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Most inverse optimization models impute unspecified parameters of an objective function to
make an observed solution optimal for a given optimization problem. In this thesis, we propose
two approaches to impute unspecified left-hand-side constraint coefficients in addition to a cost
vector for a given linear optimization problem. The first approach minimally perturbs prior
estimates of the unspecified parameters to satisfy strong duality, while the second identifies
parameters minimizing the duality gap, if it is not possible to satisfy the optimality conditions
exactly. We apply these two approaches to the general linear optimization problem. We also
use them to impute unspecified parameters of the uncertainty set for robust linear optimization
problems under interval and cardinality constrained uncertainty. Each inverse optimization
model we propose is nonconvex, but we show that a globally optimal solution can be obtained

by solving a finite number of tractable optimization problems.
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Chapter 1

Introduction

Inverse optimization (IO) aims to determine the unspecified parameters of an optimization
problem (the forward problem) that make a given solution optimal. To date, most of the
literature has focused on formulating and solving IO problems that determine parameters of
the objective function, under the assumption that parameters specifying the feasible region are
fixed. These methods are appropriate regardless of whether the given solution is or is not a
candidate to be exactly optimal (e.g., a boundary vs. interior point in a linear optimization
problem). In the former case, the optimality conditions can be satisfied exactly (Ahuja and
Orlin, 2001, Iyengar and Kang, 2005, Schaefer, 2009), and to choose among multiple satisfactory
imputations, it is typical to include an objective function that minimally perturbs “prior”
estimates such that the observed solution is exactly optimal. In the latter case, the imputed
parameters minimize some measure of suboptimality (Chan et al., 2014, 2017, Keshavarz et al.,
2011).

While most 10 literature has focused on imputing an objective function, some recent work
has considered imputing constraint coefficients in a linear optimization problem. The problem
of imputing a cost vector alone can be solved by a linear IO model, but the models for imputing
constraint coefficients are all nonconvex. In particular, only a small number of these papers
consider imputing “left-hand-side” constraint coefficients: Birge et al. (2017) use observed
electricity prices to impute parameters of electricity market structure in the economic dispatch
problem, and Brucker and Shakhlevich (2009) use an observed job schedule to impute job
processing times in the minimax lateness scheduling problem. In both cases, the authors exploit
characteristics of their particular forward problem to derive a tractable inverse problem.

The goal of this thesis is to solve the IO problem of imputing unspecified constraint param-
eters for the general linear programming problem, such that an observed solution is optimal
with respect to some nonzero cost vector. The motivation for this problem is that we may
have estimates of constraint parameters, but due to inaccuracy in these estimates the observed
solution is not a candidate to be optimal for the forward problem; or we may altogether lack
estimates of some constraint coefficients. Accordingly, the first part of this thesis considers

the problem of recovering a left-hand-side constraint matrix for a general linear programming



CHAPTER 1. INTRODUCTION 2

problem, given an observed solution and a known “right-hand-side” constraint vector.

In the second part of this thesis, we adapt this IO approach to the situation that the
forward problem is a robust optimization problem: this can be viewed as a special case of
the general problem from the first part of the thesis, but we will first motivate this problem
independently. Suppose that we have estimates of all constraint parameters, but the observed
solution is apparently not a candidate to be optimal for the forward problem: the reason
for this may be that we have failed to take into account a model of uncertainty the decision
maker incorporated into her decision-making process. Given the growing adoption of robust
optimization in both the research and practitioner community, it will increasingly be the case
that robustly optimized decisions may be observed in a variety of settings and IO models
will be taking such solutions as input. Accordingly, we consider the problem of recovering
unspecified parameters of an uncertainty set, given an observed solution and nominal estimates
of all constraint coefficients for a linear optimization problem. In particular, we will solve this
problem for two different uncertainty sets, interval uncertainty (Ben-Tal and Nemirovski, 2000)
and cardinality constrained uncertainty (Bertsimas and Sim, 2004). In both cases, the robust
problem is itself a linear optimization problem, and hence imputing unspecified uncertainty set
parameters is a special case of the general problem considered in the first part of this thesis.

For each of the three forward problems we have introduced, we consider two IO problem
variants distinguished by whether or not it is possible to guarantee a priori that there exist
parameters making the observed solution exactly optimal. In inverse linear optimization models
that impute a cost vector only, the candidacy of an observed solution to be optimal depends
on whether or not the solution is on the boundary of the feasible set. However, because in
this work we are imputing parameters that determine the feasible set, the candidacy of the
observed solution to be optimal depends on the extent to which the unspecified parameters are
allowed to change the feasible set. Limitations on this ability to change the feasible set may
arise from external constraints on the unspecified parameters, motivated by the application
domain. Accordingly, we will propose two alternative IO models for each forward model: the
first will require the observed solution to be exactly optimal, and the second will minimize
suboptimality, in case optimality cannot be achieved exactly.

In this work, we study three different linear optimization problems as forward problems,
each with a different set of constraint parameters to be imputed. For each forward problem,

we make two contributions:

1. We derive a tractable solution method for the nonconvex IO problem of minimally per-
turbing prior estimates of constraint parameters, such that an observed solution is exactly
optimal for some nonzero cost vector. When the forward problem is the general linear
programming problem or a robust linear program with interval uncertainty, the method
requires solving a finite number of convex optimization problems (linear when the extent
of perturbation is measured by a linear objective function.) When the forward problem

is a robust linear program with cardinality constrained uncertainty, the method requires
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solving a finite number of linear optimization problems.

2. We derive a tractable solution method for the nonconvex IO problem of imputing du-
ality gap-minimizing constraint parameters, subject to external (application-motivated)
constraints on the parameters to be imputed. When the forward problem is the general
linear programming problem, the method requires solving a finite number of optimiza-
tion problems which are linear whenever the external constraints are linear. When the
forward problem is a robust linear optimization problem, the method requires solving a
single mixed integer optimization problem, which is mixed integer linear whenever the

external constraints are linear.

1.1 Related literature

In this section, we provide an overview of related literature in two areas: inverse optimization

and robust optimization.

1.1.1 Inverse optimization

Ahuja and Orlin (2001) formalized the classical approach to inverse linear optimization, which
assumes that a single observed solution is on the boundary of a known feasible region, and
minimally perturbs a prior cost vector such that the observed solution is optimal. Chan et al.
(2014) generalized this approach by allowing that the observed solution may not be a candidate
to be an optimal solution, and instead impute a cost vector that minimizes the duality gap.
Chan et al. (2017) further generalized this approach by proposing a model that minimizes a
general error function, and showing that the duality gap-minimizing model can be derived as a
special case.

Recently, some methods have been developed to impute both the right-hand-side and cost
vectors for a linear optimization problem. This problem is in general nonconvex, and the authors
who have addressed this problem have either derived an approximate solution, or exploited
characteristics of their particular problem instance to derive a globally optimal solution. In the
former group of papers, Dempe and Lohse (2006) propose an IO model that minimally perturbs
an observed solution such that there exist right-hand-side and cost vectors making it exactly
optimal, and they derive a local optimality condition for this model. Saez-Gallego et al. (2016)
and Saez-Gallego and Morales (2017) also formulate models to recover these two vectors, and
apply the methods to inverse problems in electricity markets: the first paper minimizes the
sum of perturbations of the observed solutions such that they are exactly optimal, whereas the
second paper minimizes the sum of duality gaps for the observed solutions. Both models are
solved using approximate solution methods that first estimate the right-hand-side vector, and
then fix its value to linearize the IO model.

Several papers exploit problem-specific characteristics to impute globally optimal right-

hand-side and cost vectors. Cerny and Hladfk (2016) assume that the observed solution is
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optimal with respect to the prior estimates of these vectors, and determine the maximum
distance that each vector can be perturbed in the direction of a given perturbation vector.
Chow and Recker (2012) reduce the complexity of the IO problem by exploiting the structure
of their forward problem, the household activity pattern problem. We also note two papers
that impute right-hand-side coefficients under the assumption that the cost vector is known:
Giiler and Hamacher (2010) consider the problem of minimally perturbing edge capacities in
the minimum cost flow problem such that an observed solution is optimal, and they solve this
problem using an optimality condition specific to the minimum cost flow problem. Xu et al.
(2016) assume that multiple observed solutions in the feasible set Ax < b are all exactly
optimal, and therefore the optimality conditions will be satisfied by a right-hand-side vector
in which each component has the minimum possible value such that all observed solutions are
feasible.

Few papers have addressed the problem of imputing the unspecified parameters of the coef-
ficient matrix, and those that do exploit specific problem characteristics or make assumptions
to derive a tractable problem. Birge et al. (2017) assume partial access to both the primal and
dual solutions, to eliminate bilinearities in the IO problem. Brucker and Shakhlevich (2009)
make use of the necessary and sufficient optimality conditions for their forward problem, the
minimax lateness scheduling problem.

Chassein and Goerigk (2016) propose 10 models that recover parameters of the uncertainty
set for a robust optimization problem, but their work is distinct from ours in several respects.
Their forward problem is a discrete optimization problem in which only the cost vector is
subject to uncertainty, and they consider interval uncertainty but not cardinality constrained
uncertainty. Their inverse problem assumes that the feasible set is known and the observed
solution is optimal with respect to the nominal cost vector, and seeks to determine the greatest
degree of uncertainty in the cost vector such that the nominal optimal solution remains optimal
for the robust problem. Hence their IO models do not recover constraint parameters for the
forward problem.

Although we have focused on IO models for which the forward problem is linear, we note that
1O models have also been proposed for forward problems that are nonlinear, including conic
(Iyengar and Kang, 2005), convex (Keshavarz et al., 2011), and discrete (Heuberger, 2004,
Schaefer, 2009). I0 models have furthermore been proposed for problems where parameters of
the forward problem must be imputed from multiple observed solutions (Aswani et al., 2015,
Bertsimas et al., 2015, Keshavarz et al., 2011).

1.1.2 Robust optimization

Robust optimization solves the problem of optimization under parameter uncertainty by requir-
ing a feasible solution to satisfy the constraints for all possible realizations of uncertain param-
eters. In this thesis we are concerned with an uncertain linear program min{c™x: Ax > b},

where the matrix A contains nominal estimates of uncertain quantities. The corresponding
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robust counterpart min{cTx: Ax > b, VA € U} minimizes the same objective function over
the robust feasible region, which requires a solution to satisfy the constraints for all possible
realizations of A in the uncertainty set U, which includes the nominal estimate A. The ro-
bust feasible region is thus a subset of the nominal feasible region. For any given uncertainty
set, some transformations may be required to derive a tractable optimization problem that is

equivalent to the robust counterpart.

The first robust optimization model was proposed by Soyster (1973), who defined an uncer-
tainty set where the columns of the constraint matrix are elements of independent convex sets.
He then showed that the robust counterpart is equivalent to a linear program in which each
constraint coefficient is obtained by taking the maximum value over the convex set defining the
allowable realizations of that coefficient’s respective column. This approach was then applied
by Ben-Tal and Nemirovski (2000) to a special case of Soyster’s uncertainty set referred to as
interval uncertainty, in which each and every constraint coefficient is allowed to vary indepen-
dently within a symmetric interval centered on the nominal estimate (see also Ben-Tal et al.
(2009, p. 19)).

The interval uncertainty approach can be considered over-conservative because the robust
counterpart effectively assumes that all uncertain coefficients may take their worst-case values
simultaneously, leading to the exclusion of good solutions that may be feasible with high prob-
ability. Accordingly, several authors proposed ellipsoidal uncertainty sets that allow the user to
better tune the degree of conservatism. The simplest ellipsoidal uncertainty set (Ben-Tal et al.,
2009, p. 19) allows that for a given constraint, each coefficient may vary within some fraction
of its interval of uncertainty, and the vector of fractions must be within a Euclidean ball of
some fixed radius, where the radius controls the degree of conservatism. A more sophisticated

variant intersects simple ellipsoidal with interval uncertainty (Ben-Tal and Nemirovski, 2000).

