1 €
[, Ly, j €l L

Since each user knows the inner product of different code vectors in its codebook, the
assumption of orthogonality is not valid for two different streams of the same user. There-
fore, in our proposed algorithm, each user uses its known codevectors, i.e., the effective
channels of its data streams, as a set of column vectors f in the F matrix and assumes
that the vector downlink channels for all other users’ stream are mutually orthogonal to
its own channels. We also assume that noise variance, signal power, quantization error
variance in the BS and total number of data streams sent by the BS are known to each
of the users. Therefore due to the construction of (3.20), each user can approximate the

expected value of flg u;, and ||uy,|| even without co-operating with other users. Now,

from (3.19),
b VH,HHllk. 2
SINRP! = i 2L| i i | T (3.21)
0%+ Zn;ﬁj i fkj U, | + Zme[1,K},m7ék,le[1,Lm} L fk;]- U,
Now,
£, =T, — <?,§jfkj) £, (3.22)
P 2 N\~ ~ 2
S = ’f,guml’ = |Ifi,|I? S ’)(f,ﬁjfk].> B, + T,
me[L,K],m#k,1€[1,Lm] me[1,K],m#k,1€[1, L]
(3.23)
~ 2
= |I£i, |2 3 Hf,guml (3.24)

me[1,K]|,m#k,l€[1,Lp)

- —H 2
Sl PR \ e, (3.25)
me[l,K]|,m#k,l€[1,Lp)
LT
= ||f, | |* sin? 6, f (3.26)
L — L A~ '~
T (kasz _ <f,gfkj> (f,gfkj)) (3.27)
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L— L, .
Here, (3.23) is obtained by using f;, = ||fy,[|fx, and (3.22). (3.24) follows since we assume

f,g U, = 0, k # m for mutually orthogonal reported channels from different users. (3.25)

was obtained by setting ?kj = H;Z 0 (3.26) was derived using the analysis of [58]. In the
presence of a large number of codevectors, 0y, is very small which leads to f,gfk] ~ 0.
Therefore, the unit vectors ?kj and u,,, are both identically distributed in the (M — 1)
dimensional plane orthogonal to /f\kj. This implies, ||?z u,,, ||? follows a beta distribution
with parameter (1, M —1) and has expected value 1/ (M — 1) [58]. The factor of (L — Ly)
arises since the k'™ user receives L data streams and therefore (L — L;,) data streams are
mutually orthogonal to its j*® data stream. (3.27) was obtained using the quantization

angle definition of (3.17). In (3.28), we again use fi,, = Hyvy,.
Using the results of (3.28) in (3.21) and defining

P L — Ly
By, = 7HI (Y g ufl (I - fkjf,5> H, (3.29)
ne[lek]vn#]
(3.21) takes the following form:
HBHkHllkjukHijij

Vi
SINRPE = L (3.30)

o2+ V/ZBk]-ij
Due to the structure of u, and By, SINRijL in (3.30) is a function of vy, and f'kj
Vj € [1, Ly]. Each of these fkj vectors are in the codebook C which consists of codevectors

Ci,- - ,Cy5. Therefore, the linear decoding vector vy, and f; Vj € [1, L] is chosen as,

(fx;,vi,) Vi € [1, L] =arg  max  SINRP" (3.31)

llvi; [I=1E €C
The detailed description of the algorithm is below:
1. First, assume that intra-user streams are orthogonal and find the vector down-
link channel of the first stream. Therefore, maximizing (3.30) becomes an optimization

problem of fkl and vy,. So,

C(Pon(L-1( 4o
By, — (ZHk (M — (1- fklfk1>> Hk> (3.32)
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H (PYyH H
Vi (fHk uklu,ﬂHk) Vi,

SINRPE = 3.33

k1 0'2 + VlgBkIVkl ( )

(f,ﬂ,vkl) —  max  SINRPE (3.34)
(HvlezlfkleC)

2. Once the quantized channel of the 1st stream is chosen, the user assumes it to
be a nonorthogonal channel for the second stream’s vector downlink channel. However,
vector downlink channels for the other streams of the same user are still considered to
be orthogonal to both first and second stream’s channel. Thus maximizing (3.30) again

becomes an optimization problem with variables vy, and ka for the present data stream.

So,
P L—-2 A A
By, — (ZHkH (uklukHl o <I - fk2f,g>) Hk> (3.35)
H(PHHy, ullH
SINRPL = T2 (ZH, 2k k) Vie (3.36)
2 o2+ VkQB/gQVk2
(fovis) = max  SINRP (3.37)
(HV]gQHZLkaEC)
3. For the 3rd data stream of the k' user,
P L—-3 A 2
B, = (ZH,? (u,ﬂuﬁ +uuf, + 7 (1- fkgf,g>) Hk) (3.38)

The other equations take the forms of (3.36) - (3.37). The same policy continues upto
the last stream of the &' user.

With this algorithm, the SINR expression for a particular data stream remains a func-
tion of only its decoding vector and its quantized channel. This leads to a computational
complexity of L, x 28 in finding the channels of L;, data streams. Now (3.29) and (3.30)
can be thought as a general form of all the data stream’s SINR expressions. In (3.29)
and (3.30), both fr; and uy, depend on the chosen codevector f'k].. For any particular f'k].,
the linear decoding vector that maximizes (3.30) can be obtained by the MMSE detector,

Vk]— 2I+Bk \/7HHuk [58]. Then,

P .
SINRY! = ZullHy ("I +By,) Hiuy, (3.39)
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The user finds the value of SINRijL for ¢;Vi € [1, 2] using (3.39) and chooses the ¢;, as
the quantized channel fkj, that maximizes STN RijL .

It is worth emphasizing that, to our knowledge, this is the first receive combining
scheme that considers signal power, inter-user and intra-user interference while account-

ing for multiple data streams per user.

3.5 Linear Precoder Design

The transmit precode design at the BS is performed from the data stream’s perspective.
Therefore, we use the symbol policy of (3.8) in this section. We consider the following

channel model at the BS for precoder design,

+f or F=F+F (3.40)

)

f; =

Here, f; denotes the effective vector downlink channel of the i stream. F comprises L
unit-norm effective channel vectors with the original channel directions. F denotes the
L quantized feedback unit norm vectors. F denotes the error in the quantization.

The BS assumes that the quantization error matrix F has M x L independent identi-
cally Gaussian distributed (i.i.d.) elements with zero mean and a variance of 0% /M. o%
is the quantization error variance associated with each quantized vector f;. F is assumed
to be independent of x, n and . The details of the exact value of 02 is described in
Appendix A.

The BS designs the linear precoder based on the quantized feedback channels. We at
first solve the problem in the virtual uplink and then transfer the solution to downlink
using uplink downlink duality. It should be noted here that the linear precoder design
with the presence of channel uncertainty model presented in (3.40) was at first solved
in [13,50]. However, we solved it independently in our work. Therefore, we include it in

the thesis.
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Using our previous equation for the uplink data,
L
= Zuf{fj\/q_j:cj +ul'n (3.41)
j=1

At the presence of full channel knowledge, MSE of the i** stream takes the following

form,

EYE = ul'FQF"u; + oc*u/'w; + 1 — ul'f;\/q; — V@t (3.42)

However, since we only have the quantized effective channel information f‘, EYE is found

as follows,

EZ-UL:E[ (F+F)Q( f‘H)uZ-Hﬂ—i—E[auuz—i—l—u (f f)\@ﬂ
+E[ (fH+fH> | } (3.43)

= uHFQFHuZ +o?uflu, +1-— uf{fz\/cfl — \/ngquz + F [uZH]?‘Q]?‘HuiH?‘] (3.44)

7

The last equation follows since each of the f; vectors are zero mean and uncorrelated with

each other and also with the f vectors. Now,

Eg uZH]?‘Q]?‘HuiH?‘} = E; [EF [uf{FQf‘Hul ”

1
M (qlaE1 + ...+ qLaEL) uf{ul

7@+ a)opuy (3.45)

In (3.45), we used the fact that the complex scalar elements of f; vectors are ii.d with

2
. o . . . .
zero mean and variance SR This holds true since the f vectors are M x 1 dimensional

column vectors and ||fj|[> = 0% by assumption. Equation (3.45) holds when we assume
0%, to be same for different data streams. So,
2

EVE = wfFQFHu; + o*ulfw, + 1 — ul'fy /g — /gt w + JME (1 + ..+ qr) ul'u; (3.46)

Differentiating (3.46) with respect to uX and setting the result to zero, the optimum
uplink MMSE filter u; is,
uMMSE = 371, /g, (3.47)

7
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Where,
2
J =FQFY + 0T, + UME (@1 + ..+ q) Iy (3.48)
Using uMM5E and J in (3.46), the MMSE error covariance of data stream i in the uplink

is,
EULMMSE _ 1 _ \/azszJflfz\/az (3.49)

The SMSE of the whole system is, therefore

L
SMSEV" =S " tr [EZUWMSE} (3.50)
=1

L L
Y-S [\/aifﬁrlﬁ-\/ai] (3.51)
=1 i=1

2 v -1 R

=L—tr |QFH (FQFH + (02 + UEZqu> IM> F (3.52)
:A ) ) ) 02 ZL 0 -1

=L —tr |FQFH <FQFH + (02 + ET) IM> (3.53)

=L —tr (J - <02 + U%ZT”> IM> J‘1] (3.54)

o2 L _
=L— M+ (02+ME;%> tr [371] (3.55)

Minimizing the SMSE is therefore equivalent to minimizing <02 + % Zle ql-) tr [J71.
Once F is designed, the SMSE expression is a function of uplink power allocation Q.

The optimization problem for power allocation is,

QOPt — arg man <0-2 + WU%) tT(J_l) (356)

subjectto : tr Q] < Pz, q > 0Vi € [1, L]

Ding [13] shows that SMSE remains a nonincreasing function of SNR if all available
power is used i.e. tr(Q) = >_ ¢ = Pnas. Therefore, the optimization problem remains
convex since, the term (02 + %O’%) becomes a constant. The convexity with respect

to J is proved in [7]. Using [57], the optimal p = q.
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3.6 Receiver design for data processing

As mentioned earlier, MESC is for quantization purposes only. The base station deter-
mines p and U based on the quantized F. However, for mutually nonorthogonal reported
channels and a finite number of users, using MMSE receivers for data processing provide

better results than MESC receivers [58]. Using the symbol policy of (2.2), for the data,
vi, = (HUPU"H, + o°I) ' Hf'w, v/, , (3.57)

which can be normalized to make ||vy,|| = 1. Note that the MMSE receiver cannot be
implemented at the time of channel quantization since the precoder matrix U was not
designed at that time.