A disadvantage of the ellipsoidal uncertainty set is that the resulting robust counterpart is
a second order conic program and hence more computationally demanding than the original
uncertain linear program. To preserve the advantages of the ellipsoidal uncertainty set while
also preserving the complexity of the original problem, Bertsimas and Sim (2004) proposed the
cardinality constrained uncertainty set, which is similar to the ellipsoidal uncertainty set, but
requires the vector of fractions to be within a ball of the L; norm rather than the Euclidean
norm. It can furthermore be shown that the cardinality constrained uncertainty set is a special
instance of the polyhedral uncertainty set, in which each row of the constraint matrix is allowed
to vary within a polyhedron, and for which the robust counterpart is also a linear program
(Bertsimas et al., 2011).

Several other approaches have been proposed in the literature, including norm uncertainty
(Bertsimas et al., 2004), distributional robustness (Delage and Ye, 2010), and data-driven uncer-
tainty (Bertsimas et al., 2017). Moreover, while we have focused on uncertain linear programs,
robust counterparts have also been proposed for nonlinear optimization problems, including
quadratic (Ben-Tal et al., 2002) and discrete (Kouvelis and Yu, 1997). Applications of robust
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optimization have included finance (Goldfarb and Iyengar, 2003), revenue management (Ball
and Queyranne, 2009), supply chain management (Bertsimas and Thiele, 2006), medicine (Un-
kelbach et al., 2007), and energy systems (Jiang et al., 2012). For fuller surveys on robust
optimization, we refer the reader to Bertsimas et al. (2011), Gabrel et al. (2014), and the
reference book by Ben-Tal et al. (2009).

1.2 Organization and notation

The remainder of this thesis is organized as follows. In Chapter 2, we propose IO models
and solution methods to impute left-hand-side coefficients for the general linear programming
problem. First we consider a model that requires the imputed parameters to satisfy strong
duality, second we consider a model that minimizes a duality gap, and then we provide nu-
merical examples to illustrate the two approaches. In Chapter 3, we propose 10 approaches to
impute uncertainty set parameters for the robust linear optimization problem under interval
uncertainty, and cardinality constrained uncertainty. For each of the two cases we again pro-
pose strong duality and duality gap-minimizing variants, and numerical examples. In Chapter
4, we provide concluding remarks. Proofs which do not appear in the body of the thesis are
contained in the appendix.

We define the following notation. Let e be the vector of all ones. Let e; be the unit vector
with i-th coordinate equal to 1. Let a; be the i-th row of A. If we have a set of vectors with
common index but differing lengths (e.g., a; for all i € I), we will sometimes abuse notation
and use a to denote the set of vectors {a;}icr. In some optimization models, we will abuse
notation and write A as a variable, although we are minimizing over the vectors {a; };c; rather

than a matrix A. We define sgn(z) =1 if 2 > 0 and —1 otherwise.



Chapter 2
Inverse linear optimization

In this chapter, we consider the general linear optimization problem

minimize Cili

mize ) cja;
jeJ

subject to Zaij:vj >b;, Viel.
jeJ

(2.1)

Given b and an observed solution %X, the IO problem aims to identify a constraint matrix
A that makes the observed solution X optimal for some nonzero cost vector. In particular, we
consider two variants of this problem. The goal of the first problem is to minimally perturb
prior constraint vectors &; such that X is exactly optimal for some nonzero cost vector. The
goal of the second problem is to identify constraint vectors a; in some predefined set €2 such
that there exists a nonzero cost vector minimizing the duality gap. The set €2 corresponds to
external constraints on the constraint coefficients, motivated by the application domain, and if
these constraints are sufficiently restrictive then a duality gap of zero (i.e., exact optimality)
will not be possible.

We note here that the problem of recovering both A and b can be subsumed by the problem
of recovering A only. To show this, we first note that problem (2.1) is equivalent to

minimize c™x+ hgq
X,q

subject to <A b) (X> >0, (2.2)

q
q=—1.

The auxiliary variable ¢ can be assigned an arbitrary coefficient A in the objective function
because the value of ¢ is fixed to —1, and thus the particular value of its coeflicient in the
objective function is inconsequential. Let our forward problem be miny{€™x: Ax > b}, with
A= <A b), b=0,¢ = (c,h), and X = (%, —1). The IO problem recovers A, and hence it

effectively recovers A and b.
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The remainder of this chapter is organized as follows. Sections 2.1 and 2.2 introduce
the strong duality and duality gap problems respectively, and describe tractable solution ap-
proaches. Subsection 2.1.1 will demonstrate that the strong duality formulation may produce
trivial solutions in some situations. Section 2.3 provides numerical examples to illustrate the

solutions to the IO problems, including examples with trivial solutions.

2.1 Strong duality

We assume X # 0 (otherwise, unless b; = 0 for some i € I, it would not be possible for any
constraint to be active, and hence it would not be possible to achieve strong duality.) We assume
that prior constraint vectors &; # 0 are given for all ¢ € I. Let 7 be the dual vector associated
with the constraints of the forward problem (2.1). The following formulation minimizes the
weighted deviations of the vectors a; from &;, while enforcing strong duality, and primal and

dual feasibility:

mllg‘l}glrlze Z&Haz — & (2.3a)
i€l
subject to Z ciZj — Z bimi =0, (2.3b)
jeJ iel
Zaiji'j > bz', Vi € I, (2.30)
jeJ
> m=1, (2.3d)
i€l
Zaijm = ¢y, Vi € J, (2.36)
icl
m >0, Viel. (2.31)
In the objective function (2.3a), ||-|| is an arbitrary norm, and £ is a vector of real-valued weights

that is user-tunable. Unlike previous 10 approaches that minimize deviation of ¢ from some
prior ¢, we do not include such an objective since our goal is to determine a constraint matrix
A that makes X optimal; the variable c is simply needed to ensure X is optimal with respect to
some cost vector.

Constraints (2.3b), (2.3¢), and (2.3e)-(2.3f) represent strong duality, primal feasibility, and
dual feasibility, respectively. Notice that the strong duality and dual feasibility constraints can
trivially be satisfied by (c,7) = (0,0). Formulation (2.3) would then only require A to ensure
primal feasibility, which is insufficient to guarantee X is optimal with respect to some nonzero
c. Accordingly, constraint (2.3d) is a normalization constraint that prevents @ = 0 from being
feasible, and requires ¢ to be in the convex hull of {a;};c;. This set of feasible cost vectors may
still include ¢ = 0, but whether ¢ = 0 will be optimal depends on the choice of norm, and on

the problem data. We will comment further on this possibility in Section 2.1.1.
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Before proceeding with the solution of formulation (2.3), we briefly note that it has a feasible

solution.
Proposition 1. Formulation (2.3) is feasible.

All constraints of formulation (2.3) are linear except for the dual feasibility constraint (2.3e),
which is bilinear in A and the dual vector 7. Nevertheless we can determine an efficient solution
method. To do so, we first show that the constraints of formulation (2.3) effectively formalize
the geometric intuition that an optimal solution for a linear program must be on the boundary

of the feasible region.

Lemma 1. Every feasible solution for formulation (2.3) satisfies

Za%jjj =b;, for some iel, (2.4a)
Jj€J
Zai]’ij >b;, Viel. (24b)
jedJ

Conversely, for every A satisfying (2.4), there exists (c,m) such that (A,c, ) is feasible for
formulation (2.3).

Proof: To prove the first statement, we assume » jed a;j&j > b; for all ¢ € I and derive a

contradiction. Substituting (2.3e) into (2.3b), we get

Zﬂ'izal’jfj == Zﬂ-zbz (25)

el jed icl

Constraint (2.3d) ensures that I := {i € I: m; > 0} # @. Since we have assumed djes Gigd; >

b; for all i € I, we have

T Zaij:%j > 7Tibi, Vi € T,
jeJ

and since m; > 0 for all ¢ € I,

Z e Z ai;T; > Z m;b;,
icl  jeJ icl
which contradicts equation (2.5).
To prove the second statement, let A satisfy (2.4), 7 be defined by (2.4a), ¢ = a; and ™ = e;.
This solution is feasible for formulation (2.3). O
Lemma 1 allows us to characterize an optimal solution for formulation (2.3) and devise an

efficient solution method:
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Theorem 1. For alli € I, let

fz' = Hélliin &Hal — ézH Zaiﬂ%j = bi y (2.6)
jeJ

gi = nelxiin §,Haz — ﬁz“ Zaijfcj >b;p, (2.7)
jeJ

and let al and aj be optimal solutions for (2.6) and (2.7), respectively. Let i* € argminge{f; —

i
gi}. Then the optimal value of formulation (2.3) is fix +Ei#i*7i61 gi, and there exists an optimal
solution of (2.3) with

Foirs o
el o 28)
5oafiFriel,

C = a;*. (29)

Remark 1. Theorem 1 shows that an optimal solution to the nonconvex inverse problem (2.3)

can be found by solving 2|I| convex problems (linear with appropriate choice of ||||).

Proof: By Lemma 1, solving formulation (2.3) is equivalent to solving the following opti-

mization problem for all ¢ € I, and taking the minimum over all || optimal values:

mlngnlze Zszaz - aiH

i€l

subject to > a;;#; = by, (2.10)
jeJ ‘
jeJ

Suppose we fix some ¢ € I. Since formulation (2.10) is separable by i, the optimal value of the

i-th formulation (2.10) is f; + >_iziicr 9i- Therefore, the optimal value of formulation (2.3) is

min § f; + Z i

el -
i#iiel

Clearly, the optimal index ¢* must satisfy * € arg min;c;{f; — g;}. An optimal A is derived
from the optimal solutions of (2.6) and (2.7),

al ifi =i,
a; = . x -
ai ifi#£i*iel,

and an optimal cost vector is ¢ = a;=. O

S Q



CHAPTER 2. INVERSE LINEAR OPTIMIZATION 11

Theorem 1 can be interpreted as follows. For all ¢ € I, f; is the minimal value of the i-th
term in objective function (2.3a) such that constraint i is rendered active. Similarly, g; is the
minimal value for constraint ¢ to be rendered feasible; clearly, g; # 0 only if X is infeasible with
respect to &;. For X to be optimal for the forward problem, some constraint ¢* must have a;« set
such that X is on the boundary. The optimal choice of this constraint is the one that requires
the minimal additional increase in &;||a; — &;|| for the constraint to be active rather than merely
feasible, i.e., i* € argmin{f; — g;}. To satisfy the optimality conditions, the cost vector is set
perpendicular to this active constraint.

Because problems (2.6) and (2.7) are the projection of a point onto a hyperplane and
halfspace respectively, they have analytical solutions when the projection uses the Euclidean
norm (Boyd and Vandenberghe, 2004, p. 398). We omit the proof of this result, which is

straightforward.

Corollary 1. Let the norm in objective function (2.3a) be the Fuclidean norm. Then for all
1e1,

alx — b,
fi=& |2k (2.11)
%13 2
ATA
Foa a, X —b; .
a; =4 — —5—%, (2.12)
P xIB
albigll rate - b
gi = Sl TR x|, Yax<b (2.13)
0 otherwise,
A AIR=bi.  paTs '
af _ a; EE X ifa xR <b, (2.14)
a; otherwise.

2.1.1 Possibility of trivial solutions

In general, it is possible that the optimal solutions for formulation (2.3) described in Theorem
1 are trivial, by which we mean that ¢ = 0 and/or a; = 0 for any ¢ € I. The conditions on
the problem data (A, b, %) that cause this issue depend on the choice of norm in the objective
function (2.3a). Only for the Euclidean norm will we be able to characterize the problem data
under which this issue occurs. For the remainder of this section, we assume the norm in (2.3a)
is the Euclidean norm.

To determine when (2.8)-(2.9) give a trivial solution, we must first determine when alf =0
or a/ = 0. The following two results establish necessary and sufficient conditions on &;, b;, and

X% for these trivial solutions to occur:

Proposition 2. Let the norm in objective function (2.3a) be the Fuclidean norm. For alli € I,
al = if and only if b; = 0 and X = §;4; for some §; € R.

7

Proof: (=) Since a; = alf = 0 must satisfy a]% = b;, we get b; = 0. Using equation (2.12),
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AT
_ A

a; =0 and b; =0 imply &; = E

X=94

%

%. Since &; # 0 by assumption, &% # 0, and we can deduce

DO )

<112
with §; = 122,

ATo
aix

i
(<) If b; = 0 and X = ;4;, then it is easy to see from equation (2.12) that alf =0. O

Proposition 3. Let the norm in objective function (2.3a) be the Fuclidean norm. For alli € I,
al = 0 if and only if A]%X < b;, b = 0 and X = §;&; for some §; € R.

Proof: (=) Since &; # 0 by assumption, al = 0 and the cases in equation (2.14) imply that
a/% < b;. In the case that % < b;, the Euclidean projection of &; onto the halfspace XTa; > b;
is equivalent to projection onto the boundary of the halfspace, XTa; = b;. The latter equation

must be satisfied by a; = af = 0, which implies that b; = 0. As in the proof of Proposition (2),

2112
equation (2.14), a/ = 0, and b; = 0 imply X = §;4; with ¢; = %

(<) Ifalx < b, by = 0 and X = 6;&;, then it is easy to see from equation (2.14) that
al =0. O

The geometric interpretation of Proposition 2 is that a{ = 0 occurs if and only if the
prior vector &; is parallel to X, and the boundary of the constraint intersects the origin. The
interpretation of Proposition 3 is similar, except that a/ = 0 additionally requires X to be

infeasible with respect to a;.

Propositions 2 and 3 characterize the problem data for which problems (2.6) and (2.7) have
trivial solutions, but we are interested in when formulation (2.3) has a trivial solution. There are
two slightly different ways this can occur. First, if alf =0 for all i € I* := arg min;c {fi — gi},
then a;« = 0 and ¢ = 0 (it is necessary that alf = 0 for all ¢ € I" because if there exists any
i € I such that azf # 0, then that index can be set as i*.) Second, for any i # i*, if a/ = 0
then a; = 0. In both scenarios, there are an infinite number of nonzero vectors a; which could
take the place of a; or af, but it is unclear that there is any reasonable general approach to
choosing among them. In the first scenario, we may alternatively choose ¢* € I\ I* such that
that alf* # 0 (in general, if |I| > 1, we may assume that there exists ¢ € I such that azf #0
because if alf = 0 for all 4 € I, then all (&;,b;) would be linearly dependent.) Regardless of
how we do so, if we take some ad hoc approach to choosing a nontrivial solution to formulation
(2.3), such a solution would be suboptimal, which suggests that the IO problem is somehow

ill-posed for such problem data.

2.2 Duality gap minimization

In this section we propose an alternative I0 model that can be used when it is not clear a
priori that strong duality can be achieved exactly, such as when there are external constraints
on A motivated by the application domain of the problem. In this case, we consider a model

variant which minimizes the duality gap, subject to some constraints A € €2 and the remaining
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constraints from formulation (2.3):

minimize Z ¢ — Z bim; (2.15a)

Acm - -
jeJ i€l
subject to A € €, (2.15b)
(2.3¢) — (2.30). (2.15¢)

Whereas the previous 10 model was feasible regardless of the problem data, the feasibility
of formulation (2.15) is determined by whether or not € allows for primal feasibility of the

forward problem. We omit the proof of this result, which is straightforward.

Proposition 4. Formulation (2.15) is feasible if and only if there exists A € € such that
alk >b; foralliel.

Formulation (2.15) is nonconvex for the same reason as formulation (2.3), but the inclusion

of constraints A € Q will require a different solution method:

Theorem 2. For alli € I, let
t;, = mjin ;aijij —b;: A e Q,A)A( >b,, (2.16)
J

and let A* be an optimal solution for (2.16). Let i* € argmin;c;{t;}. Then the optimal value

of formulation (2.15) is t;=, and an optimal solution (A, c, ) is

a;=al, Viel, (2.17)
c=al, (2.18)
T = e (2.19)

Remark 2. Theorem 2 shows that an optimal solution to the nonconvex inverse problem (2.15)

can be found by solving |I| optimization problems which are linear whenever the set € is linear.

Proof: Substituting (2.3e) into the objective function (2.15a), we get the problem

mlril’r}ruze Z o Z ai;T; — b;
i€l jedJ (2 20)
subject to A €, AX > b,

eflm=1, ® > 0.

For a given feasible A, it is clear that an optimal m = e;«, where * € arg minieI{Z]‘eJ a;jTj —

b;}. Problem (2.20) is therefore equivalent to min;e s {minA {Zjej a;jT; —bi: AeQAX> b}}
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By definition, A’ is an optimal solution for the inner problem, and the optimal value of the
outer problem is min;e;{t;}. Finally, 7 = e;+ and (2.3e) imply that ¢ = al.. O

Theorem 2 and its proof can be interpreted as follows. For all ¢ € I, t; is the minimum
achievable surplus for constraint ¢, while respecting primal feasibility and the constraints A € €.
Because of the normalization constraint (2.3d), the duality gap is equal to a convex combination
of the surpluses of the constraints of the forward problem. The minimum possible duality gap
will therefore equal the surplus of some constraint ¢*, and the optimal choice of this constraint
is the one with the minimum possible surplus, i.e., * € argmin;c;{t;}. The constraint vectors
are then chosen such that the surplus of constraint i* equals ¢;+, and the cost vector is set
perpendicular to constraint i*.

In Sections 2.1 and 2.2, we have derived tractable solution approaches for the nonconvex
10 models (2.3) and (2.15), which recover a constraint matrix A. The former model minimally
perturbs prior estimated parameters such that there exists a nonzero cost vector rendering the
observed solution exactly optimal; the latter model identifies parameters from a predefined set
€ such that there exists a cost vector minimizing the duality gap. The choice of which model to
use thus depends on whether the application domain motivates constraints of the form A € €.
If the model (2.15) is found to have an optimal value of zero, then this implies that the observed
solution was in fact exactly optimal with respect to some A € €2, in which case a reasonable
next step would be to attempt to solve model (2.3) with the addition of the constraints A € €.
Although not shown here, this variant of the IO problem is also solvable, following similar

reasoning as in the proof of Theorem 2.

2.3 Numerical examples

In this section, we give numerical examples to illustrate how the optimal inverse solutions are

found for formulations (2.3) and (2.15), and the geometric characteristics of these solutions.

2.3.1 Strong duality

We give three examples illustrating the solution of formulation (2.3). For all examples in this
subsection, we let the norm in the objective function (2.3a) be the Euclidean norm, and we let
& = e for simplicity. For our first example, let the observed solution be X = (—2,0.6), and let

the remaining problem data be

1 0 —6
A=|0 1]|,b=| -6
-2 -1 -10

The prior feasible region defined by (A, b) is shown in Figure 2.1a. We next apply Theorem 1.
Since X is feasible with respect to (A, b), we find that g; = 0 for all ¢ € I. We also find that
f = (0.63,1.90,1.26), thus ¢* = 1. This means that while the other two constraints will remain
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z2 z2
A A
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—— Imputed feasible region 24T
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(a) Strong duality. Because the observed solution (b) Duality gap minimization. The constraints on
is an interior point of the prior feasible region, the the unspecified coefficients do not allow for a feasible
optimal solution of the IO model (2.3) only needs region with the observed solution on its boundary.
to adjust a single constraint such that it is rendered The 10 model (2.15) instead minimizes the surplus
active, and sets the cost vector perpendicular to this of a single constraint, and sets the cost vector per-
constraint. pendicular to this constraint.

Figure 2.1: Numerical examples of the IO models. Both examples share the same observed
solution.

at their prior settings, the first constraint will be adjusted such that a; = a{ = (1.2,-6),

rendering the constraint active. Additionally, we set the cost vector perpendicular to the first

constraint, as shown in Figure 2.1a.

Next, we give two examples to illustrate that formulation (2.3) can have a trivial solution
in some situations. Consider a problem in which the observed solution is X = (2,2), and our

remaining problem data is

1 0 -3
N 0 —
A. - ; b = 3
1 0
-1 -1 —10

The prior feasible region is illustrated in Figure 2.2a. Applying Theorem 1, we find g = 0 and
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- - - Prior feasible region
—— Imputed feasible region

(a) Trivial cost vector. The observed solution is an
interior point of the prior feasible region, so the 10
model is expected to adjust a single constraint such
that it becomes active. The IO model achieves this
artificially by setting all coefficients of one constraint
equal to zero, effectively eliminating the constraint
and implying a zero cost vector.

16
T2
- - - Prior feasible region
12+ Imputed feasible region
8 1
4 = C
o
+ T
—4 4 8 12 16
—4 + AN

(b) Elimination of prior infeasible constraint. The
observed solution is infeasible with respect to the
one of the prior constraints, and active with respect
to another. The 10 model is expected to adjust the
infeasible constraint to achieve feasibility, but it does
so by setting all constraint coefficients to zero, thus
eliminating the constraint altogether.

Figure 2.2: Numerical examples in which formulation (2.3) produces trivial solutions.

f=(1.77,1.77,1.41,2.12), thus i* = 3. However, b3 = 0 and X = 243, thus a3 = ag = (0,0) and
c = 0 as per Proposition 2. This solution effectively means that the imputed feasible region is
obtained from the prior feasible region by eliminating the third constraint, as shown in Figure
2.2a. The observed X remains an interior point, thus is not optimal with respect to any nonzero
cost vector.

Next, consider a problem using the same X = (2,2), but with the following constraint data:

1 0 2
A=]l0 1], b=|-4
-1 -1 0

This example differs from our previous examples in two respects. First, X sits on the boundary
of the first constraint of the prior feasible region. As we expect from this scenario, i* = 1 and
c =4a; = (1,0). Second, % is infeasible with respect to a3, and thus the third constraint must
be adjusted such that X becomes feasible. However, b3 = 0 and X = —2ag, thus ag = (0,0) as
per Proposition 3. In other words, the third constraint is eliminated and the feasible region is
rendered unbounded, as shown in Figure 2.2b. This solution is meaningful insofar as X does
lie on the boundary of the imputed feasible region and is therefore optimal, but it appears
unreasonable to claim that the best way to shift the third constraint to achieve feasibility is
simply to eliminate it entirely; we can imagine nonzero candidates for ag that achieve feasibility

and re-shape the feasible region less drastically.
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2.3.2 Duality gap minimization

Finally, we give an example illustrating the solution of formulation (2.15). Let the observed
solution be x = (—2,6), let b = (=6, —6, —10), and define the following constraints on A:

Q:={0.5<a;; <1.5,

0.5 < a9 < 1.5,

ajz =0,
a1 = 07
az; < _157

—2 < a3 < -0.5,

as1 + 2ag0 < —1}.

It is easy to check that there exists A € € such that Akx > b, and hence formulation (2.15)
is feasible. Applying Theorem 2, we find that t = (3,9,2) and hence i* = 3. The duality

gap-minimizing constraint matrix is then

05 0
A =10 05],
2 2

and the optimal cost vector is ¢ = a® = (-2, —2). These results are illustrated in Figure 2.1b.
In contrast to the example in Figure 2.1a, X is an interior point of the imputed feasible region
due to the constraints A € 2. To minimize the duality gap, the cost vector is set perpendicular

to the constraint with the minimum surplus.