The implementation of the decoder mentioned in (3.57) requires infinite training sym-
bols. Therefore, from a practical point of view, the BS either sends a finite number of
dedicated symbols [37] or uses limited feedforward [8] to convey the post-processing in-
formation to the receivers. However, in our simulations, we restrict ourselves to the case
where the users can estimate the effective channels of their data streams.

Note that, our overall algorithm is sub-optimal because U and p are designed using
MESC, not MMSE. This is the price paid for the feedback to be independent across

users.

3.7 Analysis and Discussion

3.7.1 Different Channel Model Assumptions at the Base Sta-

tion and at the Receiver End

The channel model, representing the relation between the original channel, quantized

channel and error in channel is as follows:

£ = 161 ((875) & + ) (3.58)
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Since the receiver knows the channel exactly, it uses the original channel model. However,

we use the following channel model at the base station,

>
l

f, = f, + (3.59)

~
.

f; is an unknown vector at the BS.

There are two difference between (3.58) and (3.59). They are as follows:

1. Our simulation results show that expending all the available bits in the direction
of the channel provide better performance, in terms of bit error rate, in the proposed
system model that use PSK based modulation. Therefore, we only provide unit norm
shape feedback in this part of our work. So the BS is unaware of the channel norm ||f;]5.
In chapter 4, we adopt a more theoretical approach and optimally allocate bits in the
norm and shape of the channel.

2. To minimize the feedback overhead, the receiver does not expend any bit in
quantizing <fiHﬁ->. Therefore, there is a phase shift of <f'ZHE> between the original
channel model of (3.58) and assumed channel model of (3.59). However, since we propose
using a MMSE decoder while actually receiving data, system performance automatically

compensates for this phase shift.

3.7.2 Relation to the Existing Algorithms

As the proposed receive combining technique maximizes the expected SINR of the data
streams at the user end, it is equivalent to the MESC algorithm in the case of one data
stream per user of [58] which was designed for the zero forcing (ZF) precoder. To
illustrate this, let Lp = 1. Since intra-user interference is not present, all the quantized
effective channels in F are assumed to be mutually orthogonal. Using this in (3.20) we

get,

1 . 1 . 1 -1
Wy, = s, /G, — )2F (Ql + —I> [1,0,---,0]"\/q,

2 2
o? + UEPmax (0'2 + U%Pmaz o2 + UEPmaz 7

o i, (3.60)
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-1
(3.60) follows since <Q_1 + +I> is a diagonal matrix. Since |[ug,|| =1, ug, =

02402 Prax 3]

fkj in this scenario. Using this in (3.21) we find,
V]Z <%Hkak]f]ng) Vk].

o2 + Vg (%HkH <% (I — fkgﬂﬁ)) Hk) Vi,

SINRJ" = (3.61)

This is the expression obtained in [58] as the MESC combiner with noise variance
o? = 1. [58] has shown that this algorithm takes the form of MET combining at low
SNR and QBC at high SNR. Thus MESC combining of [58] considers signal power and
inter-user interference while choosing the code vector. Since we are considering multi-
ple data streams to each user, our proposed SINR expression in (3.21) considers signal
power, inter-user and intra-user interference altogether. Thus our proposed algorithm is

a generalized form for MESC combining with multiple data streams.

3.7.3 SMSE Analysis

In the absence of quantization error, the SMSE of the precoder with perfect CSI is [32]:
SMSE =L~ M + o%r | (FQF” + o°1,) |

(P el 1y IM) _1] (3.62)

=L - M+t
+ir Io2

In (3.62), we assumed Q = (Pna./L) 1L ie., equal power allocation for simplicity of

the analysis. tr (PL”;? FF? + IM)f1 is a decreasing function of SNR and hence SMSE

decreases with SNR. However, with quantization error, if the original precoder [32] is

used,
L

o~ o~ 2 ~ A
SMSE = Z (1 — fT I+ %szqiff szi) (3.63)

i=1

A~ A~ ~ ~ 2 A~ A
where J = FQF” +5%I,,. Both qifZHJflfi and %Pmaxqiflﬂ.lfzfi increase with SNR.. Since
the former term is a linear-over-affine function and the latter is a quadratic-over-quadratic

function of P,,4., at high SNR the latter term dominates and SMSE increases with SNR.
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—8— Traditional SMSE precoder with full CSIT
. —— Proposed SMSE precoder with limited feedback
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Figure 3.2: Comparing the SMSE of the traditional and the proposed precoder, (M = 5,
K =5 N,=1, Ly =1VYk, B=10, QPSK)

Some recent works on SMSE based precoder design with channel uncertainty [11] observed
this effect but did not analyze it.

In our proposed algorithm,

2 2 -1
SMSE =L—M + <02 + "MEPW) tr <FQFH + <02 + UMEPW) IM) ] (3.64)

-1

Pmax o
=L—M+tr ) FF? + 1), (3.65)
L (02 + % Pac )

In (3.65), we again assumed equal power allocation for analysis simplicity. %
L 02+T?Pmaz

is a nonincreasing function of P,,,,. Thus the proposed precoder makes sure that SMSE

does not increase with SNR in the high SNR region. Fig. 3.2 illustrates all these effects.

Since, the increase in SMSE is most apparent in MU-MISO systems, the simulations use

a MU-MISO system with independent channel realizations where M = 5, L, = 1 Vk and
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B = 10 bits per data stream. We use uncoded QPSK for data transfer. The proposed

algorithm clearly stabilizes the SMSE at high SNR.

3.8 Numerical Simulations

In this section we compare our proposed scheme with the leading feedback schemes in
the literature. Since our proposed algorithm uses an MMSE based receiver at the data
transmission phase, we use an MMSE receiver to simulate the other existing algorithms,
too. This preserves the fairness of the comparisons since the performance of the sys-
tem always improves with an MMSE receiver for mutually non-orthogonal channels [58].
Unless specified, all transmissions use uncoded QPSK.

As mentioned before, our proposed transceiver for MU - MIMO systems can be readily
generalized to MU - MISO systems. In Fig. 3.3, we compare the performance of the
proposed algorithm to some of the available precoders in a limited feedback MU - MISO
system. The system uses M = 4, K = 4, L, = 1 Vk and B = 10. The proposed
algorithm performs better than the MMSE precoder [11] by using MSIP quantization
and convexity of the power allocation problem. The traditional SMSE transceiver, that
ignores quantization error, performs well at low SNR, but begins to worsen at a SNR
of 15dB. Thus the proposed transceiver improves over the state-of-the-art in MU MISO
precoders based on limited feedback.

To the best of our knowledge, coordinated beamforming [9] is one of the very few ex-
isting linear transceivers that avoids the dimensionality constraint in the MU MIMO with
multiple data stream per user scenario. In Fig. 3.4 we compare the proposed algorithm
with coordinated beamforming. Here M =4, K =2, N, =4, L, = 1 Vk and B = 15.
Since coordinated beamforming implements joint transceiver design, it performs better
than the proposed algorithm with full CSIT. However, coordinated beamforming needs

at least (M? — 1) bits for the feedback of (I:II:IH/HI:IH%) To create Fig. 3.4 we used
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v N T —a— MMSE precoder (Love)
—o— Regularized Channel Inversign
—e— Proposed SMSE precoder
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Figure 3.3: Comparison with available MU-MISO precoding techniques (M = 4, K = 4,
Ly, =1Vk, B=10, QPSK)

15 bits feedback overhead per data stream in a MU MIMO system with four transmit
antennas. This means only 1 bit is available per unique scalar entry of (ﬂﬂH / ||ICI||%>
, introducing large quantization error. The eigen structure of the channel therefore gets
mangled at the BS [40], leading to loss of performance. On the other hand, since our
proposed algorithm expends 15 bits to quantize the 4 x 1 vector, the quantization error of
the fed back vector always remains less than or equal to 93T = (0.03125. Thus, the pro-
posed algorithm performs very close to its full CSIT curve and outperforms coordinated

beamforming [9] with limited feedback.

In Fig. 3.5 we compare our proposed scheme with other VQQ combining limited feed-
back MU MIMO transceivers. In this example, M =4, K = 2, N = Ny = 2, N3 = 3,

Ly =1Vk and B = 15. Since to the best of our knowledge, existing VQ combining MU
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Figure 3.4: Comparison with the coordinated beamforming (M = 4, K = 2, N}, = 4,
Ly =1Vk, B=15, QPSK)

MIMO schemes have not dealt with multiple data streams per user, we stick with one data
stream per user in this comparison. The proposed scheme outperforms the QBC [30] and
MET [5] approaches due to the use of SMSE precoder, adaptive receive combining and
optimal power allocation. Although our algorithm outperforms Boccardi’s MESC [58] up
to 20 dB, [58] seems to converge at a lower error floor than the proposed algorithm. This
happens because in our proposed algorithm the actual quantization error variance is not
known at the BS. Due to the adaptive quantization policy of the proposed algorithm,
the quantization error variance changes from low to high SNR; since we only quantize
the direction of the effective channels, the norm of the quantization error is not available
at the BS. The quantization error in MESC case [58] also changes from low to high SNR

but the BS does not need this knowledge due to the use of a ZF precoder.

Our proposed transceiver adds to the literature by allowing multiple data streams per
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Proposed algorithm
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—O0— Maximum Eigenmode Transmission
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Figure 3.5: Comparison with available MU-MIMO V(@ precoding techniques (M = 4,
Ny = Ny = 2, K=3,N3 =3, L =1,Vk, B=15 QPSK)

user. Fig. 3.6 shows the comparison of the transceiver’s performance to other possible
methods to transmit multiple data streams per user. In Fig. 3.6, Eigen Based Combining
(EBC) projects the MIMO channel to its dominant eigenvectors to create effective MISO
channels [25] and QBC chooses the set of codevectors that will generate least quantization
error as effective MISO channels [30]. The proposed transceiver approaches EBC at low
SNR and QBC at high SNR. Thus the proposed algorithm retains the advantages of both

EBC and QBC by providing a trade-off between signal power, intra-user and inter-user

interference.
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Figure 3.6: Different receive combining techniques with multiple data streams per user

(M =4, N, =3, Ly = 2, Vk, B =12, BPSK)



Chapter 4

Optimal Bit Allocation across Gain

and Shape Feedback

We used two heuristic approaches in the previous chapter. These approaches were de-

scribed in section 3.7.1. We again mention it here:

1. We used all the available bits to quantize the shape of the individual user’s channel,

assuming that the channel gains do not play a significant role.