Chapter 3
Inverse robust linear optimization

In this chapter, we consider the robust linear optimization problem minyg{cTx: Ax >b, VA €
U}, for two basic types of uncertainty set U: interval uncertainty and cardinality constrained
uncertainty. Given b, the nominal estimate A, and an observed solution X, the IO problem aims
to recover unspecified parameters of the uncertainty set such that X is optimal for some nonzero
cost vector. As in Chapter 2, we consider two variants of this problem: the first induces a zero
duality gap, and the second minimizes the duality gap in case it may not be possible to make
X exactly optimal. We have restricted our forward problem to only include uncertainty on the
left-hand-side constraint matrix, but using similar reasoning as in the discussion of formulation
(2.2), we can show that the problem remains general enough to account for uncertainty on all

constraint coefficients.

The remainder of this chapter is organized as follows. Sections 3.1 and 3.2 propose 10
models for interval uncertainty and cardinality constrained uncertainty, respectively. These
two sections are conceptually similar to Chapter 2, so we will draw parallels to previous results
and omit details wherever we believe they would be redundant. Section 3.3 provides numerical
examples that illustrate how the geometries of the two types of robust feasible region are

controlled by the inverse solutions.

3.1 Interval uncertainty

In this section, we consider a robust linear optimization problem with interval uncertainty. Let
J; C J index the coefficients in the i-th row of A that are subject to uncertainty, and let
a;, b, a; be given for all ¢ € I. Following is the robust problem:

minimize E cjTj
xX

jedJ
(3.1)
subject to Z EL@j.’L‘j + Z A5 > bi, Vdij S [aij — Qij, Aij + Oéij],i el
Jedi Ji¢Ji

18
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The constraints can be written as ., ; aijx; — > e, @ijlz;| = b;, Vi € I, which leads to the

following linearization (Ben-Tal and Nemirovski, 2000):

minxiyrlrllize Z cjxj (3.2a)
Jj€J

subject to 0T + uij > 0, Vied,iel, (32b)
— iz +uig 20, VjeJi,iel, (3.2¢)
Zaijxj - Z uij > b, Vi€l (3.2d)
jeJ jeJ;

Given a;,b; and J; for all i € I, and a feasible x for the nominal problem (i.e., formu-
lation (3.1) with J; = @ for all i), the goal of the IO problem is to determine nonnegative
parameters «; for all i € I defining the uncertainty set. For simplicity, we assume that every
row has at least one coefficient that is subject to uncertainty (if we did not make this assump-
tion, we would define I:= {i € I:J; # @} and replace I with I in relevant places throughout
the following development). Additionally, we assume that there is some i € I and j € J; such
that £; # 0 (otherwise, all a;; would be multiplied by zero and modifying o would not change

the robust feasible region).

3.1.1 Strong duality

Let Aij, pij, ™ be the dual variables corresponding to constraints (3.2b)-(3.2d), respectively.
The following formulation minimizes the weighted deviation of the uncertainty set parameters

a; from given values &; while enforcing strong duality, and primal and dual feasibility:

AP (5
el

subject to Z Cjifjj - Z biﬂ'i = 0, (33b)
jeJ i€l
it +u; >0, VjeJ,iel, (3.3¢)
— a5+ >0, VieJ,iel, (3.3d)
Z aiji*j — Z Ujj > bz‘, Vi € I, (336)
Jje€J jeJ;
Qg >0, Vjed,iel, (3.3f)
> omi=1, (3.3g)
i€l
Z QT + Z ozij()\ij — ,U,Z'j) =c;, Vjel, (3.3h)
i€l i€l: jed;
™ = )\z‘j + Wij, VieJ,iel, (3.31)

U /\ijvﬂij >0, VjeJ,iel. (3.3j)
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Formulation (3.3) is constructed in a conceptually similar manner as formulation (2.3). Con-
straints (3.3b), (3.3¢)-(3.3e), and (3.3h)-(3.3j) represent strong duality, primal feasibility, and
dual feasibility, respectively. To prevent the trivial solution (c,7) = (0,0) from being feasible,
we again include the normalization constraint (3.3g). All constraints of formulation (3.3) are
linear except for the bilinear dual feasibility constraint (3.3h), but nevertheless we will be able

to determine an efficient solution method.

First, we show that feasibility of (3.3) is entirely determined by feasibility of X with respect
to the nominal problem.
Proposition 5. Formulation (3.3) is feasible if and only if ZjEJ a;;T; > b; for alli € I.
The geometric intuition underlying Proposition 5 is twofold: the robust feasible region is a
subset of the nominal feasible region for any choice of a, and X must lie on the boundary of the
robust feasible region in order to be optimal. Hence if X is feasible for the nominal problem, it
is possible to set a that shrinks the feasible region such that X renders some constraint active.
And conversely, if X is not feasible for the nominal problem, then there is no way to grow the
feasible region such that X lies on the boundary, or is even feasible. Whereas Proposition 5
formalizes this intuition into a condition that can be used to check whether the IO problem
is feasible, the following Lemma formalizes this intuition in a way that will be useful for our

solution method (cf. Lemma 1):

Lemma 2. Every feasible solution for formulation (3.3) satisfies

Zaijij - Z ag;|@;| =b;,  for some iel, (3.4a)
jeJ jGJ;
Zaijij — Z aijlﬁzj\ >b;, Viel, (34b)
JjeJ jeJ;
aij >0, Vjediel (3.4c)

Conversely, for every a satisfying (3.4), there exists (c,u,m, A, ) such that (a,c,u,m, X\, p)

is feasible for formulation (3.3).

Proof: To prove the first statement, we first note that constraints (3.3c)-(3.3f) imply (3.4b).
To complete the proof, we assume . ; ai&j — > e, ijl&;| > b; for all i € I and derive a
contradiction. Substituting (3.3h) into (3.3b), we get

Z T Z ai;&; + Z Z()\z‘j — ij )&y = Z m;ib;.

i€l jeJ iel jeJ; il

Let s;; = Aij — p4j for all j € J;,i € I. By Lemma 5 (see appendix), (A, p) satisfies (3.31) and
(3.3j) if and only if s;; € [—m;, 7] for all j € J;,i € I. Thus, the feasible region of (3.3) is
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equivalent to

Z T Z aij:%j + Z Z sijaijﬁ:j = Z m;b;, (35&)

i€l jed i€l jed; i€l

—m <8y S, VjE i€l (3.5b)

elr=1,7>0, (3.5¢)

(3.3¢) — (3.3f). (3.5d)
Constraint (3.5¢) ensures that I := {i € I:m > 0} # @. Since we have assumed

ZJEJ aij:icj — ZjEJi Oéij|i'j| > b; for all 7 € I, we have

ﬁiZaijrﬁjfﬂiZaijlzﬁj\ > m;b;, Vi e .
jeJ jeJ;

For all j € Ji,i eI, Sij € [—7‘(‘1',71'1‘] implies that ZjEJi sijaijfcj > - ZjEJi Oéij|i‘j|, and
therefore

TG Zaiji“j + Z sijaij:%j > by, Vie€ I.

jeJ JjeJ;

Since s;; = 0 if m; = 0,

DTy aEy Y D sieiEs > Y mibi,

iel  jeJ iel jeJ; iel
which contradicts constraint (3.5a).

To prove the second statement, let ¢ satisfy (3.4), ¢ be defined by (3.4a), and (¢, u, 7, A, w)

be defined as in the proof of Proposition 5. This solution is feasible for formulation (3.3).
O

Lemma 2 allows us to characterize an optimal solution to (3.3) and devise an efficient

solution method (cf. Theorem 1):

Theorem 3. For alli € I, let

fi = min { &lley — Gill: Y aid; — Y aild| =bi o, (3.6)
;>0 : ‘
JjeJ JjeJ;
gi = min ¢ &llag — Gl Y agd; — > ol = bip (3.7)
061'20

jeJ jeJ;
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and let a{ and af be optimal solutions for (3.6) and (3.7), respectively. Let

N
; ij — ) Jis .
C;- — Qij Sgl’l(.fl?])aw Zf.] € Vi e I, (38)
aij if j€J\Ji
i* € argmin{f; — g;}. (3.9)

el

Then the optimal value of formulation (3.3) is fi + Zi#wg gi, and there exists an optimal
solution of (3.3) with

fooee s
o; ifi=1",
a; = { A (3.10)
c=c". (3.11)

Remark 3. Theorem 3 shows that an optimal solution to the nonconvex inverse problem (3.3)

can be found by solving 2|I| convex problems (linear with appropriate choice of ||||).

Proof: By Lemma 2, solving formulation (3.3) is equivalent to solving the following opti-

mization problem for all ¢ € I, and taking the minimum over all |I| optimal values:

minimize Z &illoy — &l
(07

el
subject to Za;jiﬁj - Z ag;|@;| = b;
jel i< (3.12)
Zaiji”j — Z Oéij|5AUj| >b;, Viel,
JjeJ JjeJ;

OéijZO, Vje J,iel.

Suppose we fix some ¢ € I. Since formulation (3.12) is separable by i, the optimal value of the

i-th formulation (3.12) is f; + >, 4iicq 9i- Therefore, the optimal value of formulation (3.3) is

min<{ fi+ > gi

el -
i#iiel

Clearly, the optimal index ¢* must satisfy ¢* € argmin;c;{f; — ¢;}. An optimal «a is derived
from the optimal solutions of (3.6) and (3.7) for i*,

o] ifi=
=9 4 . i (3.13)

and the optimal cost vector is ¢ = ¢’ , where the structure of ¢’ is derived in the proof of
Proposition 5. O

The interpretation of Theorem 3 is conceptually identical to the interpretation of Theorem
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1. The primary difference between the two results is that although both set the cost vector
perpendicular to the active constraint, equation (3.11) more specifically sets the cost vector
perpendicular to the part of constraint ¢* that is contained in the same orthant as X. Note that
the vector perpendicular to a robust constraint changes as the constraint crosses into different

orthants (cf. Figure 3.1). The optimal cost vector ¢! captures this geometric situation.

3.1.2 Duality gap minimization

As in Chapter 2, we propose an alternative model that minimizes the duality gap, subject to

some constraints a € € and the remaining constraints from formulation (3.3):

minimize Y ¢;d; — » _ bim; (3.14a)

0L,C,u, A

jed icl
subject to a € €, (3.14Db)
(3.3¢) — (3.3)). (3.14c)

The feasibility of X with respect to the nominal problem remains a necessary condition for the
feasibility of (3.14). However, it is not sufficient anymore because the constraints on a may
result in a robust feasible region that excludes %X. The feasibility of (3.14) is thus determined
by whether or not €2 allows for primal feasibility of the robust optimization problem. We omit

the proof of this result since it is very similar to the proof of Proposition 5.

Proposition 6. Formulation (3.14) is feasible if and only if there exists nonnegative o €
such that 3 i ;aij&; — 3 i || > b; for alli € 1.

Formulation (3.14) is again nonconvex due to constraint (3.3h), but we were unable to find
a general solution of the form in Theorem 3 because of the constraints on a. However, we
will show that optimal solutions for (3.14) can be found by solving the following mixed integer

optimization model, which is mixed integer linear when the constraints on « are linear:

minimitze t (3.15a)
subject to a € €, (3.15Db)
(3.3¢) — (3.3f), (3.15¢)
d om=1, (3.15d)

el
tzzaiji‘jfzaiﬂ.’iﬂ*bi*M(lfﬂ'i), ViEI, (3156)

jeJ JjeJ;

m €40,1}, Viel. (3.15f)

Formulation (3.15) can be interpreted as follows. Constraints (3.15b) and (3.15¢) are retained

from formulation (3.14), requiring that external constraints on « and primal feasibility be



CHAPTER 3. INVERSE ROBUST LINEAR OPTIMIZATION 24

satisfied. The duality gap is represented by the auxiliary variable ¢, and as a result of the
normalization constraint, the duality gap is equal to the surplus of a single constraint ¢ € I.
The choice of this constraint is encoded in the binary vector 7 and the optimal choice #*
corresponds to the constraint with the minimum surplus.

Although formulation (3.15) does not explicitly include the variable c, it can be determined

post-optimization using the equation

¢j =) aym— Y oisgn(iy)m, Vi€ (3.16)
iel i€l: jeJ;

which is derived from equation (3.3h) and by letting (A\;j—pi;) = —sgn (2;)m;, forall j € J;,i € I
(cf. proof of Theorem 4 below). The geometric interpretation of this solution is the same as in
formulation (3.3): if = e;«, then the cost vector is set perpendicular to the part of constraint
¢* that is contained in the same orthant as X.

We now formally characterize and prove the correspondence between formulations (3.14)
and (3.15):

Theorem 4. Let M > maxjer{>_;c;aij&; — bi}. Formulations (3.14) and (3.15) have the
same optimal objective value, and a solution o is optimal for formulation (3.14) if and only if

it s optimal for formulation (3.15).

Proof: First, we eliminate ¢ by substituting the dual feasibility constraint (3.3h) into the
objective function (3.14a). The resulting model has an objective function that is bilinear in
variables whose corresponding feasible sets P = {(a,u): a € €,(3.3¢c) — (3.3f)} and D =
{(m, A, ) (3.3g),(3.31) — (3.3j)} are disjoint:

H(léillllgIellge Z Z aijmsﬁj + Z Z Oéij(>\ij — /Lij)i‘j — Z bﬂTZ (3.17)

(mapeb i€l i€ il jEJ; iel

Since D is a bounded polyhedron and disjoint from P, an optimal solution to (3.17) exists
among the vertices of D (Horst et al., 2000, Proposition 3.1). The constraints ), ;7 = 1 and
m; > 0 for all 4 € I imply that a vertex of D will satisfy m; = 1 for some i eI, and m; =0 for
all ¢ € 1,7 # i. So it suffices to consider binary m;. Let s;; = X\jj — pi; for all j € J;,i € 1.
By Lemma 5 (see appendix), constraint (3.31) and nonnegativity of (X, p) are equivalent to

sij € [—m;, m] for all j € J;,i € 1. Thus, formulation (3.17) is equivalent to

minimize a;iT; —b; | ™ + QTS 3.18a
Z Z I ZZ JJ o1 ( )

(a,u)ePym,s

icl \jeJ icl je;

subject to —m; <55 <my, Vje i€l (3.18b)
d mi=1, (3.18¢)
i€l

me{0,1}, Viel. (3.18d)
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By inspection, we see that for a given (o, u,7), an optimal s satisfies s;; = —sgn (&;)m;.

This fact allows us to eliminate s:

minimize Z Zai]@j — Z aij‘i‘ﬂ — bz Ty (319&)

(a,u)eP,m

iel \jeJ =

subject to Zm =1, (3.19b)
i€l
me{0,1}, Viel. (3.19¢)

It is clear that given (o, u), the optimal value of (3.19) is

min Z aijaﬁj — Z Oéij‘ii‘j‘ — bi s (3.20)

el
jeJ JEJ;

and an optimal 7 equals e;+ where

it e arg min E aija%j — E Ozz‘j‘i'j‘ —b;
el | jes jed;

Since the objective in formulation (3.15) minimizes ¢, we can ensure the optimal ¢ equals the
expression in (3.20) by using the constraint (3.15¢) if M is sufficiently large (the constraint
will be active for ¢* and inactive for other i). To show that M = max;er{}_;c;ai;L; — bi} is
sufficient, we substitute it into the right-hand side of constraint (3.15¢). For i # i*, the resulting

expression is nonpositive, due to the nonnegativity of a:

Zaiji'j - bl - I?Ealx Zak]‘i’j - bk - Z Oéij|jj| < O, Vi 75 i*,’i el (321)
jeJ jeJ Jj€J;

For ¢ = i*, the resulting expression is nonnegative due to constraints (3.3c)-(3.3e):

0 S Zai*j:%j — bi* — Z Oéi*j|§}j|. (3.22)

jeJ JET*

Therefore the optimal ¢ for formulation (3.15) equals the right-hand-side of (3.22), which equals
the optimal objective value for formulation (3.14). In the process of deriving formulation (3.15)
from (3.14), we have not manipulated . That is, all steps in this proof are equivalences as far

as a is concerned. Hence a is optimal for (3.15) if and only if it is optimal for (3.14). O

In this section, we have derived tractable solution approaches for two nonconvex 10 models,
(3.3) and (3.14), which recover interval uncertainty parameters a. Analagous to the models

in Chapter 2, the choice of which model to use depends primarily on whether the application
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domain motivates constraints of the form a € €2, which we have only included in the latter
model. However, although we have not shown it here, it is possible to solve a variant of
formulation (3.3) with the addition of a € .

3.2 Cardinality constrained uncertainty

In this section, we consider a robust linear optimization problem with a cardinality constrained
uncertainty set (Bertsimas and Sim, 2004), assuming a nearly identical setup as in the previous
section. For each constraint ¢ € I, this uncertainty set bounds the number of uncertain coeffi-
cients @;; that can deviate from their nominal value a;; within the range [a;; — aij, aij + 5],
for all j € J;, using a budget parameter I';. In particular, |I';] coefficients can take any value

within their uncertain intervals, and up to one coefficient can change by at most (I'; — |I'; | ) cvi;.

minixmize Z cjxj (3.23a)
jeJ
subject to Zaijxj - {Siu{gﬂ}%}é&% Z agjlai| + (T — [Ti])oug, || p > bi,  Viel.
jes |Si|=ITs ) tieJi\S;} \IE5
(3.23b)

We refer to the embedded maximization problem in the constraint (3.23b) as the protection

function. When I'; = |J;|, the protection function equals > ._; «;;|Z;| and (3.23b) becomes

j€Ji
equivalent to the corresponding constraint of the robust linear program with interval uncer-
tainty. Constraint (3.23b) can be linearized to yield the equivalent robust counterpart (Bertsi-

mas and Sim, 2004):

m)l(r;lrzntze Z cjxj (3.24a)
Jj€J

subject to agjx; +u;; >0, Vje J,iel, (3.24b)
— iz +ui 20, VjeJ,iel, (3.24c)
Yij +2i—uij >0, Vje,iel, (3.24d)
Zaiﬂj - Z vij — Lizi > by, Viel, (3.24e)
jeJ jeJ;
Yij,z >0, Vje J,iel. (3.24f)

Given a;, b;, J; and «; for all i € I, and a feasible x for the nominal problem, our IO problem
aims to determine parameters I'; € [0, |J;|] for all 7 € I such that x is optimal for some nonzero
cost vector. Note the slight difference from the interval uncertainty case: here, «; is fixed as

opposed to variable, and the new parameter I'; is the primary variable in the inverse problem



CHAPTER 3. INVERSE ROBUST LINEAR OPTIMIZATION 27

that determines the uncertainty set.

As in the interval uncertainty case, we propose two 10 models: the first requires the optimal-
ity conditions to be satisfied exactly, while the second minimizes the duality gap. Previously,
in the case of interval uncertainty, the first model identified uncertainty set parameters such
that some constraint of the robust problem was rendered active, while the second model iden-
tified uncertainty set parameters such that the surplus for a single constraint was minimized.
In the case of cardinality constrained uncertainty, the two approaches have the same interpre-
tation. However, due to the upper bound on I';, it may be the case that a constraint ¢ € [
cannot be rendered active at X for any feasible choice of I';. Therefore, we define the set
[={iel: djes @i —bi <30y au| 5]} C I to identify the constraints that can be made
active by a feasible choice of I';. That is, constraints in I have a nominal surplus less than or
equal to the maximum possible value of the protection function (achieved when I'; = |J;|). The
set I depends on the given X and may thus be more accurately denoted by I (%), however, we
use 1 for simplicity.

For i € I, we also need to determine the value of I'; that will render the corresponding

constraint active. First, let ji index the k-th largest element in the set {;|%;|}jey;, for all
k=1,...,|Jil,i € I. Then for all i € I, let T; = I, satisfy

[T
Z ai;Tj — b; = Z Qi |:%Ji| + (T — I_I‘d)aij%rﬂ |§3j?ri] |. (3.25)
jeJ k=1
In other words, I'; € [0,|J;]] is a budget parameter such that the nominal surplus of constraint
i equals the value of the protection function, thereby rendering constraint ¢ active. For each

iel, I'; can be computed as the optimal value of the following linear optimization problem:

minimize E w;

w
JE€J;

subject to Z aij]g?:j]wj = Zaijnﬁj — b, (3.26)
Jed; JEJ

OS’LU]'SL VjGJz

Unless the data a;, b;, o, X meet some specific conditions, there exists a unique I'; that
satisfies equation (3.25). To see this, first notice that the right-hand side of equation (3.25)
is strictly increasing in I'; if oy;|@;| > 0 for all j € J;. If there exists any j € J; such that
a;j|Z;| = 0, and we let v; be the number of such indices, then the right-hand side of equation
(3.25) is strictly increasing for I'; € [0,|J;| — v;] and constant for I'; € [|J;| — v, |Ji|], at which

point the expression equals » | a;;Z;, the maximum possible value of the protection function.

JEJ;
We can see that there are multiple I'; satisfying equation (3.25) if v; > 0 and ) jeg Wil —bi =
> jer; ity

For simplicity, we assume that there exists a unique I'; that satisfies equation (3.25). Under
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this assumption, constraint ¢ will be infeasible for I'; > I';, and will have positive surplus for
I < I;. If we did not make this assumption, then equation (3.25) would be satisfied by
I; € [[;,T;], where

£ Ml e aigty = bi =0 e, 0515,

I, otherwise,

(3.27)

.

and correspondingly, constraint ¢ would be infeasible for I'; > T;, and would have positive
surplus for I'; < I';. The results in the remainder of this section would change by requiring
I'; € [0,T;] wherever we currently have I'; € [0,L;], and T; € [L;, T;] wherever we currently have

3.2.1 Strong duality

Let Aij, pij, @ij, ™ be the dual variables corresponding to constraints (3.24b)-(3.24e), respec-
tively. The following formulation minimizes the deviation of I from given values I'. We assume
without loss of generality that T'; € [0,].J;]] for all i € I, since any T'; outside the interval can

be moved to the closest end point of the interval without changing the solution.

minimize [T — T (3.28a)
F7c7u7y7z7
P\ 1
subject to Z cjtj — Z bim; = 0, (3.28b)
j€J iel
Oél'jiffj + Uy >0, Vjed,iel, (3.28C)
— i +u 20, VjeJiiel, (3.28d)
Yij +zi 2wy, VjedJdiiel, (3.28¢)
Z ijTj — Z Yij — Dizi > by, Viel, (3.28f)
jeJ JjeJ;
0<TI; <|Ji|, Viel, (3.28h)
> om=1, (3.28i)
iel
Zaijm + Z aij(Nij — pig) = ¢j, Vi€ J, (3.28j)
el el jed;
pij <mi, Vjedyiel, (3.28k)
Pij = Nij + pij, Vi€ Jyiel, (3.281)
Y vy <Tim, Viel, (3.28m)
Je€J;

Tis Pijs Aijaﬂij > O, V_] S Jl‘,i el (3.2811)
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The construction of (3.28) parallels that of (3.3). Constraints (3.28b), (3.28¢)-(3.28g), and
(3.28j)-(3.28n) represent strong duality, primal feasibility and dual feasibility, respectively. We
use the same normalization constraint (3.281) to prevent the trivial solution (c, ) = (0, 0) from
being optimal.

First, we characterize the feasibility of (3.28).

Proposition 7. Formulation (3.28) is feasible if and only if ZjeJ a;j&j > b; for alli € I, and
I+o.