2. We used MSIP based feedback and SMSE based precoder in our overall system
design. Although the presence of phase shift between the original and quantized channel
is an inherent property of the MSIP based feedback, the overall system performance, in

terms of BER, would not be affected since we used MMSE decoder as the receiver.

In this chapter, we approach the quantization problem from a more theoretical per-
spective. Our objective here is the investigation of the effect of optimal bit allocation
across gain and shape in the performance of a multiuser system. Therefore, we use a
product based codebook and quantize the gain and shape of the channel separately. We
provide optimal bit allocation across gain and shape feedback to minimize the overall

SMSE of the system.

The difference between (3.58) and (3.59) arises due to the use of chordal distance.

49
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Figure 4.1: Separate gain and shape quantization using product quantization

Therefore, we use Euclidean distance in this part of our work. To the best of our knowl-
edge, this is the only work that provides optimal bit allocation based on euclidean distance

among the norm and shape of a complex channel.

4.1 Problem Statement

We use a product based codebook in this work. Therefore, we have separate codebooks
to quantize the gain and shape of the channel. Let us assume that we expend B, and
B, bits to quantize the gain and shape of the channel respectively. Now, B = B, + B,
where B is the total feedback overhead per data stream. Therefore, N, = 28+ N, = 25,
Here, Ny and NN, are the total number of shape and gain codevectors respectively.

From the previous chapter,
02 &
2 E 1
SMSE =1L— M + (o + o § ql-) tr [J71] (4.1)

The previous chapter dealt with the design of P, U,V to minimize (4.1) for a given o%,.
In this chapter, we focus on minimizing ¢% using optimal bit allocation.
Problem Statement:

Let z € CM represent the original channel vector to be quantized. Comparing with
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the notations used in the previous chapters, z will take the form of h in the MISO case.
On the other hand, z takes the form of f (f = Hv) i.e., it represents the effective vector
downlink channel of the original MIMO channel H. As specified in section 2.5, due to the
lack of knowledge of channel norm in MESC combining, we used eigen-based combining in
this part of our work. Therefore, z represents the product of singular value and singular
vector in the MIMO case.

Let Z represent the quantized channel. Let, C be the quantization codebook. The

original problem statement is as follows:

mings poE |||z — 2||?] (4.2)

subjectto :Bs+ By =DB,2¢c€C

Fig. 4.1 represents the product codebook operation based on separate gain and shape
quantization. Let, z = gs. Here, ¢ and s denote the gain and shape of the channel
respectively, i.e., g is positive and |[s||a = 1. Due to the use of separate gain and shape
quantization and a product based codebook, the BS finds z as, Z = gs. Here, g and s
denote the quantized gain and shape respectively.

If we consider a MIMO system, these will indicate the singular values and the direc-
tions of the singular vectors (i.e., the f vectors) of the MIMO channel respectively. If
we consider a MISO system, g and s will indicate the norm and direction of the original
channels (i.e., the h vectors) respectively.

The Lloyd-Max algorithm [39] is the optimal solution to find the codebook for the
gain of the vector. Simulation results show that numerically achieved codebook based
on the faster K-means algorithm [42] also provides almost similar performance. We use
K-means algorithm in our work.

The Euclidean distance based optimal codebook of unit norm codevectors is not yet
known. Therefore, we use random VQ to find the shape codebook of the channel i.e., the

unit norm quantized shape codevectors of the codebook are randomly and independently
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distributed in CM.
Let C, and C, represent the gain and shape codebook respectively. Note that, the size
and form of C; and C, will vary with respect to By and B,.

Now, the optimal bit allocation problem takes the following form,

mingspe [||1z — 98] (4.3)

subjectto :Bs+ B, =B, g€ Cy, 8 € Cs

Hamkins et al. [20] has shown that, for high rate quantization, the quantization distortion

takes the following form,

Ellz—gsIP"] = E[(g—9)°] + E [¢°] E [|ls —8II"] (4.4)

~ D, + E [¢°] D, (4.5)

Here, E [¢%] denotes the variance of the gain. D, = E'[(g — §)*] denotes the distortion
due to gain quantization. Dy = F [||s — §||%] represents the distortion due to unit norm
shape quantization. Since D, and D, are independent of each other in (4.5), the optimal
bit allocation problem can be solved using the following three steps:

1. Find D, gain distortion, for a given B,.

2. Find Dy, shape distortion, for a given B,.

3. Provide optimal bit allocation to minimize the overall distortion, i.e., ming, p, &/ [g%] Ds+

D

g-

We will provide descriptions of those three steps in the next few sections.

4.2 Distortion due to gain quantization

Distortion due to gain quantization is given through the following equation,
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Here, r is the random variable representing gain. f,(r) is the probability density function
of gain. Using Bennett’s integral ( [15], page-186), the gain distortion of (4.7) takes the

following form,

1
Dy = TNQQHfg(T)H% (4.8)

Here, Hfg(r)||% denotes (fooo |fg(7")\§d7“>3. The distortion of the norm of a MISO channel
due to quantization has been calculated by Hamkins et al. in [20]. Following Hamkins’
derivation, we seek to find the analytical expression of the quantization distortion of the
eigenvalues of MIMO channel.

Lemma 1: Using the probability distribution of the dominant eigenvalues of Wishart

matrix [54] and Jacobian transform [52],

3 x 3L4 5 (L(e)+1
||fg(r)||% = 4(L(e)—1)!r ( 3 )

(4.9)

Where, L(e) = (M —e)(N —e). M and N are the number of transmit and receive

antennas respectively. e denotes the order of the eigenvalue where 0 represents the most

Ae
L(e)

dominant one, 1 denotes the 2nd most dominant one and so on. Here, f = where ),
is the mean of the e eigenvalue.
Proof: See Appendix B.

Using (4.8) and (4.9), the gain distortion at high resolution can be expressed as,

1
Dy = 5illfe(mlly (4.10)
1 3Mep L(e) +1
~ 16N2 (L(e) — 1)!F3 ( 3 ) (4.11)
= G270 (4.12)

Here, Cy = (L‘Q’(Le()eif)!W <L(e§+1> is a constant with respect to B,.

Note that the gain distortion of a complex MISO vector due to quantization was

obtained in [20] through the following equation,

D,=C 225 (4.13)

g — YgMiso



CHAPTER 4. OPTIMAL BIT ALLOCATION ACROSS GAIN AND SHAPE FEEDBACK 54

'™\ | Theoretical Distortion
- N | —B—Simulated Distortion
o b N e
§ .........................................................
Q2
© 10 T S DN
c N N
O NN
E 4444444444444444444444444444444444444444444444444444444444444444444444
N .............................................................
"E ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
@©
> -3
CTlO o U N A
= TR O
CU ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
(D ..........................................................

................................................................. 1]

10_4 i i i i i i i
2 2.5 3 3.5 4 4.5 5 55 6

Bg (Gain quantization bits)

Figure 4.2: Quantization distortion of the dominant singular value of 2x2 MIMO channel

kj2p( k42
Here, C, = ) o)

TS0 (5 [20]. Note that both (4.12) and (4.13) suggest that gain

distortion due to quantization is proportional to 2725,
Fig. 4.2 shows the distortion due to gain quantization of the dominant singular value
of a 2 x 2 MIMO channel. According to the figure, the analytical expression starts to

converge with the simulated result as B, increases. This observation matches with the

fact that the Bennett integral in (4.9) holds for high bit quantization.

4.3 Distortion due to Shape Quantization

This section focuses on the shape quantization error of a unit norm vector located in CM.
Here, we are measuring the quantization error of two unit norm vectors in terms of

Euclidean distance. The Euclidean distance of two points in a CM plane has a one-to-
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Figure 4.3: Shape quantization block diagram

one correlation with that of two points in a R?* plane. Therefore, from now on, we will

assume that we are dealing with vectors in the R*¥ plane.

Now, let s and 8§ denote the original and quantized channel vectors. Figure 4.3 shows

a two dimensional view of the problem that we are trying to solve. Here, OB and OA

denote s and § respectively.

Let us assume that the Euclidean distance between s and § is d i.e.,

d=|ls — 8|2

(4.14)

Define Uy, ie., ABCEFG as the unit hypersphere in R?*. The surface area of Us,

i.e., SA(ABCEFQG) is given by [33],
SA(Uspr) = 2MCopy

Where,

7TM

@MZNM+U

Define the spherical caps D*M i.e., ABC around the channel vector s,

D*M = (8 € Usa||ls — 8][2 < d)

(4.15)

(4.16)

(4.17)
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In hypersphere of real dimensions, there is a one to one correlation between the Euclidean
and angular distance between two points. In Fig. 4.3, let ZAOB = 6 be the angular
distance between s and 8. Since ||OA|| = ||8]| = 1, AD = sin(f) and OD = cos(). Since
||OB|| = ||s|| =1, BD =1 — cos(#). Therefore,

AB? = AD? + BD? = sin*(f) + (1 — cos(0))* = 2 — 2cos(h) (4.18)
Assuming b = d?,

b=2—2cos(0) (4.19)

0 = cos™' (1 —0.5b) (4.20)
The surface area of the spherical cap D* i.e., SA(ABC) is given by [33],
0
SA(D*) = (2M — 1)Corr—1 / sin*M 2 ¢dg (4.21)
0

We use random VQ in the proposed problem. The quantization code vectors are
uniformly and independently distributed in C™. So, the quantization code vectors in
R2M are also independent and isotropically distributed. Therefore, if we assume a small
sphere of radius d centred on s, the quantized code vectors can lie anywhere in this

sphere. This leads to the following result,

SA(ABC)
—3gl2 < pl = .
FPrills=8I" <l = s3iiserra (4.22)
Using (4.15), (4.16), (4.20) and (4.21) in (4.22) we get,
IM — 1)Cors cos™1(1-0.5b) . opr_o d
Prls - s < ¢ = U1y D

2M 02 M
All the quantized codevectors are randomly chosen. Therefore, the probability that the
square of the Euclidean distance between any quantization codevector and the original

channel is higher than b, is independent of the other. Therefore,

Pr[ min ||s —8§]|*>b] =

1€[1,N,]

. cosTH1-0.5D) . opr_o d N
(2M ].)CQM_l fO sin gb gb
1— Teny (4.24)
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Figure 4.4: Comparison of the simulated distortion with the theoretical upper bound

(2x1 complex vector)

Now, expected value of the distortion error variance due to shape quantization is found

as follows,

4
Bb) :/ Primin [|s — & > bldb (4.25)
0 1EN

The limits of integration in (4.25) follows from the fact that the square of the Euclidean
distance between two points in a unit radius complex sphere ranges between 0 and 4.

Lemma 2:

E(b) < C,27-1 (4.26)
2]v1711_‘ M o2M—1
Here, C = (W) is a constant with respect to B,.
2

Proof: See Appendix B.

Eq. (4.26) leads to the following result,

-2
2M—1

E(ls—3|%) < ( > L(M) 1)>2M_1 971 (4.27)

2TMT (—2M{1 +
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Fig. 4.4 compares the derived analytical result with simulated distortion. In the
simulation, we generate 25 random unit norm quantization code vector for each shape
quantization bit, By, shown in fig. 4.4. We assume that this set of code vector constitutes
the codebook. Thereafter, we generate a random unit norm vector downlink channel, s,
and map it to the quantized code vector based on Euclidean distance i.e. we find the
quantized code vector of the codebook that has the least Euclidean distance with s. We
calculate the squared Euclidean distance between s and its corresponding quantized code
vector. We iterate this process, i.e., generate different unit norm vector downlink channel

for 1000 times and find the average squared Euclidean distance, i.e., shape distortion.

Fig. 4.4 shows that the upper bound of the shape distortion, derived in (4.27), contains
a fixed gap with the original simulation. Therefore, we can approximate the shape

distortion due to quantization with the analytical expression of (4.27).

4.4 Optimal Bit Allocation

The overall bit distortion takes the following form:

D =FE[¢*] D, + D, (4.28)
— E[¢%] C,27 5T 4 272 (4.29)
= C,2 1 4 0,27 ABB) (4.30)

The entries of the original channel matrix, H, was assumed to follow a Gaussian distribu-
tion. Now, using the relationship between the singular values of a Gaussian matrix and
the eigenvalues of its corresponding Wishart matrix, E [¢?] = E[\.] = A.. Here X, and
X denote the e™ eigenvalue and the mean of the e™ eigenvalue of the Wishart matrix
respectively. A, for different eigenvalues can be found in [54]. Since E [¢%] = X, is also a

constant with respect to bit allocation, we assumed C, = C,E [¢?] in (4.30). Therefore,
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the optimal bit allocation problem can be defined as follows,
) C’ *AE _Z(B_Bs)

ming, p,Cs2" 2M-1 + C,y2 (4.31)

Lemma 3:

The optimal bit allocation problem has the following form,

2M — 1 2M — 1 C
B, = B+ gy (et 4.32
T o P T Og?(cg(2M—1)) (432)
1 2M —1 C
B,=—B - log, [ =2 4.
97 oM e (Cg(zM—1)> (4:33)

Here, C; and C, are the terms defined in the previous subsections.
Proof: See Appendix B.

Now, defining R = B/M as the bit rate, i.e., bit per transmit antenna, we find,

2M — 1 2M — 1 C
- L logy [ 4.34
Be=—oar 1 ~p 1o (Cg(QM— 1)) (4:34)
1 2M —1 C
- - log, [ =2 4.
Bo=onft ™~ 1o#2 (Cg(zM—1)> (4:35)

Here, R, and R, denotes the shape bit rate and gain bit rate respectively. Asymptotically,

as the number of transmit antennas goes to infinity,

2M — 1
= 4.
Ry~ =+ —R (4.36)
1
Ry~ 52oR (4.37)

The analytical expressions of (4.36) and (4.37) can be intuitively explained as follows:
The norm of a CM wvector varies across a one dimensional line. However, the shape of a
CM wector is uniformly distributed in the surface of a (2M —1) dimensional hypersphere.
Therefore, given 2M number of bits to quantize a vector, one should expend approximately
1 and (2M — 1) bit to quantize the gain and shape of the vector respectively.

Fig. 4.5 shows the effect of bit allocation in the quantization distortion of a 2x1 CM
MISO channel. We used (4.13) and (4.27) as the gain and shape distortion equation to

find the optimal bit allocation. Here, we had 16 bits in total to quantize the vector. The
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Figure 4.5: Effect of bit allocation in the 16 bit quantization of a 2x1 complex MISO

channel

x axis shows the amount of bits allocated in shape quantization. Now, B, = B — B;.
Therefore, the point By = ¢ indicates that ¢ and 16 — ¢ bits were used to quantize the
shape and the gain respectively where ¢ € [0,16]. According to Fig. 4.5, the lowest
distortions takes place at B, = 13 (0% = 0.021) and at B, = 12 (0% = 0.023). Our
analytical expressions in (B.44) and (B.45) lead to the following optimal point: B, = 12.4,
B, = 3.6. Thus, the predictions of our analytical expressions turn to be very close to the

actual bit allocation problem.

Therefore, the quantization error for a fixed bit rate takes the following forms,

D =C,27 51 4+ 2725 (4.38)

26_’82_2]\42—1 (2241\;13"'2]4\141\21 10g2(cg(5\§1—1))) + 092_2(ﬁ3_ A 10%2(09(5\51_1))>
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B CS = 1 2M —1
=27 log, [ ———t—— 9-aw — (2" 2m 4.
082 (Cg(QM - 1)) (CS C ) (4.39)
—D2 W (4.40)

Here, D. = log, (%) <C_'82_ﬁ — 092_2]53;1) is a constant that does not depend

on the feedback overhead.

4.5 Overall Algorithm

We used eigenbased combining here for quantization purposes i.e., each user would project
its MIMO channel into its most dominant eigenvector. Unlike Chapter 3, we do not use
an MMSE receiver to observe the effect of bit allocation i.e. we use the eigenbased
combiner also as the actual receiver. The steps of the overall algorithm of the proposed
method are:

1. The receivers generate gain codebook of By bits by generating dominant singular
values of a random Gaussian matrix and using K-means algorithm [42]. The receivers
also generate 2% random unit-norm codevectors, uniformly distributed in C™. Both
these processes are performed off-line.

2. The BS sends common pilot symbols so that receivers can estimate Hy.

3. The receivers use vy, = DRSV(Hy) and find Fy, = H;v,. Here, DRSV[:] means
finding the Dominant Right Singular Vector of the matrix.

4. The receivers use the stored codebooks to quantize the gain and shape of Fy(:,1).
Quantization is done based on Euclidean distance.

5. Q%' = ming <02 + U%LA;“”) tr(J7Y), such that tr(Q) < Pras. 0% = D of (4.40). J
follows (3.48).

6. Ty, = I 'E/Tr, W = 0/ |0 |o-

7. p=q.

8. vi = ||ag|| X Vy.

Here, ug,vi,p and q denote the same things as in Chapter 3. The reasoning for using
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||tg|| in the receiver design is as follows: Uy of step 6 minimizes the virtual uplink
SMSE of the system. However, 1, is normalized to limit the overall transmitted power.
Therefore, ||T|| is used as a post-multiplication factor at the receiver end to scale the
received signal i.e. to minimize the overall SMSE [50,51]. ||t || impacts the performance
of pulse amplitude modulation based system. The BS can inform the receivers regarding

their individual ||Tg|| by expending a few bits in a limited feedforward path.

4.6 Numerical Simulations

We present simulations to observe the effect of bit allocation in a multiuser multiantenna
system. In our multiuser system model, the base station has two transmit antennas and
there are two receivers. Each receiver has 2 receive antennas and receives 1 data stream.
The feedback overhead per user is 16 bits.

Fig. 4.6 shows the effect of bit allocation on the quantization error of the mentioned
vector. Figure 4.6 shows that B, = 13 and B, = 3 provides the optimal bit allocation.
The derived equations in (4.32) and (4.33) lead to the following result: at the optimal
point, B, = 2.6, B; = 13.4. Therefore, the theoretical solution matches closely with the
simulated result.

We observe the effect of bit allocation in the SMSE performance of a 16-QAM mod-
ulation based system. Fig. 4.7 shows that By = 12 and By = 13 leads to the minimum
SMSE whereas, Bs = 16 leads to higher SMSE. Therefore, optimal bit allocation across
gain and shape feedback provides better performance in terms of SMSE.

Fig. 4.8 shows that B, = 12 and B, = 13 performs best in terms of BER, too.
Multiuser interference changes both norm and shape of the received signal. Since B, = 16
uses B, = 0, the calculation of |||, in this case, becomes erroneous. The received signal
at the antenna does not get scaled properly and the change in norm due to multiuser

interference is not corrected. Therefore, the overall SMSE is not minimized. This leads
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Figure 4.6: Effect of bit allocation in the quantization of the product of dominant eigen-

value & the corresponding eigenvector of a 2 x 2 MIMO channel

to the inferior performance of B, = 16.

The norm of the recovered signal does not have any effect in phase shift keying
(PSK) based systems. Therefore, we observe the effect of bit allocation on the BER
performance of the MU-MIMO system using QPSK modulation. Here, M = 2, N =
2 2], L =[11], B=12. The optimal bit allocation analysis leads to following result:
B, =10, B, = 2. However, Fig. 4.9 shows that the B, = 12, B, = 0 leads to the least
BER in the QPSK modulation based system. This suggests that the use of all available
bits in shape quantization leads to the best performance in QPSK system, in terms of
BER. This result is in direct contrast with our optimal bit allocation derivation. We
assume that this may occur due to the fact that the BER in QPSK only depends on the

phase, not gain, of the recovered signal.