The first condition (3_,c;ai&; > b;, Vi € I) is required for primal feasibility of the robust
problem (3.24) to be satisfied. The second condition (I # &) is required for strong duality to
be satisfied. For the rest of this section, we assume that (3.28) is feasible.

There are many similarities but some important differences between the inverse cardinality
constrained robust problem (3.28) and the inverse interval uncertainty problem (3.3). Most
importantly, while both formulations have bilinear constraints ((3.28f) and (3.28m) in (3.28)
and (3.3h) in (3.3)), the structure of these constraints is different, and therefore different analysis
and solution methods are required. First, we present a result that enables us to tractably deal

with the bilinearity in (3.28f). For convenience, we define
©@={r:T;ec[0,Iy],iel;T;el0,|J],i e I\I},

which will be used in several results below.

Lemma 3. If (T',u,y,z) satisfies constraints (3.28¢c)-(3.28h), then I' € ©. Conversely, if
I' € ©, then there exists (u,y,z) such that (I',u,y,z) satisfies constraints (3.28¢)-(3.28h).

Proof: To prove the first statement, suppose to the contrary that I'; € (L, |J;|] for some i € I ,
ie., I' ¢ © but I'; does satisfy constraint (3.28h). We will show that there is no (u,y,z) that
satisfies constraints (3.28¢)-(3.28g). In particular, we will show that any (u,y,z) that satisfies
(3.28¢)-(3.28¢e) and (3.28g) will never satisfy (3.28f).
Consider the following linear optimization problem:
minimize > i+ Dizi
J€J;
subject to v + 2z > w5, Vj € J;, (3.29)
—uiy; < oy <y, JEJ;,

Yijs Zi 207 vje J’L
By Lemma 6 (see appendix), an optimal solution to this problem is

u; = agj|sl, Vi€ Ji,

y:} = max{u;kj - Z;'ka 0}7 vj € Jiv (330)

k ~
g ”rm’ er"
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which satisfies (3.28¢)-(3.28e) and (3.28g) since the constraints of (3.29) are identical to (3.28¢)-
(3.28¢) and (3.28g). However, (uf,y7,z’) does not satisfy (3.28f), as shown below. Because
(uf,y7,z) yields the smallest possible value of Zje 7, Yij + Lizi, there cannot be any other
feasible solution for (3.28¢)-(3.28¢) and (3.28g) which will satisfy (3.28f).

For completeness, we substitute (u},y?, z;) into the left-hand-side of constraint (3.28f) to

show that the constraint will not be satisfied:

Z a;j&; — Z max {aw|x]| Wi |Z; i l, 0} + Fiaijfm |ij%1“." \

jeJ JjeJ;
[T
= Z aijTj — Z <O‘ g ’iji |- O‘ijfri] |£jfm ’) - Fiaijfm ‘ijfri] |
jedJ k=1
[Ts]
& Y agdi— Y agilds| - (T [Ty gt g, (3.31)
jeJ k=1

Because I'; = I'; satisfies (3.25) we know that
LL,)
Zamx] Zazf z 'i - fz‘ - I_ zJ) Z][F W’ jz@ﬂ‘ = b, (332)

jeJ

and since I'; > I'; by assumption,

[T
> aijdy — Z o |25 = (Ti = [T Nae |

jeJ
(1]
= Zaw% Zo‘wk’x' B Z O‘ij;i|£j;’;|_(ri_LF"‘J)QU?F'M@J’?M‘
jet k=L, |+1 ' '
< bi,

that is, (u},y;,2’) does not satisfy (3.28f).

To prove the second statement, suppose we are given I' € @. Then it is straightforward to
check that (u},yr,z}),i € I from (3.30) satisfies (3.28¢)-(3.28h). O

Lemma 3 not only eliminates the bilinear constraint (3.28f) but also the auxiliary variables
u,y,z, by showing that the bounds I € ® are both necessary and sufficient for primal feasibility
to be satisfied. Intuitively, primal feasibility requires for each constraint ¢ € I that the nominal
surplus be greater than or equal to the protection function, which is a function of I'; only. As
suggested by the definition of I and formalized in Lemma 3, the protection functions i € I
meet this condition for I'; € [0,L;], and the protection functions i € I\ I meet this condition
for T'; € [0, |J;]].

Lemma 3 establishes conditions on I' to ensure the primal feasibility constraints are satisfied
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in the IO problem. Next, Lemma 4 addresses the strong duality and dual feasibility conditions.
In particular, to satisfy optimality, I' must be chosen such that X lies on the boundary of the
robust feasible region, which corresponds to a choice of I' such that for at least one constraint,
the protection function equals the nominal surplus. The next result formalizes this intuition

(cf. Lemma 1, Lemma 2):

Lemma 4. Every feasible solution for formulation (3.28) satisfies ' € @ with I'; = L'; for a
specific 1 € I. Conversely, for every I' € © satisfying I'; = L'; for a specific i €1, there emists
(c,w,y,z, 7, @, A\, u) such that (T, c,u,y,z, 7, @, \, u) is feasible for formulation (3.28).

Proof: To prove the first statement, we first note that by Lemma 3, constraints (3.28¢)-
(3.28h) are equivalent to I' € ®. So we only need to show that the constraints of (3.28) imply
I'; = I;, for some i € I. If we substitute (3.28j) into (3.28b), let s;; = Ajj — pyj, and use
reasoning similar to the proof of Lemma 5 (see appendix), we get

Z v Z aijij — bz S Z Z Olij|i'j|$0ij- (333)

icl jeJ iel jeJ;

For a given (T, ), the constraints applicable to ¢ are (3.28k), (3.28m), and nonnegativity. As
such, the maximum value of > e, ;|2 j|¢i; over feasible ;, for all ¢ € I, is the optimal value

of the following optimization problem:
maxqigfnize Z Oéij|fj|(pij
Jj€Ji

subject to 0 < ¢y < m;, Vj € J, (3.34)

Z iy < T'ym;.

Jj€J;

Formulation (3.34) is an instance of the continuous knapsack problem, so its optimal value is

—

r;|
O‘ijfc“%jfc‘ﬂi + (Fl‘ — LFlJ)Oéz A |i’
k=1 '

and we can conclude that

LI
Somi [ aydi—bi | < om kzlaijimjiu(n—Lm)aiﬁm:zj%m| . (3.35)

il jeJ iel

Now, assume to the contrary that I'; < I'; for all i € I. Using this assumption and the fact
that I'; = I; satisfies (3.25), we can deduce a contradiction with (3.35).

To prove the second statement, let (c,u,y,z, 7, p, A, ) be defined as in the proof of Propo-
sition 7. With the assumed I, this solution is feasible for formulation (3.28). O
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Lemma 4 allows us to easily characterize an optimal solution to (3.28) and devise an efficient

solution method (cf. Theorem 1, Theorem 3):

Theorem 5. Let

~

fi=0L, -1y, Viel, (3.36)
g; = min {L -1, 0} C viel, (3.37)
C;— = ajj — sgn(a%j)o_zij, Vje J,ie f, (3.38)
i € argmin{||g + (fi — gi)edll}, (3.39)
el
where
Qijj = aij(ri - erj) if j = jff}]—i—l’ (340)
0 otherwise,

for all i € I. Then the optimal value of formulation (3.28) is ||g + (fi — gi+)ew|, and there

exists an optimal solution of (3.28) with

L ifi=1%,

Ly = ¢ min{ly,L,} ifi#i%iel, (3.41)
I ifielI\l,

c=c". (3.42)

Remark 4. Theorem 5 shows that an optimal solution to the nonconvex inverse problem (3.28)

can be found by solving |I| linear optimization problems of the form (3.26).

Proof: By Lemma 4, solving formulation (3.28) is equivalent to solving the following

optimization problem for all 7 € I , and taking the minimum over all \f | optimal values:

minirmize T — 1

subject to I'; =7,
0<TI;<Ty, Viel,
0<I;<|J, Viel\l.

(3.43)

Suppose we fix some ¢ € I. Foralliel , the variable IT'; is included only in a term (I'; — f,)
in the objective function. For i € I\ I, because I; € [0, |.J;]] by assumption, it is clear that the
optimal solution is I'; = I'; and the corresponding term in the objective function equals 0. For
i # i,i € I, we require I'; € [0,T;], but we will have either I'; € [0,T;] or I € [L}, |Ji|]. Hence
the optimal solution is I'; = min{fi,L}, and the corresponding term in the objective function

equals g;. For i = i, we require I'; = I'; and the corresponding term in the objective function



CHAPTER 3. INVERSE ROBUST LINEAR OPTIMIZATION 33

equals f;. It follows that the optimal value of the i-th formulation (3.43) is ||g + (f; — g;)e;

Thus the optimal value of formulation (3.28) is min;_; {|lg + (f; — g;)e;|l }, and the optimal cost

vector is ¢ = ¢’ , where the structure of ¢’ is derived in the proof of Proposition 7. O

The interpretation of Theorem 5 is conceptually very similar to the interpretation of The-
orem 3. The two results are subtly different because f; and g; here correspond to the values
of the i-th component of the vector inside the norm in the objective function, whereas in the
former result they correspond to the values of the i-th term in the objective function, thus why
the expressions for ¢* differ. Due to our assumption that there is a unique value of I'; that
renders a given constraint active, the two results also differ in that f; and g; can be determined

analytically rather than by auxiliary optimization problems.

3.2.2 Duality gap minimization

Next, we formulate an IO model that minimizes the duality gap while enforcing primal and

dual feasibility, and external constraints I'" € €2:

minimize Z cjkj — Z bim; (3.44a)

I‘,c,u,y7z,

subject to I € Q, (3.44b)
(3.28¢) — (3.28n). (3.44c)

As in the interval uncertainty case, constraints on the uncertainty set parameters may prevent
strong duality from being achieved exactly, thus requiring an inverse model of the form (3.44).
However, in the case of cardinality constrained uncertainty there is a second possible motivation,
which is that I may be empty. By Proposition 7, if I = @ then formulation (3.28) will not be
feasible. In particular, it will be possible to satisfy both primal and dual feasibility, but not
strong duality.

Analogous to formulation (3.14) in the interval uncertainty case, the feasibility of %X for the
nominal problem, along with extra conditions on T', are necessary and sufficient conditions for
feasibility of the IO model (3.44). We omit the proof of this result, which is straightforward

and similar to the proof of Proposition 7.

Proposition 8. Formulation (3.44) is feasible if and only if ZjeJ a;j&j > b for alli € I, and
ONN #£g.

Next, we reformulate (3.44), which is bilinear, into an equivalent mixed-integer optimization
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problem, which is linear whenever the external constraints are linear:

mirr‘limize Z Z aij:%j — bi T — Z Z ozij]i"j\goij (3.45&)

e iel \jeJ icl jeJ;

subject to T € €, (3.45b)
I eo, (3.45¢)
» omi=1, (3.45d)
el
Z iy STy + M —m;), Viel, (3.45f)
JE€Ji
> iy < Mm, Viel, (3.45g)
Jjedi
me{0,1}, Viel (3.45h)

Formulation (3.45) can be interpreted as follows. Constraints (3.45b) are retained from for-
mulation (3.44), and (3.45¢) replaces (3.28¢)-(3.28h) as per Lemma 3. As a result of the
normalization constraint, the duality gap is equal to the surplus of a single constraint ¢ € I;
the choice of this constraint is encoded in the binary vector 7, and the optimal solution for ¢
will make >, ;> 75 ) j|25]¢ij equal to the protection function of constraint ¢. The optimal
choice i* will correspond to the constraint with the minimum surplus. Although formulation
(3.45) does not include the variable ¢, the cost vector ¢ can be determined post-optimization

using

¢ =Y aymi— Y aysgu(d;)p, Vi€, (3.46)
el icl: jeJ;

which is derived from equation (3.28j).