A closer look at the order of the performance of different bit allocation in Fig. 4.6,
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Figure 4.7: Effect of bit allocation in the SMSE of 16-QAM system, M =2, N = [22],L =
[11],B =16

Fig. 4.7 and Fig. 4.8 reveal that overall quantization error is related with the SMSE &
BER performance of a 16QAM modulation based system. However, since QPSK depends
only on phase, the quantization error & SMSE do not reflect the BER performance of a
QPSK based system. An extension of this work should be the investigation of the use of

higher bit rate feedback and the inclusion of other modulation systems.
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Chapter 5

Quantized Feedback in a Time

Varying Multiuser Channel

In the previous two chapters, we assumed a block fading channel model at each chan-
nel realization. The users had to quantize the full channel information for feeding back
to the base station. However, time varying channel is a more realistic model for the
application under consideration and the use of past channel knowledge can lead to sig-
nificant reduction in feedback overhead. This motivates us to design quantized feedback
in a time varying multiuser channel. In this chapter, we design linear least squares and
recursive least squares based adaptive predictors and 2 bit differential quantizers. Com-
pared to the existing differential feedback literature, our proposed quantizer provides

three advantages:

1. The controller parameters are flexible enough to adapt themselves to different

vehicle speeds.

2. The model is backward adaptive i.e., the base station and receiver can agree upon
the predictor and variance estimator coefficients without the explicit exchange of the

parameters

3. It can outperform fixed quantizer even when the correlation between two successive

66



CHAPTER 5. QUANTIZED FEEDBACK IN A TIME VARYING MULTIUSER CHANNELGT

Table 5.1: Channel Parameters

Parameter Value(units)

Carrier Frequency (f.) 2.5 GHz

Channel Sampling Rate (f;) | 200 Hz

Frame Duration (TY,) 5 ms

channel samples becomes as low as 0.05.

5.1 System and Feedback Model

We use the same system model and the notations that were enlisted in Chapter 2 and
3. However, since we assume time varying channels in our current scheme, our overall
system model incorporates channel mobility and feedback model.

The channels are temporally correlated and assumed to follow a modified version of
Jakes” model [59]. Here, channel parameters are selected (as in Table 5.1) to represent
typical values of the WiMax standard [1].

In this chapter, we use two different feedback methods. We introduce those two
methods here. The corresponding algorithms will be described in details in the respective

sections.

Channel Quantization

In this method, full channel knowledge is quantized and sent back to the base station
(BS). The receivers expend 2 bits on the differential quantization of the real and imaginary
parts of each channel entry based on minimum Euclidean distance. The base station (BS)

uses the following channel model:

H=H+H (5.1)
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Here, H and H denote the quantized channel and error in channel feedback respectively.
This channel model is used to find the optimal F through iteration between V and
Q [32]. This method allows the implementation of an optimal receiver at the expense of

higher feedback overhead.

Eigenentry Quantization

Here, we use the feedback model proposed in Chapter 3 i.e., the individual users only
feed back the effective vector downlink channel knowledge. At first, let us reiterate the

singular value decomposition model of the channel i.e.,
H, = A% BY (5.2)

In this proposed method, for the purposes of quantization only, the receivers use, as Vy,
the Ly right singular vectors corresponding to the maximum singular values of Hy. So,
Vi = By(:,1: Ly). Therefore, F, = Ag(:,1: Lg) x 3y(:,1 : Lg). Thus, each receiver
projects its own MIMO channel into the set of dominant eigenvectors.

The receivers expend 2 bits to perform adaptive differential quantization of each
real and imaginary entry of Ag(:,1: L) and fixed scalar quantization of each entry of
(s, 1: Ly). Since F is quantized and sent to the base station, the transmitter assumes

the following channel model,

F=F+F (5.3)

Here, F and F represent the quantized effective channel and error in the feedback re-
spectively. The dimension of F is M x L. As explained in Chapter 3, since L < N, this

method saves feedback overhead at the expense of a sub-optimal receiver.

5.2 Adaptive Differential Quantizer Model

The receiver uses the adaptive differential quantizer model of Stroh [53], shown in Fig. 5.1,

originally proposed for speech processing. The left and right sides of the channel block
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Figure 5.1: Block diagram of the adaptive differential quantizer

are located at the receiver and base station respectively. Since we assume the channel
variance to be Gaussian, a unit variance 2 bit Gaussian quantizer [39,43] is used in the
quantizer block. Let h,, and B represent the original and quantized channel parameters
at the n'" instant; h,, denotes the predicted channel entry, calculated based on the past
samples of ﬁn.; d, = h, — izn is the difference signal between the incoming channel entry
h, and predicted channel parameter h,; g, is used to normalize the variance of the
difference signal i.e., to avoid granular noise and overloading; d, = d, + qn,, where qn,,

is the quantization noise at the n'" instant; 2! denotes a one sample delay. Note that

we assume that the receiver knows the CSI exactly.
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To focus on quantization, we assume delay-less and noise-free feedback in our work.
Therefore, using the symmetry of the receiver and base station in adaptive differential
coding, By = hn+ qny, [16,53]. Here, the adaptor block controls the predictor coefficients
and the variance estimator block estimates g,. The predictor coefficients and variance
estimator parameters depend on h,, and a?n, rather than on h,, and d,,. Therefore, unlike

the differential feedback model proposed in [24,35,36], the BS can reproduce the predictor

and variance estimator parameters without the explicit transmission of the coefficients.

5.3 System Design

We design the predictor and variance estimator blocks to control the performance of the
adaptive differential quantizer. The three-fold objectives of the system design are given
below:

1. The system needs to be backward-adaptive i.e., the control parameters depend on B
and d,. This alleviates the need of explicit exchange of control parameters for different
channel correlations.

2. Minimize the quantization error variance.

3. Minimize the transient time.

We use both linear least squares (LLS) and recursive least squares (RLS) based pre-

dictor and variance estimators in our work.

5.3.1 LLS Based Predictor

The LLS predictor uses the model

T
iLn = ij,nhn—j (54)
j=1
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Here, T is the predictor order and w;,, is the j* weight coefficient at the n™ time instant.
The predictor coefficients are computed to minimize the mean squared error
1 & a i
62 = L_ Z hn—i - Z wjynhn_i_j (55)
P j=1
Here, L, is the learning period. €* is the fitting or average prediction error. The weights

are the solution to the linear equation,

P(n)w(n) = t(n) (5.6)

where w(n) is the T x 1 vector of predictor coefficients, at the n'® time instant; ®(n) is

the T' x T covariance matrix estimate and ¢(n) is a T x 1 vector given by,
®(n),, = Z Bl —i— (5.7)

w(n)]ﬂ = Z ilnfiilnfifj (5.8)

Clearly, this has the same form as the Weiner filter with a finite training period.

For LLS, the factor normalizing the variance, g,, is given by:

Here, Lg is the learning period of the variance estimator. k is a constant which is used
to compensate for the bias in the estimate. Since, d, is corrupted by quantizer noise, k

must be chosen via experiment.

5.3.2 RLS Based Predictor

As we will show later, linear least square based predictors perform close to ideal Weiner
filter predictors. However, reducing the steady state error to acceptable levels requires

increasing the learning period and an attendant increase of transient time [53]. The
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increase of transient time in LLS based differential quantizer motivates investigation of

a recursive least square based backward predictor [22]:
n—1
= X h(i)h" (i) (5.10)
i=1

= z_: AP (4)d! (4) (5.11)

®(n) = \®(n — 1) + h(n — )b (n - 1) (5.12)
Y(n) = Mp(n — 1) +h(n—1)d(n—1) (5.13)
®(n)w(n) = ¢(n) (5.14)
Here, h(i) = [h . ,iLFTH] and A is the memory factor of the predictor.

For the RLS variance estimator, g, is calculated as

_Zk” L=ig2 (5.15)
\/Z” e (5.16)

gn = k?l \/(1 — k?g) (k?g?}n_l + ngzfl>’ (517)

As n becomes large,

Here, ky plays the same role as k£ in LLS variance estimator. ks is the memory factor of

the variance estimator.

5.4 Selection of channel parameters

Fig. 5.2 shows the effect of the variance estimator learning period (Lg) in the quantization
error variance of LLS based feedback. As Fig. 5.2 shows, the quantization error variance
decreases as learning period increases. However, the increase of learning period in the
variance estimator also increases the transient time.

Fig. 5.3 shows the effect of learning period of the predictor (L,) in LLS based feedback.

The effect of the learning period length in the predictor block follows the same pattern



CHAPTER 5. QUANTIZED FEEDBACK IN A TIME VARYING MULTIUSER CHANNEL73

0.16 T T T T T T T T

o
(@)
c
@
‘= 0.124 _
m ‘ -
z ——L_=20
o oifr R
= oL =50
c 0.08
o ---L,=100
I L
N 0.06 —a—2bit fix
T 004 — 3bit fix
S o
o
0.02 i
0 i i
1 2 3 4 7 8 9 10

Figure 5.2: Effect of learning period of the variance estimator Lz in the quantization

error variance of LLS based feedback

of the learning period length of the variance estimator block. The increase in learning
period comes with the decrease in quantization error and increase in transient time. We
heuristically choose a learning period of 100 samples in our algorithm. Since, the time
duration between two successive sample is 5 ms [1], this will lead to a transient time of

around 500 ms.

Fig. 5.4 shows the effect of LLS bias (k) in the quantization error performance of the
system. As Fig. 5.4 shows, a lower value in the bias leads to a relatively small quantization
error variance at high speed. However, it leads to a relatively high quantization error
variance at low speed. The higher bias values tend to show the opposite pattern. We

stick to a bias value of 1.1 which provides a trade-off between these two extremes.

The predictor memory constant and memory factor, in the given range, do not have

a significant impact on the quantization error variance. We use a predictor memory
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Figure 5.3: Effect of learning period of the predictor (Lp) in the quantization error

variance of LLS based feedback

constant of 0.98 and a memory factor of 0.9 in our work. The design parameters used in

our experiments are provided in Table. 5.2.

Linear precoding algorithm with channel quantization based feedback

Given the approach taken above, the overall precoding algorithm is as follows: The BS

designs the linear precoding algorithms using the adaptive differential quantizer. Since

the BS has quantized knowledge of all the entries of H, the linear transceiver can be

designed with a few changes to the algorithm of [32]. Briefly, the resulting algorithm is:

1. The BS sends common pilot symbols so that receivers can estimate Hy,.

2. The receivers feed back each real and imaginary entry of H, using the proposed

adaptive differential quantizer.
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Figure 5.4: Effect of variance estimator bias (k) in the quantization error variance of LLS

based feedback
3. The BS initializes V;, = SVD(ICIk) and g, = 1,Vk.

4. Let, J = HVQVFHY + o1, + 0%, tr[QJIy. The BS iterates between optimum

V and Q to minimize J [32].
5. Uy = J 'H, Vi /Q,.
6. p=q.
7. The BS sends dedicated pilot symbols and the users implement MMSE receivers:
V. = (HIUPU"H, + ¢°1) ' HIUVP,. (5.18)

U%H is the quantization error variance associated with each scalar entry of the matrix

HV. We assumed V to be deterministic here to simplify the quantization error analysis.
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Table 5.2: Design Parameters

Parameter Description Parameter Notation | Value
Learning Period of the predictor in LLS Lp 100
Learning Period of the variance estimator in LLS | Lg 100
Bias of the variance estimator in LLS k 1.15
Order of the predictor memory T 2
Memory factor of the predictor in RLS A 0.98
Memory factor of the variance estimator in RLS | ko 0.9
Bias of the variance estimator in RLS ky 1.1

We used g2 as the quantization error variance in section 5.2 i.e., our proposed differential
channel model. Since we perform quantization of the real and imaginary component
independently, o3~ can be readily computed as g2, + g2; where g2, and g2, denotes
the quantization variance associated with the real and imaginary part of the channel

respectively.

5.5 Comparison of RLS and LLS based feedback

To simulate the performance of the adaptive differential quantizer, 2000 time correlated
zero-mean unit-variance complex Gaussian scalar channels were generated using the chan-
nel model of [59] for each speed. In this section, we provide the comparison of RLS and
LLS based feedback. Here, we choose the combination of the design parameters that, to
the best of our knowledge, provide the best performance in terms of quantization error
variance and transient time reduction. This set of design parameters is given in Table
5.2. One of the prime objectives of our overall study is to reduce the feedback overhead

in a time varying channel. Therefore, we show the quantization error variance of fixed
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2-bit and 3-bit feedback per channel entry in our work to illustrate the advantage of the
LLS and RLS based feedback. The quantization error variance of 2-bit and 3-bit fixed
feedback were obtained from [43].

We also show the performance of the 2 bit ideal Gaussian differential filter in time-
varying scenario. The ideal Gaussian differential feedback system should consist of the
following two things:

1. The minimum mean square error variance of the ideal predictor can be found as
follows [22]:

04, = 0h, — Y@1Y (5.19)

The ideal values of 1) and ® can be obtained for any given speed using Doppler fading [17].
2. The quantization error variance of the 2-bit ideal Gaussian quantizer is governed

by [39]:
or, =0.117507 (5.20)

qn

Using (5.19) and (5.20), we find the quantization error variance of an ideal Gaussian
differential feedback system. Fig. 5.5 compares the quantization error variance produced
by different feedback systems. Apart from pedestrian velocities (i.e., 1 — 1.5 m/s), the
RLS and LLS based feedback system provides almost same performance in terms of
quantization error reduction. Fig. 5.5 shows that the performance curves of both these
feedback system cross those of 3 bit fixed feedback and 2 bit fixed feedback at 4.5 m/s
(~ 16 km/hr) and at 9 m/s (=~ 32 km/hr) respectively. Thus, the proposed differential
quantizers reduce feedback overhead by 1 bit per channel entry up to 16 km/hr and
reduce quantization error with same feedback overhead up to 32 km/hr.

Note that both differential quantizers’ performance becomes inferior with respect
to fixed feedback as the vehicle velocity exceeds 32 km/h. Using the parameters from
Table 5.1, this speed corresponds to a maximum normalized correlation of 0.0255 between
two successive channel samples. Therefore, our proposed adaptive differential feedback

provides better results compared to fixed quantization as long as the temporal correlation
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Figure 5.5: Comparison of of differential feedback with fixed feedback

between two succesive channel sample remains positive.

Fig. 5.5 shows that the ideal differential quantizer keeps almost 1 m/s (= 3.6 km /hr)
performance gap with the proposed differential quantizer. The ideal differential quantizer
contains ideal co-efficients in the predictor and variance estimator block. While, our
proposed feedback system updates these parameters online. If a vehicle changes its speed,
our proposed feedback system can track the change of speed without explicit transmission
of the coefficients. Thus, our proposed feedback model works as a more realistic feedback
system at the cost of a performance gap.

Fig. 5.6 shows the transient time of RLS and LLS based feedback. The simulation was
performed at 6 m/s (i.e., 21.6 km/hr). The average quantization error was calculated at
every iteration. As expected, the RLS based feedback model outperforms the LLS based
feedback in terms of transient time. Defining transient time to be the time when average
quantization error gets reduced to 10% of its original value, the transient time of the

RLS based feedback is ~ 50 iterations i.e., 250 ms (since channel sampling frequency =
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Figure 5.6: Comparison of the transient time of RLS and LLS based feedback at 21.6
km /hr

5 ms). Most of the previous works on differential feedback [24,35,36] assume stationary
channels and need explicit exchange of control parameters. The adaptability to non-

stationary channels is a major advantage of the proposed feedback model.

5.6 Quantization of Eigenvectors

It is now well established in the single user, single data stream, case that projecting
the MIMO channel to its most dominant eigenvector yields better performance than full
channel quantization with same feedback overhead [40]. Due to multiuser interference,
this statement does not readily hold in multiuser multiple data stream case. However,
we still investigate the performance of the adaptive differential eigen-vector feedback in

multiuser time varying channels.
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Table 5.3: Codebook of scalar entries of eigen-matrix

M=2|M=3| M=4| M =28 | Standard Gaussian
-1.34 -1.40 -1.43 -1.48 -1.51
-0.43 -0.44 -0.45 -0.45 0.45
0.43 0.44 0.45 0.45 0.45
1.34 1.40 1.43 1.48 1.51

The scalar entries of Ag(:,1: Lg), the left singular vector matrix of Hy, can be adap-
tively differentially quantized using the same model shown in Fig. 5.1. Note that, both
the adaptive predictors proposed in the previous section do not assume any particular
model of the signal; they try to find the “best” predicted value based on the past obser-
vations. Therefore, if we can show the entries of A, to be approximately Gaussian, the
model of Fig. 5.1 can be readily applied to track A,. We use the following properties.

Property 1: The matrix of singular vectors of a rectangular Gaussian matrix is called
a Haar matrix. If A is a C**M Haar matrix, then F [JA;|*] = & 1 <4, < M [23].

Property 2: The probability distribution of v/M times the Haar matrix A, approaches

the standard complex Gaussian measure as M — oo. (4.2.11 of [45])

In practice, the entries of the Haar matrix approach a Gaussian random variable for
small values of M. To show this, we set N = 2 and choose different numbers of transmit
antennas, M. We generate 10° random Gaussian distributed channels, H € CM*V,
and find the left singular matrix of A € CM*M_ We randomly pick different entries of
A. After normalizing the samples using Property 1, we find the 2 bit codebook of the
collected samples using Kmeans clustering [38]. In Table 5.3 we compare the codebook

with that of a unit variance 2-bit standard Gaussian quantizer [39].

In Table 5.3, the columns list the 4 level codebook, based on the scalar entries of the

eigenmatrix with M transmit antennas. The table shows that even for small number of
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transmit antennas (e.g., 3), the normalized probability distribution of the scalar entries
of the Haar matrix resemble the Gaussian distribution. Fig. 5.7 and 5.8 show that the
entries of the left singular matrix of the MIMO channel appear increasingly Gaussian
as the number of transmit antenna increases. This prompts us to use our proposed
Gaussian differential filter to feed back the eigen entries to the base station. We spend 2
bits to quantize each real and imaginary entry of the singular vector. Since the adaptive
differential quantization might change the norm of the eigen vector, the BS normalizes

the eigen vector after receiving the feedback entries.

Note that the degrees of freedom of the Haar unitary matrix i.e., matrix of singular
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vectors, is less than the total number of real and imaginary entries. The minimum
number of parameters to represent the Haar matrix can be extracted through Givens’
rotations [47]. In the literature, an adaptive controller for step size changes of Givens’
rotated parameters has only been provided for pedestrian velocities [47]. The phases and
Givens’ rotated angles are not Gaussian distributed and least square based predictors are
not optimum to track these parameters. Therefore, we stick to our proposed adaptive
differential quantization policy. This ensures greater flexibility of our model to adapt to

different vehicle speeds at the cost of higher feedback overhead.

5.6.1 Fixed quantization of singular value

In Chapter 4, we provided the eigenvalue distributions of a Wishart matrix. For mod-
erate sizes of a MIMO system, the eigenvalues are not Gaussian distributed. Therefore,
the proposed differential quantizers do not perform well in the adaptive tracking of the
eigenvalues. This leads us to perform fixed quantization of the eigenvalues of the ma-
trix using the standard Lloyd-Max quantizer [39]. The distribution of the eigenvalues is
provided in Appendix B.

In this approach, receivers feed back F = HV to the BS, instead of providing H. This
saves feedback overhead as long as L < N. We used the transceiver design algorithm of

Chapter 3 for this feedback. The algorithm of Chapter 3 is again summarized here:
1. BS sends common pilots to the users so that each user can estimate its own channel.

2. Each user feeds back the entries of the dominant singular vectors using the proposed
adaptive differential quantizer and dominant singular values using fixed quantiza-

tion.

3. Virtual uplink power allocation: Let J = FQFH + o2I,, + 03, tr(Q)Iy and
J%F be the quantization error variance of each scalar entry of F. Then Q%' =

L .
ming <02 - ‘T%ZT:”> tr(J7Y s.t. tr[Q] = Phae; qx > 0 is convex in Q.
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4. Uplink beamforming: u; = J_lf}\/@, [lu]| =1
5. Downlink power allocation: p = q.

6. BS sends dedicated pilot symbols for each of the data stream. Each user finds Vy

using (5.18) and training.

Here, F = A x 3. The BS models each scalar entry of F as ]?‘ij = A”flz where f]z
is the corresponding quantized eigenvalue of the eigenvector associated with A;;. Since
the eigenvalues and eigenvector entries are quantized separately, using A = A+ A and

Y = 3+ X in (5.3), it can be easily verified that
E [\Fi,jﬂ —E [|Ai,j\2} 24 [22} A2 4B [|Ai,j\2} E [22} (5.21)
B |[Fif2| ~ B ||Al] $2 (5.22)

Here, Aw and X; are the quantization errors associated with the eigenvector and eigen-
value entry. (5.22) follows since the 1st term is much bigger than the other two terms
in (5.21). The BS can estimate F [|A”|2} online using g2, + g2,. Here, g2, and g2,
denote the variance of the real and imaginary part of the scalar entries of the eigenvector

respectively. Since the BS also knows 2? instantly, J%F can be calculated in real time.