We now formally characterize and prove the correspondence between formulations (3.44)
and (3.45) (cf. Theorem 4). When we reformulated the corresponding problem in the case
of interval uncertainty, we substituted the bilinear dual feasibility constraint (3.3h) into the
objective function to render the dual variables disjoint from the remaining variables, from
which we could conclude that there exists an optimal solution with binary . In the case of
cardinality constrained uncertainty, the same reasoning cannot be applied because there is no
possible substitution that will render the dual variables disjoint from the remaining variables.
Nevertheless, we will be able to use an alternative line of reasoning to show that there exists

an optimal solution to (3.44) with binary .

Theorem 6. Let M > |J|. Formulations (3.44) and (3.45) have the same optimal objec-
tive value, and a solution T' is optimal for formulation (3.44) if and only if it is optimal for
formulation (3.45).
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Proof: To prove the first statement, we will eliminate variables from formulation (3.44)
until we have an equivalent formulation in the variables I', 7 only, at which point we can
conclude by inspection that there exists an optimal solution with integer 7. This conclusion
is then used to derive an equivalent mixed-integer linear optimization model in the variables

' m, .

We begin by noting that by Lemma 3, constraints (3.28¢)-(3.28h) (and thus variables u,y, z)
in formulation (3.44) can be replaced by I' € ®. We now omit the details of several steps that
are conceptually similar to steps in the proof of Theorem 4: we eliminate ¢ by substituting
constraint (3.28;j) into the objective function of formulation (3.44), we let s;; = A;j — p;; for all
i€1l,j € J;, we use Lemma 5 (see appendix) to replace constraints on (A, u) with constraints
on s, and then we eliminate s by identifying its optimal solution by inspection, giving us the

following optimization problem equivalent to (3.44):

Inl[I%;I,ILlPlZG Z Z aij:%j — bi Ty — Z Z aij]:%j\cpij (3.47&)

iel \jeJ il jeT;
subject to T € €, (3.47b)
Teco, (3.47¢)
d mi=1, (3.47d)
iel
0<wpiy<m Vjed,iel, (3.47e)
> iy <Tym, Viel, (3.47f)
JeJdi
>0 Viel (3.47g)

By inspection we can describe the optimal ¢ for a given value of (I',7r). In the objective
function, ¢ only appears in the term —, ; >" e @;j|Z;|pij, and the only constraints appli-
cable to ¢ are (3.47e)-(3.47f). This an instance of the continuous knapsack problem, equivalent

to (3.34) in the proof of Lemma 4, so an optimal ¢ has the form:

T ifk=1,...,[Ty] -1,
pip = @i = [Di] + Dmy if k= [I4], (3.48)
0 if k=T +1,...,|Jl, Vi ed,iel

Substituting (3.48) into formulation (3.47) we obtain an equivalent optimization problem:

min {Z mili(T): (3.47b) — (3.47d), (3.47g)} , (3.49)

I'=w -
el
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where

[T;]-1

L(T) =Y ayd;—bi— Y o 25| = (Ti = [T + D)oy N
jeJ k=1 l Z

By inspection, we can see that for a given value of I', an optimal 7 for formulation (3.49)
equals e;« where ¢* € argmin;c;[;(I"). Note that we obtained (3.49) from (3.47) by setting ¢
optimally given any feasible (T', 7r). Hence any 7 that is optimal for (3.49) must also be optimal
for (3.47). This means that, without changing the optimal value, we can restrict 7 to be binary
in problem (3.47), and the resulting formulation is identical to formulation (3.45) except that
(3.47f) is present in place of (3.45f)-(3.45g). Finally, if we substitute M = |J| into constraints
(3.45f)-(3.45g), it is straightforward to show that they are equivalent to (3.47f).

To prove the second statement, we note that in the process of deriving formulation (3.45)
from (3.44), all steps are equivalences as far as I' is concerned. Hence I is optimal for (3.45) if
and only if it is optimal for (3.44). O

In this section, we have derived tractable solution approaches for two nonconvex 10 models,
(3.28) and (3.44), which recover the parameter I' for a cardinality constrained uncertainty set
with given a. The choice of which model to use depends not only on whether the application
domain motivates constraints of the form I € €2, but also on whether there exists any constraint
in the forward model for which the protection function can equal the nominal surplus, and
thereby render the constraint active. We note that formulation (3.28) with the addition of the

constraint I' € €2 can also be shown to be efficiently solvable.

3.3 Numerical examples

In this section, we give numerical examples to illustrate the geometric characteristics of the
solutions for the interval uncertainty formulations (3.3) and (3.14), and the cardinality con-
strained uncertainty formulations (3.28) and (3.44). These examples will demonstrate how the
optimal inverse solution is found and how it relates to the geometry of the robust feasible region
induced by the uncertainty set parameters. We use the L; norm for the objective functions of

the strong duality formulations (3.3) and (3.28).

For all examples, let X = (—2,6) be the observed solution, and let the nominal problem be

minimize c1T1 + a9
X

subject to x1 > —6,
T2 2 _67

— 21’1 — T2 Z —10.

Let the constraints and variables be indexed by I = {1,2,3} and J = {1, 2} respectively, and



CHAPTER 3. INVERSE ROBUST LINEAR OPTIMIZATION 37

T2 T2
4 4
—— Nominal feasible region —— Nominal feasible region
—— Prior robust feasible region —— Imputed robust feasible region
—— Imputed robust constraint ¢*
201
16 1
8 £4
X
4 £+
(¢
- - - T - - T
4 \i 8§ 12 4 1\ 8 12
4 4

(a) Strong duality. Since the observed solution is
an interior point of the prior robust feasible region,
the optimal solution of the IO model adjusts a single
constraint such that it is rendered active, and sets

(b) Duality gap minimization. The constraints on
the unspecified parameters prevent the feasible re-
gion from having the observed solution on its bound-
ary, thus the cost vector is set perpendicular to the

the cost vector perpendicular to this constraint. constraint with the minimum surplus.

Figure 3.1: Numerical examples of the interval uncertainty 10 models. Both examples share
the same observed solution and nominal feasible region.

let the coefficients subject to uncertainty be defined by Ji = {1}, Jo = {2}, J3 = {1, 2}.

3.3.1 Interval uncertainty

For the strong duality formulation (3.3), let the robust optimization problem have the given
prior parameters 17 = 0.5,a90 = 0.5,&3 = (1,0). For simplicity, we use the weight vector
& = e in the objective function. The nominal and robust (assuming &) feasible regions are
shown in Figure 3.1a; in particular, the robust counterpart of the third constraint is equivalent to
—2x1—x9—|x1| > —10, thus the realization of the constraint depends on the sign of ;. We note
that the IO problem (3.3) is feasible, since X is feasible for the nominal problem (see Proposition
5). To determine the optimal solution, we apply Theorem 3. First, we have g; = 0 for all ¢ € I,
meaning that X is feasible for the robust problem with the prior &. The choice of the constraint
to perturb will then be determined by ¢* € argmin,c; f;, and evaluating all f; (by solving the

corresponding linear optimization problem (3.6)) we find i* = 3, f3 = 1,a§ = (1,1). Letting
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a3 = ag,:, the robust counterpart of the third constraint becomes —2x; —x9 — |x1| — |z2| > —10,
and X is on the boundary of this constraint in the second quadrant. Accordingly, the imputed
cost vector ¢ = ¢® = (—1,—2) (see equation (3.8)) is perpendicular to the third constraint in

the second quadrant.

For the duality gap formulation (3.14), we will require that the imputed a be in the set

Q:=Cara; >05Viel,jeJ;Y Y a; <25
iel jGJi

By Proposition 6, formulation (3.14) is feasible if and only if X is robust feasible with respect
to some a € €2; in this example, & meets this requirement, so the IO problem is feasible. To
determine the optimal solution, we solve the equivalent mixed integer linear program (3.15).
The nominal and imputed robust feasible regions are shown in Figure 3.1b. For the first and
second constraints, the imputed o; equals &; from the strong duality example. For the third
constraint, we impute ag = (0.5, 1), which is a “smaller” uncertainty set than the one imputed
in the strong duality example, and hence the constraint is relaxed, and has a positive rather
than zero surplus. The minimum duality gap is obtained by the cost vector ¢ = (—1.5, —2) (see
equation (3.16)), which is perpendicular to the third constraint in the second quadrant, and

hence corresponds to optimal 7 = ej3.

3.3.2 Cardinality constrained uncertainty

For the strong duality formulation (3.28), we assume fixed parameters a1 = 2.5, g2 = 0.5, a3 =
(2,1) and a prior I' = (0.2,1,1). The nominal and robust feasible regions are shown in Fig-

ure 3.2a. In particular, the robust counterpart of the third constraint is equivalent to
— 221 — x9 — max {2|x1|, |x2|} > —10.

Thus, the realization of this constraint depends not only the sign of x (as in the interval
uncertainty example), but also the position of x relative to the lines z9 = 227 and x9 = —2z7.
Accordingly, Figure 3.2a depicts these two lines; wherever they intersect the boundary of the
constraint, the constraint changes slope.

First, we verify that constraints 1 and 3 (but not 2) have nominal surplus less than the
maximum value of the corresponding protection function, and therefore I = {1,3}. Solving
equation (3.26) results in I'; = 0.8,T'; = 1.5. Next, we determine that g; = 0 for all i € I,
meaning that X is feasible with respect to the prior I and the problem reduces to finding ¢* €
argmin,_; [ f;|. Finally, we find the unique solution i* = 3 and f3 = 0.5. Letting I's = L'y = 1.5,

the robust counterpart of the third constraint becomes

— 221 — x9 — max {2|x1| + 0.5|x2|, |x1| + |z2|} > —10,
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Z2

1
—— Nominal feasible region
—— Prior robust feasible region
—— Imputed robust constraint ¢*

20+

I

(a) Strong duality. With a slight adjustment to
a single constraint, the observed solution is on the
boundary of the feasible region and therefore opti-
mal.

39

Z2
1
—— Nominal feasible region
—— Imputed robust feasible region
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I

/
/

’

(b) Duality gap minimization. The constraint with
the minimum surplus incidentally differs from the
constraint which is set active in the strong duality

example.

Figure 3.2: Numerical examples of the cardinality constrained uncertainty IO models.
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which is piecewise linear with five pieces (four breakpoints defined by the two coordinate axes
and the two equations o = 27 and x9 = —2x1). The observed %X is on the part of this
constraint in the region defined by x1; < 0,29 > 0,292 > —2x1, and the imputed cost vector
c = ¢ = (—1,—2) is perpendicular to the constraint at %.

For the duality gap formulation (3.44), we will require that the imputed I be in the set

Q= {r: T, >02Viel; Ti< 1}.

el

Similar to the interval uncertainty duality gap formulation, we can verify the feasibility of the
IO problem by finding uncertainty set parameters that meet the condition in Proposition 8 (for
brevity, we omit this step). To determine the optimal solution of (3.44), we solve the equivalent
mixed integer linear problem (3.45). The nominal and imputed robust feasible regions are shown
in Figure 3.2b. The optimal inverse solution has I' = (0.6,0.2,0.2), # = e; and ¢ = (2.5,0) (see
equation (3.46)). In other words, the minimum possible surplus for any of the three constraints
is obtained by maximizing the degree of uncertainty associated with the first constraint. The
duality gap equals the surplus of the first constraint, and the cost vector is perpendicular to
the first constraint.

Lastly we note that in both the interval and cardinality-constrained strong duality examples,
the problem data were chosen such that all g; = 0, i.e., X was feasible with respect to the
prior uncertainty set parameters. If we had any ¢; # 0, then in Figures 3.1 and 3.2, the
observed solution X would be within the boundaries of the nominal feasible region but outside
the boundaries of the prior robust feasible region. For every constraint ¢ which is infeasible
with respect to é; (or I;) and %, the minimal perturbation to é&; (or I';) would have % sit on

the boundary, and hence we could set i = i*.