5.6.2 Discussion

Sections 5.3 and 5.6 show that, since we assumed the channel to be Gaussian and the
difference of two correlated Gaussian random variables leads to another Gaussian random
variable, the model shown in Fig. 5.1 provides great flexibility and can hold for different
vehicle speeds. To the best of our knowledge, the proposed algorithms are the only
works in the adaptive differential limited feedback literature, which can provide both the

following advantages:

1. Unlike the Gauss-Markov models of [24,35,36], our model works when the normal-

ized autocorrelation between successive channel samples drops below 0.5.
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Figure 5.9: Comparing feedback methods at 11 kmhr, M =4, N = [4 4], L = [2 2]

2. Unlike the feedback model proposed by [47,56], the controlling parameters of the
predictor and variance estimator in our model do not depend on the knowledge of

the correlation between two successive channel samples.

5.7 Numerical Results

Fig. 5.9 and fig. 5.10 show the average bit error rate (BER) performances of different
feedback models with their respective overheads per second at 11 km/hr speed and 32
km /hr speed respectively. We used the linear transceiver of [32] and [25] to simulate the
performance of channel and eigen-matrix quantization respectively. Figure 5.9 shows that
the 2-bit adaptive differential feedback outperforms 3-bit fixed feedback and performs
very close to the full feedback scenario at 11 km/h . As Fig. 5.10 indicates, even at a high
speed of 32 km/h (corresponds to a normalized correlation of 0.1 with a 0 degree arrival

angle [17]), the proposed adaptive differential feedback reduces the BER by a factor of 2,
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Figure 5.10: Comparing feedback methods at 32kmhr, M =4, N = [4 4], L = [2 2]

with respect to 2-bit fixed feedback per channel entry i.e., with same feedback overhead.

In both Fig. 5.9 and 5.10, “2 bit adap eig” indicates the use of 2 bits to quantize each
of the real and imaginary parts of the scalar entries of the eigenvector in an adaptive dif-
ferential manner. Since, we assumed N = [4 4] and L = [2 2] in our simulation, spending
2 bits per scalar eigen-entry is equivalent to spending 1 bit per real and imaginary compo-
nent of the scalar channel entry. At low speeds like 11 km/hr, the eigen-entry quantizer
performs approximately as well as the 2-bit fixed quantizer and reduces the feedback
overhead by a factor of 2 for almost same BER. Thus both the adaptive differential feed-
back methods save 1 bit per real and imaginary entry of the channel matrix at low speed
(20 km/h for the channel trakcer and 8-9 km/h for the eigen tracker). This leads to a
saving of 2M N F bits in feedback overhead per second. Using the channel parameters

of Table 5.1 the proposed systems provide a feedback reduction of 12.8 kBit/sec.



Chapter 6

Conclusions and Future Work

6.1 Contributions

This thesis primarily focuses on different quantization algorithms of linear precoded mul-
tiuser MIMO channels that employ limited feedback. The algorithms developed in the
thesis can be readily applied in frequency division duplexing systems. Since the channel
reprocity between uplink and downlink does not hold in broadband time division duplex-
ing systems, the mentioned schemes can be utilized to broadband time division duplex
systems, too [19].

Chapter 3 separated the design of the transmitter and the receiver between the base
station and individual user end. There have been lot of works in the literature that focus
on joint transmitter-receiver optimal design at the base station. The separate design
of precoding and decoding matrix allowed low feedback overhead at the expense of a
sub-optimal receiver. The proposed subobtimal algorithm was shown to outperform the
optimal methods with quantized channel knowledge. The major novel contribution of
Chapter 3 lies in the extension of the maximum expected signal combining (MESC) to the
multiple data streams per user scenario. This algorithm retains the benefits of eigenbased

combining and quantization based combining at low and high SNR respectively. Our

36
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proposed algorithm was shown to outperform several other available linear precoding
based MU MIMO systems.

Chapter 4, at first, derived the quantization error variance of the gain and shape of a
vector for a given number of feedback bits. Thereafter, it provided optimal bit allocation
across different eigenvalues and eigenvectors of a matrix. This led to the reduction of
the overall SMSE of a multiuser MIMO system based on limited feedback. The derived
algorithms can be readily applied to MU MIMO systems that use eigenbased combining.
Using the norm of the effective vector downlink channel in quantization based combining
(QBC), the obtained result can be applied in QBC based MU MIMO systems, too.

Chapter 5 focused on adaptive differential feedback algorithms in time varying chan-
nels. Two adaptive differential scalar quantization models were proposed in the work.
They are: i) channel quantization and ii) eigenentry quantization. The differential
quantzers were shown to outperform fixed quantizers as long as the correlation between
two successive channel samples remained postivie. Unlike most of the previous works on
differential limited feedback literature, the proposed algorithms did not require the ex-
plicit exchange of channel correlation or control parameter information between the base
station and the user end. Both the algorithms were shown to provide several kBit/sec

feedback overhead up to 15 — 16 km/hr in present wireless communication standards.

6.2 Future Work

This thesis incorporates several limited feedback based quantization techniques in mul-
tiuser MIMO channel. We suggest that this thesis may form a basis for future research
that builds upon some of the ideas expressed here. The possible areas of future research
are furnished below:

1. Allocation of optimal bits across gain and shape of the channel led to superior

result, in terms of BER, in 16QAM modulation based system. However, allocating the
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total number of bits in the shape outperformed optimal bit allocation in terms of BER in
QPSK modulation based system. More investigation is needed to explore the correlation
between quantization error variance, SMSE and BER of different modulations.

2. As explained in Chapter 5, Givens’ rotation allows to extract necessary and suf-
ficient parameters to construct the Haar matrix. Therefore, the feedback overhead of
scalar adaptive differential quantization can be reduced by tracking Givens rotated pa-
rameters. Due to the non-linear nature of the Givens rotated parameters, our LLS and
RLS based differential quantizers could not track these. The use of non-linear filters
like particle filters in the tracking of givens rotated parameters should be investigated in
future.

3. Chapter 3 shows that the knowledge of quantization error variance is required in
designing the precoding beamformer and power allocator matrix. The quantization error
variance of EBC and QBC have already been derived in the literature. MESC converges
to EBC and QBC at low and high SNR respectively. Therefore, the quantization error
variance of MESC should follow that of EBC and QBC at low and high SNR respectively.
The error variance of MESC at intermediate areas of SNR remains an open area of future
work.

4. We only focused on multiuser MIMO systems with flat fading channels in our
work. An important adjunct to this work would be the extension of this work to systems

employing orthogonal frequency division multiplexing.



Appendix A

Quantization Error Analysis and

Code book Generation

A.1 Quantization Error Analysis

Due to the structure of the receive combining, the quantization error in the quantized
feedback effective MISO channel varies from low to high SNR. Thus, the variance of f;
varies, too. In the following, we give a brief explanation of the quantization error variance

in the high and low SNR scenario.

A.1.1 Quantization Error at Low SNR

2
P |¢H
+ Zm#k,le[l,Lm} T ‘fkj Uy,

in (3.19). Therefore, the proposed scheme leads to maximizing signal power and the quan-

In the low SNR region, we can assume, o2 >> (Zn# % ‘fgukn

tization problem can be formulated as finding the decoding vector that would maximize
the signal power and then finding the quantized code vector that is closest to the newly
formed vector downlink MISO channel.

Due to the formulation of the MSIP approach, the error variance of quantization
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error, o4, is measured in terms of the angle spread between the original and quantized

vectors. In [48], the quantization error of f was given in the following form,

o2 =F [sin2 (l (fkj,/fk»)} < 9w (A.1)

A.1.2 Quantization error at high SNR

In Section A.1.1, we showed that our proposed algorithm is equivalent to QBC at high
SNR for one data stream per user. Simulation results in Section 3.8 showed the simu-
lation of the convergence of this algorithm to QBC for multiple data streams per user.
Therefore, we analyze the high-SNR quantization error of our receiving combining scheme
using the concepts of QBC.

When each user receives one data stream, QBC chooses the codevector with the least
quantization error and thus converts a MIMO channel into an effective MISO channel [30].
The quantization error in this case is upper bounded by QM%?% [30]. Using the same
notion, for a multiple data stream per user scenario, the effective MISO channel of the
5 stream of a particular user can be chosen to generate the ;' least quantization error
with respect to its original MIMO channel. The expected quantization error of the j*
data stream (in terms of error tolerance) of the k'™ user in this method satisfies [18,30],

—B

0% < j x 2M-Ng (A.2)

Here, j € [1,L;]. Therefore, quantization error of any stream of the k' satisfies,
0% < Ly x Qﬁ. Note that the quantization method described in the previous pas-
sage can lead to intra-user interference due to the correlation of two codevectors of a
particular codebook. Our proposed algorithm avoids this scenario by incorporating the
intra-user interference in receiver combining. However, the codevectors chosen for two
different streams of a user vary with time and become mutually statistically uncorrelated
in the long term of multiple channel realizations. Therefore, we hypothesize that the

quantization error of our algorithm matches with that given by (A.2) at high SNR.
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The proposed receive combining scheme incorporates both an increase in signal power
and reduction in (intra and inter user) interference. The trade-off between these two de-
pends on the SNR. Due to the adaptive nature of this method, the expected quantization
errors for intermediate SNR cases are very hard to derive. In our simulations we assumed
the quantization error to take the form of (A.1) at low SNR (0 dB) and changed this
value linearly with transmitted power so that it converged to the form of (A.2) at high
SNR (30 dB). Investigating the expected quantization error at the intermediate SNR

remains an open research problem.

In summary, the quantization error of the proposed algorithm ranges between 9371

_—B
and L x 2M—Ng

A.2 Mean Square Inner Product based Vector Quan-

tization

The concept of MSIP VQ appeared in [48]. We include a brief description of MSIP VQ

here to make the thesis self-sufficient.

Let B be the feedback rate. The total number of codevectors, N = 25. Let f represent
a large set of random unit norm vectors in CM. Design a quantizer C' to maximize the

MSIP,

(1, ,CN):%?§<E|< f,.C(f) >|° (A.3)

Here C (f) = f is the quantized channel.