Chapter 4

Conclusion

In this thesis, we have considered three linear optimization models as forward problems. For
each forward problem, we have proposed two different IO approaches that recover unspecified
constraint parameters. The first approach minimally perturbs prior estimates of the parameters
to be imputed such that the observed solution is exactly optimal, while the second identifies
within some predefined set the parameters that minimize the duality gap.

Our three forward models differ in their structure and the parameters to be recovered: the
first is a general linear programming problem in which all left-hand-side constraint coefficients
are to be recovered, and the latter two are robust linear optimization problems in which con-
straint coefficients corresponding to parameters of the uncertainty set are to be recovered. In
spite of these differences, the key steps in the model construction and solution method for each
approach are common to all forward models. For the approach that makes the observed solution
exactly optimal, the IO model’s constraints are strong duality, primal and dual feasibility, and
a normalization constraint that effectively makes the duality gap equal to a convex combination
of constraint surpluses of the forward problem. This IO model is nonconvex due to at least
one bilinear constraint. The solution method depends on the insight that the constraints are
equivalent to requiring the observed solution to be on the boundary of the forward problem’s
feasible region. Thus the IO model can be solved by computing the minimum objective value
associated with making each constraint of the forward model active, and choosing the con-
straint that yields the minimum objective value. The cost vector is then set perpendicular to
this constraint.

For the approach that minimizes the duality gap, the IO model’s constraints are primal
and dual feasibility, and external constraints on the unspecified parameters. This model is
also nonconvex, but can be shown to be equivalent to solving a finite number of optimization
problems which are linear whenever the external constraints are linear. The equivalent tractable
problems amount to checking the minimum duality gap that can be induced by setting the
cost vector perpendicular to each constraint, and then choosing the constraint that yields the
minimum objective value.

There are several directions for future work. First, it may be possible to apply our method

41
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to the robust linear optimization problem with ellipsoidal uncertainty. As in the cardinality
constrained case, the ellipsoidal uncertainty set has a budget parameter for each constraint
controlling the extent to which the coefficients in that constraint are allowed to vary within
their intervals. However, the robust problem with ellipsoidal uncertainty is a second order
conic program, thus an IO model would have to be formulated using the optimality conditions
of second order conic programs (Alizadeh and Goldfarb, 2003). Although Iyengar and Kang
(2005) have solved the inverse conic programming problem, we do not believe any author has
solved this problem when the parameters to be recovered are in the constraints.

Second, it may be possible to generalize our methodology in two ways that classical 10
models were also generalized. Our second IO approach minimizes the duality gap, and Chan
et al. (2017) showed that for an inverse linear optimization model that recovers the cost vector,
the duality gap is a special case of a more general error function. It may be possible that
for the inverse linear optimization model that recovers constraint coefficients in addition to a
cost vector, the duality gap can also be generalized. Another way that our IO models may
be generalizable is to the case of multiple observed solutions, as done by Aswani et al. (2015),
Bertsimas et al. (2015) and Keshavarz et al. (2011).

Finally, it may be beneficial to develop 10 models that treat the imputation of the cost
vector as importantly as the imputation of the constraint parameters. Our IO approaches choose
constraint parameters such that the observed solution is optimal (or minimizes the duality gap)
with respect to some nonzero cost vector, but a shortcoming of this method is that the implied
cost vector may not be considered a reasonable fit for the application domain. More nuanced
10 approaches would allow for an objective function that minimizes the perturbation of a prior
cost vector in addition to the perturbation of prior constraint coefficients; and allow for external
constraints on the cost vector in addition to those on the constraint coefficients. This thesis
nevertheless serves as the first comprehensive attempt at solving the problems that we have

considered, and we believe may serve as a preliminary step toward more general IO approaches.
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Appendix A

Proofs

Proof of Proposition 1: By assumption on X, there exists j € J such that i]s # 0. Then, it

is easy to check that the following is a feasible solution for formulation (2.3):

T =e;, for some i € I,

bi g . %

5 =17

0 otherwise, Vie I,

(A1)
(A.2)
(A.3)

O

Proof of Proposition 5: (=) Assume that } . ; a;;&; <b; for some i € I. Constraints

(3.3¢) and (3.3d) imply u;; > 0 for all j € J;. It follows that }_ . ; a;,Z;

meaning that the constraint (3.3¢) is violated for .

_ ZjEJg us; < bz,

(<) By assumption on X, there exists 2 € I and j € J; such that ij = 0. Then, it is easy to

check that the following is a feasible solution for formulation (3.3):

™ =€,

(1,0) iijJilijS(hi:',

()\ij,,u@'j) = (0, 1) ifj € J;: i‘j > 0,1 =1,
(0,0) otherwise,

{ D ke GikZr—bi

|j| lfj:j,l: ’
aZ]: J

0 otherwise,
¢ — { a;; — sgn(d;)og; if j € J;,

)

46
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Lemma 5. Let s;j = \jj — pij for all j € Ji,i € 1. If (X, p) satisfies (3.31) and non-negativity,
then s;j € [—m;, ] for all j € J;,i € 1. Conversely, if sij € [—m;,m;] for all j € J;,i € I, then
there exists (X, p) satisfying (3.31), non-negativity, and s;j = \ij — pij for all j € J;,i € 1.

Proof: To prove the first statement, note that since \;; + p;; = m; and A;j, pij, m > 0, it
follows that A\;; < m;, for all j € J;,i € I. Since p;; > 0, it further follows that A\;; — pi; < m,
i.e., s;; < m;. The proof of —m; < s;; is similar.

To prove the second statement, we will construct (X, p) satisfying the required conditions.

For all j € J;,1 € I, let >\ij = s + 5 Mij = 5 if Sij = 0, and let )\ij = m%,

Hij = —Sij

+ M% otherwise. O

Proof of Proposition 7: (=) The proof of this implication is divided into two cases.
First, we show that feasibility of (3.28) implies that >, ; a;;&@; > b; for all i € I. We have

Zaijfnj > Zaiji'j — (Z Yij =+ Fizi) > bi, Vi € I,

jeJ jeJ JeT;
where the first inequality is implied by non-negativity of I', y, z, and the second inequality is
constraint (3.28f).

Second, assume that I = @. We will show that formulation (3.28) is infeasible. Since I = @,

we have

0< Zaijsﬁj —b; — Z Oéij|-®j’a Vi € I, (AQ)
JjEJ JEJ;
0< Zaij:%j —b; — Z Oéiji'j, Vi € I, (A.l())
JjEeJ JjeJ;
0< ZTQ(Z aij:i“j — bz — Z Oéiji’j) (A.ll)
el je€J j€Jd;
< Z Wi(z aijj —b;) — Z Z Pij QT (A.12)
el jeJ i€l je;
< ) D —b) + > D> (Mg — ), (A.13)
el jedJ i€l jeJ;

where the third inequality is implied by eTw = 1,© > 0; the fourth inequality is implied by
constraint (3.28k); and the fifth inequality is implied by —¢;; < (Xij — pij), itself implied by
constraints (3.281) and (3.28n). Now substituting (3.28j) into (3.28b),

S md agdi—b) + Y ) (N — pag)aigdy =0, (A.14)
i€l jeJ i€l jed;
which is a contradiction.

(<) Assume that > ._;a;2; > b; for all i € I and I # @. Let i € I be an arbitrary index.

jeJ
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Then, it can be checked that the following is a feasible solution for formulation (3.28):

™ = e%,
m ifh=1,... [0y i=1,
i = (= [Dil)m it k= [T],i =1,
0 otherwise,

(¢ij,0) ifj € Ji:dj < 0,0 =1,
0,¢i5) ifje iz >0,i=1,
0

(0,0)  otherwise,

{ri if i =1,
T, =

(Aijy ij) =

0 ifi#s,iel,

wij = ayj|], Vi€ Ji i€l

o max{uij — Zi,O} ifj e J;,i= g,
Yii 0 otherwise,
2= { Yijir, ‘lefrﬂ | ifi= f’
manEJi{ozij\:i'j\} if 4 7é 1,1 € 1,
aij—sgn(ij)aij ifj Zjli,k: 1,...,LFiJ,
;=9 @i —sen(dy)oy (i — |Ti]) ifj =Jip, 40
a;j otherwise, Vi€ I.
O
Lemma 6. The solution (u},y;,z’) defined in (3.30) is an optimal solution to (3.29).
Proof: By inspection, it is clear that an optimal solution has uj; = «a;;|%;| and y;; =
max{u;; — 2;,0} for a given z;. We will prove by contradiction that z; = Qi ’jjfr-l| and
corresponding y; are optimal. First suppose z; # z; and corresponding y; is a better sozlution,
ie.,
Z gij + iz < Z yi; + iz
JE€T J€di
& TiZ—2) <> max{aylij| — 2,0} = ) max{a|d;| — %,0}
JjeJ; Jj€J;
& iz —2) < Y max{agli;| — 27,03 + Y max{agli;| — 27,0 = Y (aisldy] — 2),
jeJt JET? =

(A.15)

where J}! = {j € J;: aij|8;] > Zi} and JE = {j € J;i: Z > |24}, We also define |J}| = k,
meaning that k is the number of elements in {wij|Z;|}jes, that are strictly greater than Z;.

We now distinguish two cases and in each case we will derive a contradiction. First consider
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the case z; > z7. We note that

where the first inequality is implied by the definitions of J} and l;:, and the second inequality is
implied by the case distinction and the definition of z;. Because the inequalities are strict, it
follows that k < [T';] — 1. Now we rewrite (A.15) as

[Ti]-1
Ti(Zi = 2f) < D (agldgl =2+ D (el | = 20) = D (auldyl — Z)
jeg} k=k+1 jed}
[T;]-1
& Tizi—2) <k(E—z)+ D (ayildgl =)
k=k+1
[T;]-1
& Ci-kE-2) < Y (agliy]—=). (A.17)
k=k+1

We note here that

Zi > oy 1]3:1] VE=k+1,...,[I] -1,

where the case k = k + 1 follows from the definitions of k and J?2, and the case k = [T;] —

follows from z; > zf = o, |Z

it |. We use this observation to deduce a final inequality,

j%l“ﬂ
] A
Z 5| = 25) < ([T = 1= k)(Z — 2)),

k=k+

which contradicts (A.17), since I'; > [T';] — 1.

Second consider the case z} > Z;. We can rewrite (A.15) as

Ti(zf — Z) > = > max{ay|d;] — 27,0} = > max{ay|d;] — 2,0} + D (aylds| — %)

jeJ} jeJ? jed}
& Ti(z —2)>— Y max{agli;| — 25,01+ ) (auslas] — Z).
jed} jeJd}
Because 2] = ;i [T |, we can write

Wr ) Wt

(aijli‘ﬂ:"jli‘ — Zi).

]

Ti(zf — %) Z |21 = 25) +

I
-
I
-
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Because 2] = = Qi |Z; | >z and k = |J1| imply that [T;] < k, we can write

k

Li(zf — z) > Z + ([Ti] = 1)zf — k3

& Tz rzZ>Z i | B+ [Til2f — 2 — k2

k=[T;]
k
& kz-Tizi> Y agldp|+ [Tilzf — 2 — Tz
k=[T':]
We substitute 2z} = Qijiy, 1 |Z; e | and rearrange to obtain
k
k= H"L—H’l

~

Because [T;] < k and the definition of J} imply that aijz’;‘ﬁ:jzi‘ > Z;, Vk = [T],...,k, we can

write

i
(L] = Fi)aijfm |'%jh,ﬂ |+ Z Ofij,i|9:"j,i| > (k—1T4)Z,
k=[T;]+1

which contradicts (A.18). O
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