Nearest Neighbour Criterion

For given code vectors (c;;¢ = 1,---, N), the optimum partition cells satisfy,

Ri:(fGCMI|<f,CZ‘>|Z|<f,Cj>|,j7£Z') (A4)
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For i = 1,---, N; where R; is the partition cell (Voronoi region) for the i*" codevector

C;.

Centroid Condition

For a given partition (R;;i=1,---,N) , the optimum code vector is given by,

c; = (principal eigenvector) of E [ff7|f € R;].

The above two conditions are iterated until the MSIP E|< f,C (f) >|* converges.



Appendix B

Quantization Distortion and Bit

Allocation Proofs

B.1 Finding Hfg(r)H% in gain quantization

Taniguchi et al. [54] has provided the following probability density function of the eigen-
values of a MIMO channel,

1 ALt A
100 = g =y e () (B1)

Here, A denotes an eigenvalue of the Wishart matrix (i.e., HYH or HH). e denotes
the order of the eigenvalue. L(e) = (M —e)(N —e). ( is a constant whose value is given

through the following equation,

B = (.2)

Here ), is the mean of the eigenvalue. (B.1) provides the probability distribution function
of the eigenvalue of the Wishart matrix, A.. In our proposed algorithm, we are trying to
quantize the singular values of the gaussian matrix, g. Now, \. = ¢°.

Using Jacobian transformation [52], the probability distribution of the singular values
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of the gaussian matrix can be found as follows,

1 F2)L(e)~1 2
fo(r) = — ( >L ~—exp | —— | 2r (B.3)
(L(e) = 1)t pHe B
Therefore,
2 1 * 2n(e)-1 r? ’
L = - B.4
1500, = = () % e (55) ) (0
From standard mathematical tables ( [4], P - 380, eqn - 662),
. r (=)
/ z"exp (—ax?) dr = 7;; (B.5)
0 pa(T)
Comparing (B.5) with (B.4), we find, n = QL(?*l, a= %, p = 2. Therefore,
1—1 2L(§)—1+1
e "Var) = : B.6
0 r eExp _ﬁ )= 2L(§)71+1 ( )
2(3)
o0 2L(e)—1 7’2 1 L(e)+1 L(e) + 1
—— )dr|==(3 5| ———— B.7
([ e () o) s e (B52) e
X or(e)-1 r2 3 1 I L(e) +1
_ d _ = 3 (€)+1 1‘\3 B8
([ e (~55) @) =509 Hoxl (B5)

So, (B.4) takes the following form,
_ 2 L1 re)+1 argesips ((Lle) +1
10}l = o g O o (K (B.9)

~ 3x3MIp o L(e)+1
_4(L(e)—1)!r ( 3 )

B.1.1 Finding mean of the eigenvalues

Taniguchi et. al. [54] provided the following analytical expression of the mean of the

dominant eigenvalue, ,
M+ N \3

MN +1

(B.11) holds as long as MN < 250. [54] shows estimation methods to find the mean

Mo = MN ( (B.11)

other eigenvalues of the Wishart matrix. Using these values of the mean in (4.30), one

can find the appropriate C,, i.e. gain constant term.
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B.2 Shape Quantization Proof

Proof of Lemma 2:
Using (4.24),

o N
M — 1)Copr_y [ 70 gin2M =244
T T 0 '
Primin|ls —8[[" <0 = {1 20 ICon (B.12)
cos™1(1-0.5b) N
=[1-K, / sin*M=2pd¢ (B.13)
0
cos~1(1—0.5b) N
~|1-K / »*M~2dg (B.14)
0
N
_ <1 — Ky (cos ™t (1 — 0.5b))2M*1> (B.15)
In (B.13), we assumed K; = % (B.14) follows from the fact that, given a large

number of codevectors i.e., at high bit rate, the complementary cumulative distribution
function (CCDF) is significant only for smaller values of ¢. For these smaller angles, we
can assume sing =~ ¢. Fig. B.1 compares the simulated shape quantization distortion
with the original and approximate analytical shape quantization distortion of a 2 x 1 CM
vector. The original and approximate analytical distortions were plotted using (B.13)
and (B.14) respectively. The simulated distortion curve was plotted using the following
way:

1. We used 1024 (i.e. 2'°) unit norm random codevectors in our codebook.

2. We generated 10,000 random unit norm codevectors and assigned those to their closest
codevector, stored in the codebook, in terms of Euclidean distance.

3. We found the overall Euclidean distance based quantization error.

Here, the CCDF of the original and approximate analytical expressions are super-
imposed with the simulated CCDF. Therefore, (B.13) and (B.14) accurately model the
actual distortion. Now, for smaller distances (i.e., for small b), the CCDF of the orig-
inal and approximate analytical expressions are very close to each other. This justifies

the transition from (B.13) to (B.14). Note that, this similarity holds only for smaller
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Original Analytical Distortion
- - - Approximated Analytical Distortion|
- @ - Simulated Distortion

CCDF

i .
0.15 0.2 0.25 0.3
Square of the distance

Figure B.1: Comparison of the original and approximated CCDF of the shape distortion

of a 2x1 vector (10 bit quantization)

distances since sing # ¢ for larger ¢. Therefore, although the square of the Euclidean
distance of two random unit norm vectors can vary from 0 to 4, (B.15) will only hold
for smaller distances. Since the CCDF of the original function is negligible outside this
range, the limited boundary of (B.15) does not have any significant affect on the calcu-
lation of the expected value of the distortion. Note that, (B.15) follows from assuming

_ _Ki
Ky = 2M—1"

Now,

4
Bb) :/ Primin|[s — &]|[2 < b]db (B.16)
0 iEN

N

= / (1 — K, (cos™ (1 — O.5b))2M_1> db (B.17)

—9 / ' (1 = KoM 1)Y sin(6)do (B.18)
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2/¢ (1 — K61 6o (B.19)
/ KoM 6o (B.20)
— ini(2M—1)+1
_2/0< ( ) 1) Kif +>d9 (B.21)
ZQ;Z 2M—1 +12 (B.22)

Although the original value of the expected distortion ranges from between 0 and 4 in
(B.16), (B.17) holds only for small values d due to the results explained in the previous
section. The value of d can be approximated as long as it does not have significant
affect on the expected value. In (B.18) we assumed, 6§ = (cos™* (1 — 0.5b)). Therefore,
t = (cos™ (1 —0.5b)). Since only smaller angles of 6 contribute to E(b), we assumed
sinf ~ 6 in (B.19). In (B.21), we assumed ¢ = 1 to simplify the other calculations.

Fig. B.2 justifies the approximations that we used in the derivations of shape distortion
calculation. Here, approx1 and approx2 denote sin(f) ~ 6 (ref: eq. B.19) and ¢ ~ 1 (ref:
eq. B.20) respectively. As Fig. B.2 shows, the three curves are superimposed with each
other. Therefore, our justifications are valid, especially for high bit rate quantization.

Applying () = w, where (—N); = S840 (3] (B.22) takes the following

T(—N)
form,
N i i T N i
Z (=1)"(=N)(=1)'K; 2 Z (=N): K (B.23)
. . - . . 2 .
—~ il(i(2M - 1) +2) 2M — 1 = il(i + 537)
= KM (B.24)
2M —1 2M2 1 (1+ 2M2—1)N
NIT (1 + 52
_ ( 2M21) Kg (B25)
r (N +1+ oM 1)
T T (vezmn) |
IM—1
2M +1
=NG[(N — | K B.2
o (v ) (B.27)

2
(B.24) was found using ( [21], 6.6.8). In (B.25), we assumed K3 = K, . (B.27) was
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Figure B.2: Justification of the approximations used in Shape quantization distortion

calculation

obtained using the relation between gamma and beta function, 5(a,b) = L()I() [44].

T'(a+b)
Following a similar work of Jindal [29], we find,

oM + 1 L)1+ 537)
Ng (N, =28 = (B.28)

2M -1 [(28 +1+ 575)

B

cop_ T2 (5.20)

L(28 +14 575)
_ TP+ (B.30)

D28 +1+4 72)

The preceding inequality in (B.29) is justified with the following reasoning: due to the

convexity of the gamma function [29] and the fact that I'(1) = I'(2) = 1, I'(z) < 1 for

1<z <2. Let,y=20+-2- t=1--2— sothat,y+t =20+1 y+1=20+1+2_.

By applying Kershaw’s inequality for the gamma function [31],

T(y+1) !
— < + = Vy>0,0<t<1 B.31
Ty + 1) (y 2) Y (B31)
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Using (B.31),

r2f+1) 5 2 1\ T
< (2 0.5 — B.32
T'(28 + 14 57) < Tom—1” 2M — 1 (B.32)
B 1 231
= (2P + gz T 05 (B.33)
< 97T (B.34)

Using (B.34) and the value of K3 we find,
N

(D' (=N)(=)'ES _ (Copaoa )75 o
> MGRM -1 +2) (2M02M> 2 (B-35)

Using the values of Csy;_1 and Csy; one can obtain,

E(b) < C 221 (B.36)

—2

2M— 2M—1
Here, C, = <%) is a constant with respect to Bs.
2

B.3 Optimal Bit Allocation Proof

Taking the 1st and 2nd order derivatives of (4.30), we find,

dD _ 2B 2
B~ C,(In2)2 21 <_m) + Cy(In2) (272875)) 2 (B.37)
’D __2B. 2 ? —2(B—B,
7B~ Cy(In2)*27 2 (—2M — 1) +C,y(21n2)? (27B-5)) (B.38)
d’D

From (B.38), &5 > 0. Therefore, the optimal bit allocation problem is convex [7]. Now,

equating the 1st derivative to be zero,

: MC — At = (C,2ABB) (B.39)
grmeangiy __ Cs (B.40)
C,(2M — 1) :
2B C

2B, * 9B =log, =Tt B.41
o1 082 <Cg(2M—1)> (B41)

2M B 1 C
S —Btlogy (= B.42
M1 g% (OQ(QM—1)> (B42)

oM —1_ 2M—1 C
B, = B logy =2 B.4
Y VY VR <(Jg(2M - 1)) (B43)
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Therefore, at the optimal point,

oM —1_ 2M—1 C
B, = B+ Clogy [ =t B.44
T Toa P T o (cg(zM - 1)) (B44)
1 2M — 1 C
B,=-—B— logy [ =2 B.45
97 oM % (CQ(QM - 1)> (B.45)
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